
JOURNAL OF CHEMICAL PHYSICS VOLUME 117, NUMBER 21 1 DECEMBER 2002
Determination of bound-free dissociative couplings via classical
Fourier coefficients
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This paper presents an approach to compute couplings between bound and unbound wave functions
using only classical Fourier coefficients of the Hamiltonian. This approach is an extension of the
well-known technique of using Fourier coefficients in the action-angle representation to compute
bound-state to bound-state couplings. We develop the analogous bound-free approach for
one-dimensional Hamiltonians and demonstrate it for several coupling potentials. The
generalization to higher dimensions is also discussed. ©2002 American Institute of Physics.
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I. INTRODUCTION

Let H(f,I ) denote aD degree-of-freedom Hamiltonia
expressed in some action-angle basis (f,I ), fP@0,1#D. The
EBK semiclassical quantization method associates a w
function with those actionsI5(I 1 , . . . ,I D) satisfying I i

52p\(ni1a i /4), where eachni is a non-negative integer
and thea i denote the Maslov indices. Usuallya i52.

These semiclassical wave functions may be charac
ized by their quantum numbers (n1 , . . . ,nD), and give rise
to a basis set$un1 , . . . ,nD&% which may be used in quantum
calculations. The coupling between two semiclassical w
functions un&5un1 , . . . ,nD& and um&5um1 , . . . ,mD& is
given by1

^muĤun&5Hm2nS Im1I n

2 D . ~1!

I m , I n denote the action vectors corresponding to the qu
tum numbersm, n, respectively, andHk(I ) denotes thek
Fourier component ofH evaluated atI , defined via the ex-
pansion,

H~f,I !5(
k

Hk~ I !e2p ik•f. ~2!

This semiclassical coupling formula is well-known, and h
proven useful in semiclassical approaches to the quan
dynamics of bound systems.1–5

What about dissociative processes? That is, give
bound-state and a continuum state which are both eigens
of some zeroth-order HamiltonianH0 , and a perturbationV,
is it possible to express theV-induced dissociative coupling
between the two in terms of the classical Fourier coefficie
of V? Such a formula would be useful for extending sem
classical analyses based on classical Fourier coefficien
problems involving bond breaking~vibrational predissocia-
tion is one good example!. Because semiclassical represe
tations of the Hamiltonian based on classical Fourier coe
cients grew out of the EBK method, these approac
9570021-9606/2002/117(21)/9574/6/$19.00
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required an action-angle representation of the Hamilton
and were therefore limited to bound–bound processes~since
the action-angle basis is not defined in the scattering regim!.
In addition, the traditional focus within this area of semicla
sical methods has been on energy spectra, so there ha
been a major impetus to develop an analogous semiclas
formula for dissociative processes.

One natural approach in obtaining a semiclassical c
pling formula would be to write down the WKB wave func
tions for both the bound and unbound wave functions, ins
the potentialV between them, and then attempt to perfo
the integration by stationary phase, in the hope that so
kind of classical Fourier coefficient would naturally emerg
While appealing, such an approach will give no couplin
due to the lack of a stationary phase point. Indeed,
bound–bound coupling formula in an action-angle basis
derived by assuming that the two wave functions are clos
each other in action, so that it is possible to linearize
difference between their corresponding classical action fu
tions ~which is obtained by solving the Hamilton–Jaco
equation at a given energy!. The formal statement of the
semiclassical coupling formula for action-angle variables

lim
\→0

^I 12p\kuV̂uI &5Vk~ I ! ~3!

where uI &,uI 12p\k& denote the semiclassical wave fun
tions corresponding to actionsI ,I 12p\k.

