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Novel approaches to surface hopping (in the case in which surfaces cross in classically allowed regions) and
surface “jumping” (in cases in which they never cross or they cross in classically forbidden regions) are
discussed. Classically forbidden transitions necessarily involve discontinuous “jumps” in position or momentum
or both (but so as to preserve energy). In general, the jumps are discontinuous changes in nuclear positions
or momenta on the time scale of the electronic transition. After reviewing various approaches in one dimension,
a phase-space approach is applied to multidimensional systems with large energy gaps, in which the traditional
semiclassical approaches are more difficult to apply. The concept of jumps extends the spirit of surface hopping
into new regimes.

1. Introduction

The crossing of potential energy surfaces (and the flow of
nuclear wave function amplitudes between them) becomes
important in many different contexts in chemical physics.
Photochemical processes often involve dynamics on surfaces
that cross (or can be made to cross in an appropriate diabatic
representation). Photophysical processes involving radiationless
transitions between different Born-Oppenheimer potential
energy surfaces are extremely common. Finally, once we “dress”
an initial potential energy surface with the energy of a photon,
radiative processes involving absorption or emission of a photon
are also seen to involve transitions between crossing or close-
lying potential energy surfaces.

Some years ago, Tully and Preston1 introduced an approach
for approximate treatment of dynamics at regions of close-lying
potential energy surfaces. In many subsequent trials and
refinements, it has proved a worthy computational tool, simple
to implement and also very intuitive. The “surface hopping”
method has its roots in the Landau-Zener theory2 but goes
beyond it in dealing with multiple crossings and with many
degrees of freedom.

Related theories include the exponential energy gap law of
radiationless transitions3 and the exponential momentum gap
law of Ewing4 for vibrational predissociation (in which a high-
frequency vibrational mode plays the role of the electronic state,
relative to a low-frequency van der Waals mode). In these
studies, considerable effort has been devoted to developing new
intuition for nonclassical Franck-Condon factors. The emphasis
has been on the mode competition problem and the overall
dependence of rates on the energy or quantum number gaps.
Our emphasis is instead directly on the features of the potential
energy surfaces, which control the Franck-Condon factors,
which in turn control the rates.

The fundamental idea that permits a classical treatment of
surface hopping is contained in the Landau-Zener-Stuckelberg
model,2 which shows that the hops from one surface to another

are localized to the region where the surfaces cross or almost
cross. For weak coupling, the probability for hopping is given
in terms of the overall coupling,W, between the surfaces, the
difference in slopes,|∆F⊥|, normal to the intersection of the
two potentials at the crossing, and the speed,p⊥/m, with which
the trajectory goes through the crossing region:

In this paper, we study hopping and jumping between potential
energy surfaces. In section 2, eq 1 for the Landau-Zener-
Stuckelberg rate is rederived following Bergsma et al.5 In the
weak-coupling regime, transitions between potential energy
surfaces are controlled by Franck-Condon matrix elements. The
relation between these matrix elements (overlap integrals) and
the hopping or jumping mechanism is the subject of the paper.
In section 3, within the traditional semiclassical perspective,
the transition is shown to occur through a small hop or a large
jump to the point in coordinate space where the two surfaces
cross,xc. In general,xc defined in this way is complex. A
likewise complex momentum is then associated with this jump.
Finding it is easy in one dimension but much more complicated
in the multidimensional case. In section 4, the same Franck-
Condon integrals are considered in the Wigner representation.
This time, the point that dominates the Franck-Condon factor
is real. The phase-space formulation is applicable for any
dimension. A relation between the jumping point (xm, pm) in
real phase space and the complex surface-crossing coordinate,
xc, and momentum,pc, in the one-dimensional case is suggested
and demonstrated for model systems, in limiting cases and
through numerical examples in sections 4 and 5, respectively.
Section 6 presents conclusions.

2. Trajectory Binning Method

Some years ago, Bergsma et al.5 introduced a simple way to
evaluate the hopping probability by a somewhat different
stochastic approach. We call it proximity hopping.
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The idea is as follows. For a given trajectory, we monitor
the energy difference between the two potential energy surfaces
at the location of the trajectory. If this energy difference becomes
less than some specified amount,δE, the trajectory is subjected
to hopping at a fixed probabilityφ per unit time. This is easy
to arrange by takingφ to be, say, 0.05 per time step. The overall
rate of hopping is governed byδE andφ, but the local hopping
rate is correctly governed by the above Ansatz. We now proceed
to demonstrate this.

