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Quantum multiple scattering: Eigenmode expansion and its applications to proximity resonance

Sheng Lf
Department of Chemistry and Chemical Biology, Harvard University, Cambridge, Massachusetts 02138

Eric J. Hellef
Department of Chemistry and Chemical Biology and Department of Physics, Harvard University, Cambridge, Massachusetts 02138
(Received 15 December 2001; revised manuscript received 3 September 2002; published 26 March 2003

We show that for a general system Nfswave point scatterers, there are alwdy®igenmodes. These
eigenmodes or eigenchannels play the same role as spherical harmonics for a spherically symmetric target—
they give a phase shift only. In other words, thenatrix of the system is of rank, and the eigenmodes are
eigenvectors corresponding to nonzero eigenvalues of thiatrix. The eigenmode expansion approach can
give insight to the total scattering cross section; the position, width, and superradiant or subradiant nature of
resonance peaks; the unsymmetric Fano line shape of sharp proximity resonance peaks based on the high-
energy tail of a broadband; and other properties. Off-resonant eigenmodes for identical proximate scatterers are
approximately angular-momentum eigenstates.
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[. INTRODUCTION sharp proximity resonance peaks based on the high-energy
tail of a broad band. We are also surprised to find that off-
Scattering of waves from a group of scatterers is rich inresonant eigenmodes @ndomly distributeddentical proxi-
interesting physical phenomena. Examples are electrons #fate scatterers exhibit great symmetry and regularity. Simi-
phonons scattering from defects or impurities in crystals andar systems oN interacting resonances have been previously
light scattering from conjugated molecules or biologicalstudied, e.g., Refg6,7,15. Though our eigenmode expan-
complexes. sion approach is of course equivalent to standard scattering
Multiple scattering effects are nontrivial, especially whentheory, it gives new physical insights, as we demonstrate
scatterers are placed close, i.e., inside each other’s effectijaelow.
radius/o/ 7, whereo is the total cross section of a single  In addition, the quantum scattering fproximates-wave
scatterer. If the scatterers are resonant, their effective radigatterers is related to the superradiance probl8].
can be much larger than their physical size or force range. Again, our eigenmode expansion gives new insights to su-
classical example is the case of weak, fixed frequency soungerradiance.
incident on two proximate, small identical air bubbles in wa-
ter [1-3]. Quantum mechanically, for two scatterers placed Il. REVIEW OF QUANTUM MULTIPLE SCATTERING
together well within the resonant wavelength of scattered . . .
particle, extremely narrow proximity resonance can appear 'V Start by introducing our model farwave point scat-
[4,5]. Three or more proximate scatterers lead to related efterers. Consider a single elastic scatterer placed-&, The
fects. asymptotic form of the total wave function is
In this paper we have formulated a general method, eigen-
mode expansion, for quantum scattering of a system of
s-wave point scatterers of any number and geometric con-
figuration. The eigenmode expansion is based on the Green’s
function method as described in Ref$0,15. The Green’s The first term on the right-hand side is the incoming plane
function method is equivalent to solving the Lippmann-wave, and the second term is the scattered wave. The angle-
Schwinger equation exactly—taking all orders of multiple dependent scattering amplitudéIZ,F) satisfies the optical

scattering into account. , theorem: (4r/k) Im f(k,r =k) = o(k), where the total cross
T Itis obvious from eigenmode expansion approach that th%ectiona(lZ) =[|f(k,r)|?dr. TheT matrix of the scatterer in
matrix of such a system is of rarik and we are able to - ;
construct theT matrix explicitly. Many features of the spec- the subspace of energy Shkk”f k, Ty, can be defined as an
trum (total scattering cross section as a function of eneofy ~operator acting on functions ot
identical proximate scatterers can be explained simply by
this approach. For example, we can naturally explain the
position, width, and superradiant or subradiant nature of
resonance peaks, and the unsymmetric Fano line shape of
We assume the force range of the scatterer is small compared
to the wavelength of the scattered particle, so it only scatters
*Electronic address: li2@fas.harvard.edu the swave componenijy(kr)] of the incoming wave. The
"Electronic address: heller@physics.harvard.edu scattering amplitudé (k) is now angle-independent, and is