For unbound–unbound processes, Maitra and Heller6 de-
veloped an approach based on the use of WKB wave fu
tions as a distorted-wave basis. Specifically, they conside
the problem of above-barrier reflection in one dimensio
and showed that the use of the WKB wave functions work
well at essentially all above-barrier energies as a distor
wave basis in the first-order Born approximation. While th
coupling formula was not given in terms of classical Four
coefficients of the Hamiltonian, it is possible to show that,
a sufficiently semiclassical limit, the coupling formula ma
be given in such a form. Maitra and Heller discussed the i
4 © 2002 American Institute of Physics
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of obtaining a general method to assign a semiclassical q
tum coupling between any two contours in phase-space
particular, such a formula would include the ability to com
pute couplings between wave functions corresponding
bound and unbound phase-space contours.

The difficulty in generalizing the bound–bound couplin
formula to the bound-free case is that there is a sud
change in the topology of the phase-space in going from
bound regime to the unbound regime. In the bound regim
is possible to semiclassically characterize the wave funct
by quantum numbers corresponding to definite values of
classical action, while in the unbound regime this is not p
sible. Thus, it is not immediately obvious in what canonic
basis to Fourier expand the Hamiltonian.

One approach that might work is to express the coup
as a Fourier transform ofV(q(t)), whereq(t) denotes the
ordinary position representation of a trajectory generated
the zeroth-order HamiltonianH0 . Such an approach is re
lated to semiclassical theories based on the Fourier ana
of classical quasiperiodic motion~see Ref. 7 for a review o
such methods!. Since such a Fourier analysis obviates t
need to find an action-angle representation of the Ham
tonian ~which does not exist in the unbound regime!, it is
possible that this approach may be tailored to determ
semiclassical bound-free couplings.

This paper develops a bound-free semiclassical coup
formula based on the Fourier analysis of classical moti
The resulting coupling formula is shown to be the analog
expression to the one obtained in the action-angle repre
tation. We initially derive the coupling formula for one
dimensional systems, but then go on to generalize it
D-dimensional systems.

This paper is organized as follows: In Sec. II, we d
velop the one-dimensional system which we will consid
We go on in Sec. III to construct the semiclassical bound
unbound states, and obtain the semiclassical coupling
tween them. We test our formula with some numerical
amples in Sec. IV. We discuss how the coupling formula m
be generalized and applied to dissociation processes in
V. Finally, we present our conclusions in Sec. VI.

II. THE HAMILTONIAN

Consider the one-dimensional Hamiltonian,

H0~q,p!5
p2

2m
1V~q!. ~4!

We assume thatV has the following properties:~1!
limq→2` V(q)5`; ~2! limq→` V(q)5V0 ; ~3! V attains its
global minimum at someqmin , and is monotone decreasin
for q,qmin and monotone increasing forq.qmin .

The Morse oscillator (V(q)5D(12e2bx)2) is a good
example of such a system. Such a Hamiltonian admits bo
states up to the dissociation energyV0 , and outgoing states
aboveV0 . Below V0 , we may assume that the bound-sta
are given by quantum numbers$n%, corresponding to action
I n52p\(n1 1

2), according to WKB theory in one dimen
sion. AboveV0 , the Hamiltonian admits outgoing states f
all energiesE.V0 .
Downloaded 23 Nov 2004 to 128.103.60.225. Redistribution subject to AI
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Suppose we add a perturbative potentialV(1)(q) which
can induce couplings between the eigenstates. Our goal
write down a semiclassical expression for^EuV̂(1)un&, where
uE& denotes an outgoing state, andun& denotes a bound state
We do this in the following section.

III. THE COUPLING FORMULA

A representation which is ideally suited to the Ham
tonianH0 is the energy-time representation. In this canoni
basis, the canonical momentum is given by the energyE
5H0(q,p), and the canonical position is the transit tim
from the inner turning point at energyE to (q,p). If we
definet(E) to be the time it takes a trajectory to go from th
inner turning point to the outer turning point at energyE,
then any point on theH0(q,p)5E phase-space contour ma
be uniquely characterized by sometP@2t(E),t(E)#. Of
course, ifE is above dissociation, thent(E)5`. Because
(6t,E) represents some (q,6p), it follows that in the
energy-time representation ofV(1)(q) we have V(1)(t,E)
5V(1)(2t,E).