Consider Figure 1, which shows a contour plot ofVA(rN) -
VB(rN) for a two-dimensional case, together with a particular
trajectory on theVA potential surface. This trajectory is plotted
as dots spaced at equal times, which could be the sample times
used to inquire whether the trajectory is in the hopping energy
range. The space between a pair of contour lines corresponds
to an energy range

The amount of time spent between the two shaded contour lines
is proportional to the contribution that this particular trajectory
segment will make to the hopping rate. The timeτ spent between
contours is the distanceD traversed divided by the velocity or

in which p is the magnitude of the momentum,p⊥ ) p sin θ is
the magnitude of the momentum perpendicular to the contour
lines, andm is the mass. The perpendicular separationd between
the contours is

where

evaluated in the vicinity of the crossing region.∆F⊥ is the force
change between the final and initial potential surfaces perpen-
dicular to the contour lines ofVA - VB at the intersectionVB +
pωm ) VA. Taking the rate of crossing per unit time from the
initial to the final surface to be

in which W is a coupling parameter, the total probabilityP of

crossing from the initial to the final surface while on the
trajectory in the region of the bin is given by eq 1. Nothing
essential depends on our assumption of two degrees of freedom.
Equation 1 is applicable to many degrees of freedom.

Equation 1 is the Landau-Zener-Stuckelberg rate for
radiationless transition surface crossing2 in the case of diabatic
surfaces that intersect with small couplingW. (The adiabatic
crossing probability would be 1- P.) The “proximity hopping”
method may be restricted to the weak coupling limit, whenP
is small per encounter with a crossing. It has the advantage of
making clear the origin of the role of the velocity, the angle of
approach to the surface intersection, and the difference in the
magnitudes of the slopes of the two potential energy surfaces.
These are all purely geometric factors, which simply determine
how much time the trajectories spend “exposed” to the pos-
sibility of hopping between the surfaces. In the limit whereP
is small, the hopping probability is related to perturbation theory,
in particular, a Franck-Condon matrix element.

3. The Traditional Semiclassical Perspective

3.1. Hopping at a Classically Allowed Crossing Point.The
semiclassical eigenstates may be represented as a sum of terms
of the form (ignoring Maslov phases)

A Franck-Condon overlap between two such states, each on
its own Born-Oppenheimer potential energy surface, is given
by

The stationary-phase evaluation of this integral requires

and the stationary-phase point isxc satisfying

which implies that, because the total energy is the same on both
potential energy surfaces,

This is the well-known result that the semiclassical contribution
arises where potential energy surfaces cross. There may of
course be more than one stationary-phase point; in what follows,
we shall assume that we are dealing with the dominant
contribution.

Apart from phases and an overall factor, stationary-phase
evaluation of the integral gives

which is the one-dimensional version of eq 1.
3.2. Generalized Crossings.What if there is no crossing at

classically allowed values ofx? There are two possibilities for

Figure 1. Contours of the difference potential and a trajectory at equal
time steps.
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a crossing in the nonclassical regime. If it occurs at a real (but
classically inaccessible) value ofxc, then the momentum at the
crossing,pA(xc) ) pD(xc), is purely imaginary. (Real momentum
and real position correspond to the classical regime in which
only “hopping” is required). We assign the name “position
jump” to label the real quantity, that is, the position, that changes
in the transition. From the coordinate space perspective, the
contribution to the integral is coming from overlapping tails of
the wave functions. BothpA(xc) andpA(xc)* are stationary-phase
points, but one of them corresponds to exponentially increasing
wave function and is discarded.

One might retain the idea of a hop that simply occurs at the
forbidden crossing, but from the perspective of the classical
regime, this is a finite jump to a new location. More importantly,
in many dimensions, the jumping idea turns out to be quite
tractable, while the stationary-phase evaluation become ex-
tremely difficult. Thus, the “complex intersection” idea will give
way to another type of evaluation of the integral, wherein it is
noticed that the accepting states are much higher in vibrational
energy than the donor, making a great simplification possible.

It often happens that the two real potential surfaces do not
cross, not even at classically forbidden regions. If one analyti-
cally continues the potentials into the complex coordinate space,
the crossing (i.e., the stationary-phase point) is then at complex
values ofx. The momentum is generally also complex (and not
purely imaginary). One finds in these cases that the position of
the crossing is sometimesmostlyimaginary and the correspond-
ing momentum mostly real, giving a jump that is largely in
momentum. If the crossing happens atp ) pc, from the form
of the Hamiltonian it also must occur for opposite signp )
-pc. For purely imaginary momentum, this is the same aspc

/,
but generally there are four stationary-phase momenta. Two give
rise to increasing rather than decreasing wave functions in the
classically forbidden region and are discarded, leaving two
remaining. There may be constructive or destructive interference
between these distinct but equal magnitude stationary-phase
amplitudes. This fact was noted by Medvedev6 and separately
by Hunt and Child.7

Given two potential energy surfaces, it is possible to infer
the propensity (as a function of the energy gap) for position
versus momentum tunneling or jumping using eq 11. This is a
very direct and convenient tool.