.. ~ ikr
Y(r)=e* T f(k,r) —— for r—e. 1)

~ k A A A A
Tky(r)EEf f(kr',r)y(r")dr’.
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(@) asymtotically, but over all space. Since any incoming wave
' p_"keq' mode peak #(r) of energyE=k>?/2 can be written as a superposition of
2

" plane waves withk|=k, the total wave function can be
written as

s-like q, mode pgak

—_

P(r)=p(r)+ (0)f(K)Gy(r), 3)

\ where the free space Green’s functi@y(r)=e"/r. The
A\ only significant difference to Ed1) is the extra factogs(0),
4/ \ the amplitude of the incoming wave at the point scatterer.
We are now ready to tackle the multiple-scatterer problem
using the Green’s function method described in Refs.
[10,15. The total wave function for a system Nfscatterers

fixed at positiongq, ry, ..., ryis

o (in units of 4w/k?)

o

©
o)
©
©
-
ot
o
-
o
=

102

N
w<F>=¢<F>+i§1 Gi(rDFiGi(r), (4)

wheref, is the scattering amplitude of thth scattererGi(F)

is the free space Green's function from; : Gi(F)
=ekIr=ril/|r—r|, and for simplicity we have omitted all im-

plicit k (energy dependences. Theé(0) in Eq. (3) is re-

' : placed by the amplitude at théh scatterer of théth effec-

98 99 100 101 102 . . >, . .

E (a.u.) tive incoming wavey;(r)—the sum of the incoming wave

and waves scattered by all scatterers except bytthecat-

FIG. 1. Solid lines{(a) total cross section and(b) phase angles terer itself:
A; of each eigenmode as a function of energy of a system of two

identical scatterers separated by distadee0.2k,. Each scatterer (F)= (1) + (FVEGH(T 5

is specified by Eq(2) with E,=100 a.u. andy,=0.1. For com- vilr)=o(r) ; vi(rpTiG;(n). ®
parison, the total cross section and phase angle of a single scatterer

are also showridashed lines The above equation provides a system of linear equations for

#i(r;). We can express them explicitly in matrix form. De-
fine vector for incoming wavep and vector for effective

incoming waves ¢ as ¢=¢(r), Gi=u¢i(r;) (i
=1,...N).
Define theNX N free space Green’s matri@ as

related to the phase angk) by f (k)= (1/k)sin 5K)e*V.
The T matrix is of rank 1.T, has only one nonzero eigen-
value sind(k)é®¥, whose corresponding eigenvector is the
zeroth-order spherical harmonic.

A simple scatterer with one internal Breit-Wigner—type
resonance can be modeled as

- Gj(ry for i#],
1 o "o for i=|
=" @
o0 and matrixF as
5 o 1o

F=diag{f,,f,, ... .fn}
The total cross section has a Lorentzian sHajashed line in

Fig. 1@]: By substitutingr with r; in Eq. (5), we get
L 7 $=Mi, or =M1, ®)
o(E)= — — "9
2 (E_E 24 .2
k™ (E=Eo)™+ 70 where
whereE=k?/2 andE,=k2/2. Resonance corresponds to the .
. M=1-GF.
pole of f(E) on complexE plane, atEy—ivy,, where the
“scattered wave” can exist without the incoming wave. The physical implication of Eq(6) is clear. Formally,
Physically,E, and vy, correspond to position and half-width
of the resonance peak. M~ 1=1+GF+(GF)%+- -,
We further assume that the force range of the scatterer is
so small that it can be considered as existing only at onhere each term@F)' (1=0,1,...) means the incoming
point. In this point scatterer model, E@l) holds not only wave is scatteretltimes, sinceF means scattering once by
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one scatterer anG means free propagation from one scat-the scattered wave

terer to another. An integral equation similar to Ef) is N

known in general scattering theory as the Lippmann- bed r)—)\— 2 G/(N)q;
Schwinger equatio{11]. Resonances occur at poles of s¢ k<
M ~Y(E) on complexE plane.