The generating function from the (q,p) system to the
(t,E) system is given via,

S~q,E!5E
q2(E)

q

p~q8,E!dq8, ~5!

where q2(E) denotes the inner turning point at energyE,
and p denotes the momentum, given byp(q,E)
5A2m(E2V(q)). The conversion from the (q,p) to the
(t,E) representation may be obtained from the equations8

p~q,E!5
]S

]q
~q,E!, ~6!

t~q,E!5
]S

]E
~q,E!. ~7!

It may be simply shown thatt(q,E) is the time it takes
for a particle starting at the inner turning point at energyE to
reach the pointq. In contrast to the (f,I ) representation, the
(t,E) representation can be used to represent both the bo
and unbound eigenfunctions ofH0 . The WKB wave func-
tions are real and may be given by

cE~q!5A~E!AU ]2S

]q]EU~exp@ iS~q,E!/\#

1exp@2 iS~q,E!/\#!, ~8!

whereA(E) is some normalization constant which we w
be given later. In reality, this formula breaks down near
turning points. However, in the semiclassical limit we w
assume~as with the analogous derivations for the case
action-angle representations! that only contributions from the
classically allowed region are important, in which case
above formula holds.

If E,V0 , then E5En5H0(I n), and we want the nor-
malization^n8un&5dnn8 . It is a standard semiclassical resu
that this requires An[A(En)5An(I n), where n(I n)
[dE/dIu I n

is the frequency atI n . For the outgoing states

we want^E8uE&5d(E2E8), giving A(E)51/A2p\.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 1. Quantum vs semiclassica
coupling fora50.01.
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We now derive the semiclassical coupling between
bound-stateun& and the outgoing stateuE&. Analogous to the
derivation of the bound–bound formula, we assume thaE
'En . Consider, then, some energyEmP@En ,E#. We can
then writeS(q,E)2S(q,En)' ]S/]E uEm

(E2En). Then we
integrate from the inner turning pointq2(Em) to the outer
turning pointq1(Em), whereq1(Em) may very well bè if
Em.V0 . The semiclassical coupling is then,

^EuV̂(1)un&5An~ I n!

2p\ Eq2(Em)

q1(Em)
dq8V(1)~q8!US ]2S

]q8]E
U

Em

D U
•ei ~]S/]E!uEm

(E2En)/\1e2 i ~]S/]E!uEm
(E2En)/\

5An~ I n!

2p\ E0

t(Em)

dtV(1)~ t,Em!~ei (E2En)t/\

1e2 i (E2En)t/\!

5An~ I n!

2p\ E2t(Em)

t(Em)

dtV(1)~ t,Em!e2 i (E2En)t/\

5An~ I n!

2p\
Ṽ(E2En)/2p\

(1) ~Em!. ~9!

Thus, the semiclassical couplinĝEuV̂(1)un& between the
bound stateun& and the outgoing stateuE& is given by,

^EuV̂(1)un&5An~ I n!

2p\
Ṽ(E2En)/2p\

(1) ~Em!, ~10!

where

Ṽk
(1)~E![E

2t(E)

t(E)

dtV(1)~ t,E!e22p ikt. ~11!
Downloaded 23 Nov 2004 to 128.103.60.225. Redistribution subject to AI
eWe have an expression for the bound-free coupling in te
of the Fourier coefficients ofV(1) in the energy-time basis
The coupling is given by a Fourier component ofV(1)(q(t)),
where q(t) denotes a classical trajectory generated by
zeroth-order HamiltonianH0 . Note that the coupling for-
mula is analogous to the corresponding formula for acti
angle variables, but instead with time and energy playing
roles of the canonical position and momentum, respectiv