Objections might be raised to the representation of the
vibrational state of the upper Born-Oppenheimer surface by a
semiclassical form, because we often take it to be the ground
state, which is seemingly a dubious candidate for semiclassical
approximation. At a very simple level, we may note that we
are using the semiclassical form only in the classically forbidden
region and normally deeply within it. As pointed out long ago
by Miller,8 semiclassical approximations should work well in
the deep tunneling regime.

In the classically forbidden region, eqs 7-11 hold yet with
complex momenta and real exponents. Here, a bound wave
function of the Hamiltonian,H(x,p), with energyE in the limit
of small p is

whereσ(x) ) S(x)/i andS(x) is the solution of the Hamilton-
Jacobi equation

for which S(x)/i tends to infinity as|x| f ∞. As long as one

considers only the classically forbidden region, the wave
function (eq 13) is just one of the primitive WKB functions
with a real decaying exponent and not a linear combination with
complex-valued exponents (because we have omitted an un-
physical exponentially increasing solution).

We definew proportional to the logarithm of the Franck-
Condon factor squared so that

We will now proceed to findw by expanding around the
complex crossing point of the initial and final potentials.

3.3. Transitions between Bound States.Below, we derive
some general formulas for transitions between two bound states
that will be needed in what follows. We suppose that the donor
state is the ground vibrational state of the initial potential energy
surface. We perform the integration with the quasiclassical wave
functions; the dominant contribution comes from the crossing
point.

Let V(D) and V(A) be the potentials of the donor and the
acceptor Born-Oppenheimer surfaces, respectively. In the
following, we use mass-weighted coordinates. We make ad-
ditional assumptions regarding the functionsV(D)(x) andV(A)(x).
For the initial potential, we assume that

which increases monotonically away from its minimum atê )
0. We assume the final potentialV(A) has two turning points,xL

< xR, so that

the function increasing monotonically beyond the turning points.
Consider first the case whenx0 < xL. It may be shown that
bulk of the overlap integral is concentrated in the interval (x0,
xL) where the wave functions behave for smallp as10

both functions are real, and

are the classical momenta in theinVerted8 potentials. The overlap
function ψ(D)(x)ψ(A)(x) has a sharp maximum at the pointx )
xc, which is the point of crossing of the potentials,

The overlap integral is estimated atp f 0 as in eq 15 with

The case whenx0 > xR is considered in a similar way, giving

whereµ(D)(x) andµ(A)(x) are defined as in eqs 20 and 21 but

ψ(x) ≈ exp(- 1
p

σ(x)) (13)

H(x,∂S(x)/∂x) ) E (14)

fA,D ) |〈ψA|ψD〉|2 ≈ exp(-2w/p) (15)

V(D)(x) ) V(x - x0) (16)

V(A)(xL) ) V(A)(xR) ) E (17)

ψ(D)(x) ≈ exp[- 1
p
∫x0

x
µ(D)(x′) dx′] (18)

ψ(A)(x) ≈ exp[- 1
p
∫xL

x
µ(A)(x′) dx′] (19)

µ(D) ) ip(D)(x) ) [2(V(x - x0) - V0)]
1/2 (20)

µ(A) ) ip(A)(x) ) -[2(V(A)(x) - E)]1/2 (21)

V(D)(xc) - V0 ) V(A)(xc) - E x0 < xc < xL (22)

wL ) ∫x0

xcµ(D)(x) dx + ∫xL

xcµ(A)(x) dx (23)

wR ) ∫x0

xcµ(D)(x) dx + ∫xR

xcµ(A)(x) dx (24)
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with an opposite sign of the square root. In this way, we
determine the overlap in cases whenx0 < xL, x0 > xR, and also
in the interval (xL, xR) in the vicinities of the pointsxL andxR

by analytic continuation ofwL and wR as functions of the
position of minimum of the donor potentialx0. These functions
are zero at pointsx0 ) xL and x0 ) xR when the transition
becomes classically allowed (without tunneling) and are analytic
in the vicinity of these points. For example,wL ) ω/2(xL -
x0)2 - [ω3/(6V1)](xL - x0)3 + O(xL - x0)4 whereω ) [V′′(0)]1/2

andV1 ) V(A)(xL). Finally, whenx0 ∈ (xL, xR), we have found
through many examples (but without deriving a general proof)
that the overlap in this case may be determined by considering
two analytic continuations with respect to the variablex0,
yielding

In section 4.4, we will need another form forwL andwR obtained
by considering the crossing pointxc as a function of the position
of the minimumx0 of V(D)(x). By differentiating eq 23 and taking
into account thatp(D)(xc) + p(A)(xc) ) 0, we find dwL/dx0 )
-p(D)(qc), so wL can be rewritten in a more compact form as

where

andx′c is defined by the equation

wR can be written in a similar form.