The scattered wavey.(r) depends only onp, the am-
plitudes of the incoming wave at scatterers. Asymptotically,

is proportional to the outward part of the incoming wave.
The angle dependence of the incoming and scattered wave is

N | elkr S\ ik
¢scg(i21 lﬂifie_ikr'ri) eT for r—oo, (7) yj(r)_zl Gis€ ' ©)

Eachﬁj or yj(F) can be regarded as a&mgenmoder eigen-
channel of the systeny;; is the relative amplitude of the
scattered wave from theth scatterer. Eigenvalug; is re-

If the incoming wave is a plane Wa\té'z‘F, the sum in pa-
rentheses of E(7) is nothing else but the scattering ampli-

tudef(k,r). lated to the phase angle of thith eigenmodey; by
— o PA;
IIl. FORMULATION OF THE EIGENMODE EXPANSION Aj=sinA;e'
For a single scatterer, for incoming wavi,(kr) Eigenmodes have some basic properties that can be

(=[G(r)—G*(r)]/2ik), the scattered wave is proportional Proved straightforwardly.
to G(r)—the outward part of the incoming wave—with a (1) qJ can always be chosen real due to time reversal
phase factor. Is there any incoming wave for multiple scatsymmetry,
terers such that the scattered wave is proportional to the out- .
ward part of the incoming wave with a phase factor? This is 4ij =dij -
equivalent to looking for eigenvectors of tiiematrix of the
whole system. In the spherically symmetric case, diagonal-
ization of T matrix is essentially spherical harmonic partial-
wave expansion. Some textbooks have discussed the formal
diagonalization of thel (or S) matrix for a general system, Uh qu bij »
and its applications to scattering of particles with spin and
scattering reactiongl2]. We have found, as will be shown or
immediately, that for a system afwave point scatterers of
any number and geometric configuration, Thmatrix can be *(OW () dr= 8
, : : f yi (Nyj(rydr=4;.

analytically represented under some special basis, and can be
diagonalized easily.

From Eq.(5), we see the scattered wave of multiple scat-

terers is a superposition (ﬁi(F) 's, SO we try to write the

(2) The eigenmodes obey orthonormal relations upon nor-
malization,

(3) Aj’'s and yj(F)’s are actually eigenvalues and eigen-
vectors of thel matrix,

incoming wave as a superposition j@’(k|F— Fil)’s: Tyj(F)zsinAJemJyj(F).
R . . N Gi(F)—Gi*(F) It is clear now thaiyj(?)’s here play the same role as spheri-
¢(f):_21 Qion(k|r—fi|)=El T (8)  cal harmonics in spherically symmetric case. Spherical har-
i= i=

monics are eigenchannels under special conditions, namely,
when the system is spherically symmetric.

Any incoming wave can be written asg(r)
=3N cijo(klr=ri])+ ¢'(r), whereg'(r) is orthogonal to

or $=Jq;, where q;=(dy;, ... Oy)", and the NXN
spherical Bessel matri is defined as

Jii=jo(K|ri=rj]). eachjo(k|r—ri|). Immediately we see that the’(r) part
. - does not scatter at all, because each scatterer only scatters
We havey=M""¢, and from Eq.(4), we get wave, andg’(r) is orthogonal to eachio(k|r —r;|). For a
1 N single scatterer, th€ matrix is of rank 1. For a system of
¢SC(;):2 Gi(F)[FMil‘Jaj]i:_ 2 G. F)[T‘Jaj]i scatterers, th@ matrix is of rankN, since the system only

scatters incoming waves belonging to thedimensional
function space the sum in E¢B) spans.