IV. NUMERICAL TESTS

We tested our coupling formula numerically for th
zeroth-order Hamiltonian,

H0~q,p!5
p2

2m
1D~12e2bq!2 ~12!

using V(1)(q)5e2aq2
. H0 has a zeroth-order harmonic fre

quency v0 given by 1
2mv0

25Db2. We took m51.0, v0

51.0, D510.0, and\51.0. This Hamiltonian supports 2
bound states, with energies given by,En5(n1 1

2)\v0(1
2@(n1 1

2)\v0/4D#), wheren50, 1, 2, . . . , 19.
Figures 1–4 plot the couplings between all the boun

states to the outgoing state with energyE511.0, for a
50.01, 0.1, 1.0, and 10.0, respectively. Three values ofEm

were used:Em5En , the energy of the bound-state;Em5E,
the energy of the outgoing state; andEm5(En1E)/2, the
energy midway between the two states.

We may note for all four graphs, that, as the quant
number increases, the semiclassical couplings all conv
on the quantum result, which is to be expected, since
higher energy the semiclassical approximation, as well as
linearization of the generating functionS, become more ac-
curate. Nevertheless, we may note that certain choices
Em are better than others depending on the potential.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 2. Quantum vs semiclassica
coupling fora50.1.
r
he
-

pt

n

er

the

al

an

the

for
-

For a50.01, theEm5E graph~‘‘SC free’’ ! is quantita-
tive over the entire range of bound-states. TheEm5(En

1E)/2 graph~‘‘SC middle’’ ! only becomes quantitative fo
bound-states with quantum numbers around 10 or hig
The Em5En graph ~‘‘SC bound’’! takes the longest to be
come quantitative, at a quantum number of 16.

For a50.1, all graphs remain fairly quantitative, exce
for Em5En for nP@0,4#. The best fit is for Em5(En

1E)/2, which is essentially indistinguishable from the qua
tum result.

A similar pattern persists fora51.0, though this time
the ‘‘SC bound’’ and ‘‘SC free’’ graphs take somewhat long
Downloaded 23 Nov 2004 to 128.103.60.225. Redistribution subject to AI
r.

-

to become quantitative than previously. Nevertheless,
‘‘SC middle’’ graph remains quantitative for all quantum
numbers.

Finally, for a510.0, we see that all three semiclassic
graphs become quantitative aroundn55, though once again
it appears that the ‘‘SC middle’’ graph is more accurate th
the rest.

There are several patterns to note here. First of all, of
three prescriptions for choosingEm , the choiceEm5(En

1E)/2 was the most accurate, with the notable exception
a50.01, for whichEm5E was the most accurate. Both re
sults are easy to explain. In general, usingEm5(En1E)/2
l
FIG. 3. Quantum vs semiclassica
coupling fora51.0.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 4. Quantum vs semiclassica
coupling fora510.0.
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should be more accurate than usingEm5En or E, because
the expressionS(q,E)2S(q,En)5(]S/]E)(q,Em)(E2En)
is accurate to third-order inE2En for Em5(En1E)/2, but
only accurate to second-order inE2En for Em5En ,E. In
the case ofa50.01, however, the potential is sufficient
spread out that usingEm5En ,(E1En)/2 results in integra-
tion over too narrow a range for the lower quantum numb
to accurately capture all the coupling. Because forEm5E
the integration range is infinite, it captures the whole pot
tial, leading to a more accurate expression for the coupli

Finally, while the semiclassical coupling graphs fora
50.01, 0.1, 1.0 become essentially indistinguishable fr
the quantum results for the higher quantum numbers, a s
discrepancy persists fora510.0 all the way up ton519.
The reason for this is that the potential at this point is
narrow that the effective integration range for the coupling
fairly narrow. However, semiclassical approaches are
pected to be accurate in regimes where\ is small, or equiva-
lently, when the characteristic wavelength is short compa
to the length scales of the problem. In this case, the effec
range of the potential is sufficiently short that it leads
observable~though small! discrepancies between the qua
tum and semiclassical results.