4. Jumping and Hopping in Phase Space

New insight can be gained by studying the Franck-Condon
factors in the Wigner representation:

where the Wigner function is defined by the transform

In the previous section, we determined the pointxc dominating
the overlap integral in coordinate space by finding the stationary-
phase point of the integrand and recognizing that it is the
crossing point of the two potential energy surfaces. Hopping
or jumping occurred at this coordinate with the momentum given
by pc ) x2m(E-V(xc)). The physical meaning of complexxc

and complexpc is somewhat obscure.
Here, we define (xm, pm) to be the phase-space point

dominating the phase-space overlap integral. The Wigner
function is real so that we find (xm, pm) by finding the maximum
of the phase-space integrand. As in coordinate space, there may
be more than one maximum point, yet we shall assume that we
are dealing with the dominant contribution. By definition, (xm,
pm) are real and thus easily lend themselves to interpretation as
the nuclear coordinates and momenta at the hopping or jumping
point.

In previous publications, we have introduced this concept and
demonstrated that it gives a useful interpretation.11,12 First, we
showed for a model that the jumping point found in this way

gives the correct initial conditions for dynamics on the accepting
surface.12,13 Second, we showed that in a multidimensional
system, the specific nature of the jump singles out the coordinate
system most appropriate for analyzing the jump. For example,
for radiationless transitions, one can find in this way the
dominant accepting mode(s).12,13Work is in progress to calculate
overall transition rates (as contrasted with the above-mentioned
relative phase-space propensities) in multidimensional systems.
This may be accomplished by expanding the integrand around
the jumping point.

The phase-space approach has several advantages over the
traditional semiclassical methods. The phase-space picture of
the jump trivially extends to any number of dimensions. One
just has to find the multidimensional point in phase space that
has the maximal value of the integrand of eq 29 with respect to
each coordinate and momentum. Extension of the traditional
semiclassical approach to many dimensions is much more
difficult. The phase-space approach allows for both small hops
between close surfaces and large jumps, say, between nested
potential energy surfaces when it is impossible to hop.

While the power of the phase-space picture comes forth in
multidimensional systems and for large jumps, we focus below
on one-dimensional transitions between close surfaces. The
examples that we consider are chosen so as to allow for a
comparison between the two approaches in cases accessible to
both. We hope to achieve two goals by doing so: first, to verify
that the new approach reproduces correctly the results of the
traditional methods and, second, to gain some insight as to the
physical meaning of complex crossing points.

We have defined the point dominating the phase-space
integral, (xm, pm), as the “jumping point”sthe point in phase
space where the transition between the two potential energy
surfaces occurs. Below, we focus on the relations between the
more traditional hopping pointxc and our new definition for
the jumping point at (xm, pm). Instead of formally studying all
possible cases, we focus on specific examples in which bothxc

and (xm, pm) are well defined and show that for these examples

Equations 31 and 32 imply that in one dimension, and in the
quasiclassical limit, the transitions occur at such jumping points
so that the coordinate of the jump is equal to the real part of
the generally complex crossing point of the two potential energy
surfaces and the momentum of the jump is equal to the real
part of the generally complex momentum at that crossing point.
For the simplest case of real crossing in a classically allowed
region, we getxm ≈ xc and pm ≈ pc. Real crossing in the
classically forbidden region occurs withxm ≈ xc and pm ≈ 0
becausepc in these cases is purely imaginary.

There are strong analogies between looking for a point in
complex coordinate space dominating the FC factor integral and
looking for a point in real phase space dominating the same
integral in a different representation. Both methods sample the
same phase space. We note in passing that in both cases the
number of real variables on which the search for a dominant
point is carried out is twice the number of degrees of freedom.
In the first, more traditional approach, the momentumpc is
calculatedafter the complex coordinatexc is found. In the phase-
space approach,xm and pm are found simultaneously yet are
both real. Equations 31 and 32 make the connection between
these two seemingly different pictures. Positions and momenta
are related by Fourier transforms, and real and imaginary parts

w ) min(RewL, RewR) (25)

wL ) -∫xL

x0µc(x′0) dx′0 (26)

µc(x′0) ) [2(V(x′c - x′0) - V0)]
1/2 (27)

V(x′c - x′0) - V0 ) V(A)(x′c) - E, x′0 < x′c < xR (28)

fDfA ) 2πp∫dx dp F(D)(x,p)F(A)(x,p) (29)

F(x,p) ) 1
πp

∫ dη exp(-2
i
p
pη) ψ*(x + η)ψ(x - η) (30)

xm ≈ Rexc (31)

pm ≈ Repc ) (Rex2m(E - V(xc)) (32)
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of physical quantities are related by analyticity. We would like
to assign physical significance to the jumping point, at least in
the semiclassical limit and for cases in which the jumping point
is well defined. It is difficult to assign physical meaning to a
complex coordinate. Equations 31 and 32, when they apply,
assign such physical meaning toxc through the following
prescription: one must calculatepc from xc and then take the
real parts of both. This gives the physical coordinates and
momenta of the transition between the potential surfaces.