where matrixT is defined as There is a simpler explanation for the rank of thena-
T=KkEM 1. trix. Recall fron:n Sec. Il that the scattered waqbgc(F) de-
pends only on¢, the amplitudes of the incoming wave at
If dj is an eigenvector of J, scatterers. For all the infinitely degengrqte in(?oming waves
of energyE=k?/2, we can have a basis in which all bt
TIg;=\qi(j=1,... N), waves have zero amplitude at gfls. Consequently, the sys-
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tem only scatters thBl waves that have nonzero amplitudes (a)
at Fi’s, and does not scatter the rest at all. ' a, mode peak
In eigenmode basig;(r) [plus all other linearly indepen- K1 q, mode geak q, mode peak
dent functions off orthogonal to ally;(r)’s], the T matrix &
has a diagonal form: S
(2]
T=diag{sinA €1, ..., sinAe'®N,0, ...} <
[
The eigenmodes are actually eigenvectors corresponding to =
X . R o
nonzero eigenvalues of tllematrix. In fact, matrixT is the
representation of matrix in the(nonorthogonalbasis 098 99 100 101 102
c = ©)
__ —|kr~r-
bj(r)= Z ' 0.5 ; S
A |
. . . . 1 .
[or JTJ is the representation ofT matrix in the A2; As:
(1/\JA)e *Ti basig. This can be verified if you view Eq. D | @voided crossing

I ’between A& A,

(9) as transformation of basis. 5 0
We can use eigenmode expansion to calculate the total

cross section for an incoming plane wave. Optical theorem

can also be verified. The total scattering cross section not

only depends on the enerdyr k), but also the directiok of

-05

the incom_ing wave. T_his is what we would expect for a ~o8 9'9 1(',0 1(')1 102
system W|t.hout spherical symmgtry. T_he average of total E (a.u.)

cross section over all possible incoming directions for a

given energy is independent kf From now on, we will use FIG. 2. (a) Total cross sectiorr and(b) phase angle4; of each

“total cross section” in this sense. The total cross section €igenmode as a function of energy of a system of three identical
scatterers placed on a straight line separated by equal disthnce

A =0.2k,, at (—d,0,0), (0,0,0), andd,0,0). Each scatterer is the
o= — z SinZAJ- same as used in Fig. 1. Ifip) solid lines,A;; dotted lines,A;
j dashed linesA ;.

is a sum of contributions from each eigenmdds]. 1 1
Numerical evidence shows that for scatterers with the al:( ) and a2:< ) (10)
properties of Eq.(2), each phase angld; monotonically 1 -1)’

increases from O tar as the energy goes from o to o°.

Therefore each eigenmode will contribute a resonance peak
to total cross sectiofif the peaks do not overlapThe po- corresponding to the two scatterers oscillating perfectly in

sition of the peak is aAj= /2, and the width is determined and out of phase with the same strength. Equafith) is

by how fastA; passes throughr/2 and nearby region as a valid at any energy. Figure 1 shows an exa_mple of the total
function of en]ergy. For a system Nfscatterers, there will be cross section and phase angles as a function of energy. For

N resonance peaks in the total cross section, whose posit|0|l1<§j<1 l.e., the scatterers are placed within each other’s ef-
and widths are consistent with thé poles of M~ 1(E) on fective radius, the &-like” symmetric d; mode becomes a

complexE plane. broad band, and thep-like” antisymmetric q2 mode be-
comes a sharp proximity resonance peak, both shifted from

IV. APPLICATIONS OF THE EIGENMODE EXPANSION the peak of single scatterer, as shown in Fi@) 14]. In the

TO THE PROXIMITY RESONANCE limit of d—0, dl mode rigorously becomes awave and

q2 mode ap wave.