V. APPLICATION TO DISSOCIATION PROCESSES

While the bound-free semiclassical formula was dev
oped for one-dimensional systems, the generalization
separable systems is immediate. Specifically, given aD
degree-of-freedom Hamiltonian,

H0~q1 , . . . ,qD ,p1 , . . . ,pD!5(
i 51

D S pi
2

2m i
1Vi~qi ! D

~13!
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which produces an energy-time representation of pha
space given by (t1 , . . . ,tD ,E1 , . . . ,ED), then given some
potential V(1)(q1 , . . . ,qD) we obtain the semiclassical re
sult,

^E1 , . . . ,EDuV̂(1)un1 , . . . ,nD&

5~2p\!2~D/2!AP i 51
D n~ I ni

!Ṽ(E2En)/2p\
(1) ~Em!, ~14!

where E[(E1 , . . . ,ED), En[(En1
, . . . ,EnD

), and Em

[(Em1
, . . . ,EmD

).
For nonseparable systems, the formula is in principle

same, as long as it is possible to find a canonical repre
tation of the phase space which can be used to construc
semiclassical basis functions in both the bound and unbo
regimes.

To illustrate how the semiclassical bound-free formu
may be used, we consider a simple example of a tw
dimensional dissociative process from some bound s
uv&uEn& to an unbound stateuv21&uE&. This process corre-
sponds to a vibrational predissociation process, where
quantum of vibration~the ‘‘v ’’ states! is transferred to a
translational degree of freedom, with sufficient energy
cause dissociation. If we assume that bound states have
dnn8 normalization, and unbound states have thed(E2E8)
normalization, then ifV denotes the perturbation leading
dissociation, the dissociative coupling is given semiclas
cally by

^v21,EuV̂uv,En&5An~ I n!

2p\
Ṽ(21,(E2En)/2p\)~2p\v,Em!.

~15!

HereṼ denotes the Fourier expansion ofV, where the vibra-
tional coordinates are expanded in action-angle variab
and the translational coordinates are expanded in an ene
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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time representation.n(I n) denotes the zeroth-order fre
quency for the translational motion in the bound-state w
quantum numbern. Applying Fermi’s Golden Rule, we the
obtain a dissociation rate into theuv21,E& unbound state of,

Gv→v215
2p

\
u^v21,EuV̂uv,En&u2. ~16!

The type of vibrational predissociation process descri
above does not include rotational effects. Thus, what
have presented is a simplification of the true predissocia
dynamics. Nevertheless, the purpose is to give a conc
example, illustrating how the bound-free semiclassical c
pling formula may be applied to actual systems.

VI. CONCLUSIONS

This paper presents a semiclassical approach for c
puting the bound-free couplings for one-dimensional syste
based on a Fourier analysis of classical trajectories. The
sult is a generalization of the formula for bound–bound c
plings. The key difference is that while the bound–bou
couplings are generally given as Fourier coefficients from
action-angle representation of the Hamiltonian, in the bou
free case the Fourier coefficients come from an energy-t
representation of the Hamiltonian. Such a representatio
valid in both the bound and unbound regimes, though
range of the time variable is energy-dependent~in contrast to
action-angle variables, for which the range of the angle v
Downloaded 23 Nov 2004 to 128.103.60.225. Redistribution subject to AI
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able is an interval of length 1!. Numerical tests for severa
potentials confirmed the semiclassical formula.

The bound-free semiclassical coupling formula cou
prove useful in analyzing a variety of dissociation process
A simple example involving vibrational predissociation w
given in the previous section. Because the semiclassical
plings are obtained from Fourier coefficients of a classi
Hamiltonian, they are in general easier to compute than
quantum couplings, which would require the numerical in
gration of wave functions.
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