We now proceed to justify eqs 31 and 32. We would like to
find the jumping point (xm, pm) that is the extremum point of
the integrand in eq 29. In section 5, we do so numerically for
some examples. Here, we take an analytic approach that requires
that we first find some explicit form for the Wigner functions,
F(D)(x,p) andF(A)(x,p). We do so for the examples depicted in
Figure 2.

4.1. Quasiclassical Approximation for the Donor Wigner
Function, G(D)(x,p). Let the initial state be the ground vibrational
state of the donor potential energy surface so that the wave
function is given by eq 13. The classically forbidden region is
the entire real axis except for the region between the two
classical turning points. Most of the cases that we consider are
dominated by the region where eq 13 is valid, in the deeply
forbidden region. Note that under these assumptions,σ(x) is
real for realx.

Using the definition of the Wigner function (eq 30) and the
quasiclassical formula (eq 13), we express the Wigner function

of the donor state as

where Cψ(x) is the (real) preexponential part of the wave
function and

We consider the integral in the complexη plane, applying
analytic continuation. In the quasiclassical limit, the dominant
contributions to the integral (eq 33) come from those values of
η ) ηs for which the exponent is stationary, that is, where

Equation 35 implies

These equations can be solved assuming thatηs is purely
imaginary. We conjecture here that this solution gives the
dominant contribution. Then, because the functionσ is real for
real arguments and becausep and x are real, eq 35 for the
stationary point is simplified further as

Finally, the integral (eq 33) is estimated as

Wigner Function for Harmonic and Anharmonic Oscillators.
As an example of the utility of the analysis above, let us consider
a harmonic oscillator perturbed by cubic anharmonicity,

where the parameterλ is small.
The functionσ′(x) is the same as the classical momentum in

the inverted potential. By integration, we findσ(x) ) ωx2/2 +
λx3/(18ω) (neglecting terms of orderλ2). By solving eq 38, we
get ηs ) -ip/ω + iλxp/(3ω3) and

The first two terms in eq 42

give the exact functionW for the harmonic oscillator, and the
third term is the first anharmonic correction in the quasiclassical
limit. In ref 13, the Wigner function of anharmonic potentials
was derived for a more general multidimensional case and
without taking the quasiclassical limit. Equations 67 and 70 from
ref 13 reduce to eq 42 by takingp f 0.

Figure 2. Three cases showing relative positions of minima and relative
shapes of potential energy surfaces resulting in very different regimes
of Franck-Condon overlap. In panel a, we show the overlap of two
ground states leading to a position jump, in panel b, we show a case of
a shallow donor potential leading to a position jump, and in panel c,
we show nested potentials with a steep donor potential leading to a
momentum jump.

F(x,p) ) 1
πp

∫ dη Cψ(x + η)Cψ(x - η) exp(-2
i
p

Φ) (33)

Φ ) 1
2i

[σ(x + η) + σ(x - η)] + pη (34)

∂Φ/∂η ) 1
2i

[σ′(x + η) - σ′(x - η)] + p ) 0 (35)

Reσ′(x + ηs) ) Reσ′(x - ηs) (36)

Im σ′(x + ηs) - Im σ′(x - ηs) + 2p ) 0 (37)

Im σ′(x + ηs) + p ) 0 (38)

F(x,p) ≈ exp(- 2
p
W(x,p)) (39)

W(x,p) ) iΦ|η)ηs
) Reσ(x + η

s
) + ipηs (40)

H(x,p) ) 1
2
p2 + 1

2
ω2x2 + 1

6
λx3 (41)

W ) 1
2

ωx2 + 1
2ω

p2 + λ
6ω(x3

3
- xp2

ω2) (42)

W0 ) 1
2

ω2x2 + 1
2ω

p2 (43)
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4.2. Quasiclassical Approximations for the Acceptor
Wigner Function G(A)(x,p). We consider two different ap-
proximations for the acceptor Wigner function,F(A)(x,p). If the
final state is the ground state of the acceptor potential energy
surface, it is best approximated by eq 40. If, on the other hand,
it is some excited vibrational state or, as is often the case, a
manifold of degenerate excited states, a useful approximation
gives

Equation 44 was derived in ref 14 for the more general case of
a potential of several variables. It is known to be the first term
in a power series inp.14,15 In fact, in the quasiclassical limit,

if the final state is given by the microcanonical density matrix,
and

for a pure state. In one dimension, eq 46 can also be derived
by approximating the Wigner function of the final state by its
classical (p ) 0) limit as16

wheren ) 0, 1, 2, ... is the quantum number of the final state
and

Changing the argument of theδ-function, eq 47 is rewritten as
eq 46 whereD(A)(E) is the density of states at energyE. Note
that FE

(A) ) D(A)(E)Fpure
(A) .