The three-scatterer case turns out to have a richer phe-
nomenology. We consider three identical scatterers posi-
tioned on a straight line separated by equal distarrf@e:

a b =(—d,0,0) r,=(0,0,0)r3=(d,0,0). Compared to the two-

b a) ; scatterer case, the difference is that the relative amplitudes in
each(iJ are now energy dependent. Nonetheless, upon reflec-

so doesTJ=kFM ~1J. Thus without knowingf (k) explic- t|on abouty z plane, there are always two symmetric modes

itly, we can immediately say that the tw@nnormalizeg ql, q3, and one antisymmetric mod@ Figure Zb) shows

eigenmodes are the phase angles as a function of energy, which determine

First we consider the simplest case of multiple scattering:
two identical scatterers separated by distathck is easy to
verify thatF, M, andJ all have the form of
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the positions and widths of the peaks in total cross section (a)
[Fig. 2@]. The eigenmodes afj; mode’s peak [E q. mode peak |
— 2
=99.182) are N{ 1t q, mode Reak q, mode peak
B
0.089 1.23 23.9 f(;
q;=| 0.106|, gq,=| O |, gz=| —47.5]. J2!
0.089 ~1.23 23.9 S
£
We see thaf]; is s-like, g, is p-like, andqs is d-like. Indeed, © M
. . - e O N N
rlumerlc:";ll evidence shows that at low energies<E) A1, 58 %9 100 101 102
g, andgs converge tcs, p, andd waves wherd—0. Theq;
mode gives most of the broadband and the other two modes (b)
give two sharp proximity resonance peaks. 0.5 . — .
If we disregard the continuity oA;(E), it is determined : I
up to an integral multiple ofr. For reasons that will become A, AZE Al
clear in a moment, we have drawn FigbRwith restriction : I
—m/2<A;<m/2. At E~100.578,A; and A3 undergo an e : !
A

avoided crossing: instead of one going sharply from some SO ——— =
—a to m— « and the other remaining at @; goes sharply
from —a to 07, and A; goes sharply from 0 to 7—a.

L o ——

This is really an a\ioided Erossing of eigenvalugsand\ 3 :A3

at A\~0. TrackLngql and g; qround the avoided crossing 05 ) i L.

region, we findq, is s-like andqs is d-like before the cross- 98 99 100 101 102
ing (E<100.578), yetq,; becomesd-like and q; becomes E(au)

s-like after the crossingE>100.578). In contrast), rigor-
gk ) B2 rig FIG. 3. (a) Total cross sectiorr and(b) phase angle4; of each

ously crossed ; since it has a different symmetry. Indeed, if . X ) .
. eigenmode as a function of energy of a system of three identical
we remove the symmetry of the system, there is always

. . Scatterers placed at{(d,0,0), (—d/3,—d/3,0), and ¢,0,0), with
avoided crossing whenever two phase angles tend to Cross@iO.ZA(O. Each scatterer is the same as used in Fig. 1b)solid

0 [Fig. 3(b)]. The g3 mode peak exhibits a Fano line Shapelines,Al; dotted lines,A,; dashed linesA;. The difference with

[Fig. 2@)] (Ref. [14]). The dip aroundE~100.578 before Fig. 2 is that the scatterer at the center is moved so there is no

the peak comes from the avoided crossing at 02/Siwill longer symmetry about the reflection xfz andy-z planes.

exhibit a Fano line shape ih goes from some-«a to 7

—a, with a minimum atA=0 and the peak still at\ shift to different eigenmodes at different energies. Each

=m/2. Therefore, there is always a dip when two phasesharp peak corresponds to a phase angle to sharply increas-

angles tend to cross at 0. The deepness of the dip depends img from some—a (0<a<w/2) on the broadban¢corre-

how narrowly they avoid crossing. sponding tcs-like mode to m— a—back onto the broadband
Numerical evidence shows that for a general systemd of with avoided crossing at 0, exhibiting a Fano line shape. We

identical scatterers confined well within each other’s effecinmay not see the dip if the phase angles do not come close

tive radius, there is always a broadband with resonance ernough in avoided crossing, but in principle a sharp proxim-

ergy less thaft, and some sharp proximity resonance peaksty resonance peak is always unsymmeffidgs. 2a) (53

based on the high-energy tail of the broadbéfid. 4) [10].  peak only, 3(a), and 4a)].