4.3. Quasiclassical Estimation of the Franck-Condon
Factor for Transitions between Two Ground States.Let both
donor and acceptor states be the ground states, each on its
respective potential energy surface. In this case

The Franck-Condon factor of eq 29 is then given by

whereCF(x,p) is the preexponential part of the Wigner function
and

In the limit of p f 0 the dominant contributions to the integral
(eq 50) come from those values ofx ) xm andp ) pm for which

the exponent is maximal with respect to bothx andp, that is,
where

Denotingηs ) ηs
(D) ) -ηs

(A), we rewrite eq 52 as

Eliminatingp from two eqs 38, one for the initial and another
for the final state, we have

Finally, combining together eqs 54 and 55 and taking into
account that Reσ(A)′ (xm - ηs) ) Re σ(A)′(xm + ηs) and Im
σ(A)′(xm - ηs) ) -Im σ(A)′ (xm + ηs), we get

Introducingpc as the solution of the equationH(D)(xc,pc) ) E,
it follows from eq 14 thatpc ) S(D)′(xc) ) iσ(D)′(xc) and similarly
pc ) S(A)′(xc) ) iσ(A)′(xc). Comparing eq 56 with the equation
p(D)(xc) + p(A)(xc) ) 0, we see thatxm + ηs is the complex
coordinate of crossing of the potentialsV(D) andV(A) and

Finally, using the facts thatxm is real andηs is purely imaginary
and applying eq 38, we establish that

4.4. Transitions between the Ground Vibrational State of
the Donor Potential Energy Surface and a Manifold of
Vibrationally Excited States of the Acceptor Potential
Energy Surface.Let the donor state be the ground state on its
potential energy surface and the acceptor state be an excited
vibrational state or a manifold of degenerate excited states. In
this case,

This approximation is not restricted to the ground state.
The Franck-Condon factor (eq 29) is then roughly (without

a prefactor) expressed as

whereWm ) W(D)(xm,pm) is the minimum value ofW(D) on the
surface of constant energy,H(A)(x,p) ) E. The logarithm of the
Franck-Condon factorWm depends on both potential energy
surfaces and on the energy gap, because it is a constrained
minimum of a function defined on the donor potential energy
surface where the constraint is defined by the acceptor potential
energy surface and the energy.

F(A)(x,p) ≈ δ(H(A)(x,p) - E) (44)

FE
(A)(x,p) ) 1

2π
δ(H(A)(x,p) - E) (45)

Fpure
(A) (x,p) ) 1

2π
[D(A)(E)]-1δ(H(A)(x,p) - E) (46)

Fpure
(A) (q,p) ) 1

2π
δ(I(x,p) - n) (47)

I(x,p) ) 1
2π

IH(A)(x′,p′))H(A)(x,p) p′ dx′ (48)

F(D)(x,p) ≈ exp(- 2
p
W(D)(x,p))

W(D)(x,p) ) Reσ(D) (x + ηs
(D)) + ipηs

(D)

F(A)(x,p) ≈ exp(- 2
p
W(A)(x,p))

W(A)(x,p) ) Reσ(A) (x + ηc
(A)) + ipηc

(A) (49)

f ) 1
πp

∫ dx dp CF
(D)(x,p)CF

(A)(x,p) exp(- 2
p

Θ) (50)

Θ ) Reσ(D) (x + ηs
(D)) + ipηs

(D) + Reσ(A) (x + ηs
(A)) +

ipηs
(A) (51)

dΘ
dx

) Reσ(D)′ (x + ηs
(D)) + Reσ(A)′ (x + ηs

(A)) ) 0 (52)

dΘ
dp

) iηs
(D) + iηs

(A) ) 0 (53)

Reσ(D)′ (xm + ηs) + Reσ(A)′ (xm - ηs) ) 0 (54)

Im σ(D)′ (xm + ηs) - Im σ(A)′ (xm - ηs) ) 0 (55)

σ(D)′ (xm + ηs) + σ(A)′(xm + ηs) ) 0 (56)

xc ) xm + ηs (57)

xm ) Rexc (58)

pm ) -Im σ(D)′(xc) ) Repc (59)

F(D)(x,p) ≈ exp(- 2
p
W(D)(x,p))

W(D)(x,p) ) Reσ(D) (x + ηs
(D)) + ipηs

(D)

F(A)(x,p) ) δ(H(A)(x,p) - E) (60)

f ≈ exp(- 2
p
Wm) (61)
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Note that we define the “jumping point” (xm, pm) as the point
where the integrand of the phase-space overlap integral is
maximal. This notation is the same as that in section 4.3,
although, in general, the two points need not be the same
because they are the extremum points of different approxima-
tions for the integrand.

Let us establish the relation between the jumping point (xm,
pm) of eq 61 and the crossing point of the potential energy
surfaces (xc, pc) and between the logarithm of the Franck-
Condon factorw as calculated in section3 within the traditional
approach and the logarithm of the Franck-Condon factorWm

as calculated here within the phase-space approach. We restrict
ourselves to two cases, the case when the potentialV(D) is
shallow or that when it is a steep function in comparison with
the functionV(A). We show below that in these limiting cases
eqs 31 and 32 hold and in additionWm ) w. The phase-space
approach agrees then with the traditional semiclassical method
of section 3 above.

Shallow Minimum Potential V(D). For a shallow minimum
potential whenV(D) ≈ V0, the turning point and the crossing
point, xR andxc defined by eqs 17 and 22, almost coincide,xR

≈ xc, so that the method of section 3 gives for the logarithm of
the Franck-Condon factor

whereµ(D) was defined in eq 20 and we assume for definiteness
that the transition goes through the right turning point, that is,
wL > wR.

Now, let us consider this case within the phase-space
formalism of eq 61. First, we prove that, ifV(D) ≈ V0 and the
actionσ(D)(x) is small, then only a coordinate jump is possible.
For small momenta, eq 38 is solved byηs ) -ip/σ′′(x).
Substituting it in eq 40, we find that

Under the assumption regarding the shape of the functionV(x)
in eq 16 (see the beginning of subsection 3.3), we haveσ(D)′′(x)
> 0. Now, it follows from eq 63 that the functionW(x,p) is
small at p ) 0 and rapidly increases when the momentum
becomes nonzero. For such a function, it is obvious that its
minimum occurs atpm ) 0 (no momentum jump).

We suppose here that the potential of the acceptor is steeper
on the right side, so thatW(D)(xR,0) < W(D)(xL,0), and we
conclude that

This means that the result of the phase-space approach is the
same as the quasiclassical result when the overlap is ap-
proximated by an exponent of the actionσ(xR).

Steep Potential V(D). Consider the opposite case of a steep
donor potentialV(D). Here too, we would like to compare the
results of the more traditional analysis in coordinate space with
the phase-space analysis.

First, following section 3, we look forxc, the point of crossing
of the two potential energy surfaces, and the Franck-Condon
factor as given by eq 15. We approximate the donor potential
V(D) near its minimum as

where the frequencyω(D) is supposed to be large. We find the
crossing point of the potentials by an expansion ofV(A) in a
Tailor series around the pointx0,

and by solving eq 22. The result is

(we consider here only “nested” potentials when the square root
in eq 69 is real). The momentum at the crossing point is

Using eqs 70 and 26, we estimate

Estimation of RewR is the same. Using eq 25, we find

The phase-space approach reproduces eq 71 straightforwardly.
In the harmonic approximation, the Wigner function is given
by eq 43. When the frequency is large, the coordinates of the
jumping point satisfyingH(A) ) E and reducingW0 to a
minimum arexm ) x0 andpm ) [2(E - V0)]1/2, soWm ) (E -
V0)/ω(D). Finally, notice that from eq 69 it follows thatxm ≈ Re
xc and from eq 70 it follows thatpm ≈ (Re pc. The plus-
minus sign appears because of the existence of two equivalent
jumping points.

5. Numerical Examples

Let us consider an example of the harmonic potential of the
donor

and either Morse potential

or Poeschl-Teller potential

of the acceptor. There are in totalJ bound states in potentials
74 and 75 labeled by quantum numbersn ) 0, 1, 2, ...,J - 1.
In the case of Morse potential, we consider the excited state
with the quantum numbern ) 150 and energyE ) 112.812

w ) wR ≈ ∫x0

xRµ(D)(x) dx (62)

W(x,p) ≈ σ(x) + 1
2

p2

σ′′(x)
(63)

xm ) xR ≈ xc (64)

pm ) 0 ) Repc (65)

Wm ) w ) σ(D)(xR) (66)

V(D)(x) ≈ V0 + ω(D)2

2
(x - x0)

2 + ... (67)

V(A)(x) ≈ V(A)(x0) + V(A)′(x0)(x - x0) + ... (68)

xc ≈ x0 ( i

ω(D)
{2[E - V(A)(x0)]}

1/2 +
V(A)′(x0)

ω(D)2
(69)

pc ) iµc
(D) ≈ ({2[E - V(A)(x0)]}

1/2 + i
V(A)′(x0)

ω(D)
(70)

RewL ) ∫x0

xL Reµc(x′0) dx′0

≈ 1

ω(D)∫x0

xLV(A)′(x′0) dx′0 )
E - V0

ω(D)
(71)

w ≈ E - V0

ω(D)
(72)

V(D)(x) ) 1
2

ω2x2 (73)

V(A)(x) ) 1
2(J + 1

2)(1 - e-âx)2, â ) (J + 1
2)-1/2

, J ) 300
(74)

V(A)(x) ) 1
2

R-2(cosh-2 Rx - 1), R ) [J(J + 1)]-1/4,

J ) 400 (75)
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and in the case of Poeschl-Teller potential the quantum number
n ) 200 and energyE ) 150.312.