At the peak, the broad band corresponds to a nisdg,q;) It is surprising to find numerically that, even for a typical

in which all scatterers oscillate in phase, i.e.,@ll's have = nonsymmetric system of identical scatterers, at far off-

the same sign. The peak is broad because the waves scattefedonant energies while still maintainikg;; <1, y].(f)'s are

from each scatterer add up constructively. In this sense this igery much like linear combinations of spherical harmonics

an slike mode, corresponding to the superradiant state i samel, i.e., they almost have well-defined angular mo-

scatt(_ar!ng of one photon _by a collection of a’go[ﬁi. The menta.yj(?)’s also have lowedt's possible, so they are still

remainingN—1 modes giveN—1 sharp proximity reso- ¢ ' "q'" " |ike. At resonant energies, the eigenmodes

nance peaksif they are separajeThey correspond to sub- have mixed’s in avoided crossing region.

radiant states. The scattered waves of these modes at their

respective peaks have litttewave component—waves scat-

tered from each scatterer tend to add up destructively. It has V. SUMMARY

been reported that under certain conditions these narrow- \we have shown that for a system Mfswave point scat-

peak eigenmodes correspond to Anderson localizdti&ih  terers, we can always find eigenmodes. These eigenmodes

g; mode isslike at low energies. As a consequence ofor eigenchannels play the same role as spherical harmoics for

avoided crossing of phase angles, thkke character will —a spherically symmetric target. THematrix of the system is

032712-5



SHENG LI AND ERIC J. HELLER PHYSICAL REVIEW A67, 032712 (2003

[(aV]

f\: 1t 9, mode peak FIG. 4. (a) Total cross section

E as a function of energy for a sys-
05 8 tem of seven identical scatterers
(b) = randomly placed on a plane. Each
> scatterer is the same as used in

= U Fig. 1. The positions of the scat-

(o) 800 o) terers are shown ifb).
(o]
0 ><(27.t/k0) 098 99 100 101 102
0 05 E(a.u)

of rank N and can be represented analytically. The eigensharply increasing from some « on the broad band tar
modes are eigenvectors corresponding to nonzero eigenval-« (back onto the broadbahevith avoided crossing at 0.
ues of theT matrix. The position and width of resonance In the future, we will investigate the generalization of
peaks are determined by phase angles as a function of eBigenmode expansion to systems of multichannel point scat-
ergy. Each phase angle monotonically increases from® to terers. We will investigate further the dependence of the
as the energy goes from= to « if each scatterer has one spectrumtotal cross section as a function of energy the
Breit-Wigner—type resonance. spatial distribution of scatterers, and statistical properties of
For identical scatterers placed We”W|th|n one WaVelengthhe spectra Of Co||ections of a |arge number of random'y
of the incoming wave, the far off-resonant eigenmodes argjistributed scatterers. We need to extend the theory to non-
alwayss-, p-, d-, ... like with lowest possible angular mo- identical scatterers, and to multiphoton emission of collec-
menta. At resonant energies where phase angles haygns of atomgi.e., true superradiange
avoided crossings, the eigenmodes have components of dif-
ferentl’s mixed. There is always one broadband originating
from ans-like mode whose peak is shifted lower in energy,
and N—1 sharp proximity resonance peaks based on the
high-energy tail of the broadband. The broadband peak cor- We appreciate the support of the National Science Foun-
responds to superradiant state in scattering of light, and théation, Grant No. CHE-0073544, and support of ITAMRe
sharp peaks corresponds to subradiant states. The unsymmigtstitute for Theoretical Atomic and Molecular Physics
ric Fano line shape of a sharp peak comes from a phase andt&arvard.
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