If the parameterω is small, the donor potential is relatively
shallow, and when it is large,V(D)(x) is steep. Numerical results
are shown in Table 1. A similar table was generated for an
earlier paper, but the parameters and the comparisons being
made were somewhat different.11 For cases of steep or shallow
potentialV(D)(x), relations 58 and 59 are satisfied with good
accuracy.

6. Summary and Conclusions

The trajectory surface hopping methods initiated by the
famous Tully and Preston paper1 have been widely applied in
chemistry.17 In this paper, we have provided perspective, new
analysis, and testing of nonstandard approaches to surface
hopping and jumping. For the cases of surface hopping in one
or many dimensions or surface jumping in one dimension, the
techniques that we discuss are simply instructive alternatives
to other approaches. Our intent in these cases has been to
compare the various techniques with the Wigner phase-space
approach, because only the latter generalizes easily to many
dimensions. We have been able to give a rather more solid
grounding to the Wigner phase-space surface jumping method11-13

than had been the case previously, especially through the
semiclassical analysis with complex stationary phase. It is our
belief that for cases of slow radiationless transition or in the
wings of absorption bands (where again FC factors are very
unfavorable and correspond to tunneling events because there
is no nearby crossing of potential energy surfaces) that the
phase-space approach may be the only viable way to do
calculations of relative rates and of promoting and accepting
modes. At the same time, the phase-space “surface jumping”
approach is a very intuitive one, providing clear pictures of the
mechanism for radiationless or nonvertical radiative transitions
in terms of bond length changes or bond momentum jumps or
both in one or more coordinates.

It may be interesting to combine the generalization of hops
into jumps with some new developments in mixed quantum-
classical Lioville propagation recently introduced by Ciccotti
et al. and Martens et al.18-22 These two approaches and our
phase-space surface jumping approach seem to complement each
other in several ways. In the formalism of refs 19-21, for
example, for the specific case of nonradiative nonadiabatic
processes, the excess energy flows in the direction of the
nonadiabatic coupling vector and is dumped into the velocities.
The phase-space approach provides a systematic way for
predicting the energy flow during a transition between non-
crossing surfaces. We have recently found, within the phase-

space analysis, that for small energy gaps between the surfaces
(as in hopping) the excess energy flows in the direction of the
nonadiabatic coupling vector, but we have also found that this
rule does not apply in general to large energy gaps.23 In the
general case, the jump is sensitive to the shape of the accepting
potential and to the initial distribution on the donor surface.
This sensitivity can sometimes reduce in principle the number
of trajectories one needs to consider, yet it requires some
sampling of phase space to determine the relevant jumps. So
far, the phase-space approach does not take into account
interference from different jumps, although it is clear that such
interferences could be important, in particular, between two
momentum jumps of opposite signs. Future work could consider
combining the treatment of coherences as in ref 18 with the
phase-space jumping mechanism to properly account for
interference.
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TABLE 1: Numerical Results for Various Frequenciesω of the Donor Potential (Eq 73) and for Two Options for the Acceptor
Potential, Either Morse (M) or Poeschl-Teller (PT), Eqs 74 and 75a

ω V(A) xc pc xm pm wc Wm w case

0.2 M -10.90 2.18i -10.82 0 11.8 11.7 14.1 shallowV(D)(x)
1.0 M -13.34 13.34i -10.82 0 67.6 58.5 69.5
1.3 M -15.56 20.22i -10.82 0 98.6 76.1 100.6
5.0 M 0.01- 3.06i -15.32- 0.06i 0 -15.02 22.9 22.6 24.4 steepV(D)(x)
0.2 PT 32.52 6.50i 26.38 0 77.9 69.6 78.1 shallowV(D)(x)
0.5 PT 21.95+ 15.62i -7.81+ 10.97i 22.44 -6.25 176.2 165.0 177.6
1.0 PT 12.10+ 16.49i -16.49+ 12.10i 0 -17.34 179.6 150.3 180.2
5.0 PT 3.54i -17.70 0 -17.34 30.5 30.1 31.9 steepV(D)(x)

a xc, defined by the equationV(D)(xc) - V0 ) V(A)(xc) - E, is the coordinate where potentials cross, andpc ) ([2(V0 - V(D)(xc))]1/2 ) (iωxc is
the momentum at the crossing point. (xm, pm) is the point in phase space on the surface of constant energyH(A)(x,p) ) E where the Wigner function,
F(D)(x,p), reaches its maximum.w ) -(p/2) ln fDfA is proportional to the logarithm of the Franck-Condon factor;wc andWm are, respectively, the
quasiclassical and phase space approximations tow, see sections 3.3 and 4.4. In the cases of several equivalent jumping points, we give only one
of them.
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