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Similarity transformed semiclassical dynamics
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In this article, we employ a recently discovered criterion for selecting important contributions to the
semiclassical coherent state propagaiorvan Voorhis and E. J. Heller, Phys. Rev.68, 050501

(2002] to study the dynamics of many dimensional problems. We show that the dynamics are
governed by a similarity transformed version of the standard classical Hamiltonian. In this light, our
selection criterion amounts to using trajectories generated with the untransformed Hamiltonian as
approximate initial conditions for the transformed boundary value problem. We apply the new
selection scheme to some multidimensional Henon—Heiles problems and compare our results to
those obtained with the more sophisticated Herman—Kluk approach. We find that the present
technique gives near-quantitative agreement with the the standard results, but that the amount of
computational effort is less than Herman—KIuk requires even when sophisticated integral smoothing
techniques are employed in the latter. ZD03 American Institute of Physics.

[DOI: 10.1063/1.1626621

I. INTRODUCTION Meanwhile, there have been parallel developments based
Coherent states are useful tools for a wide variety ofon the rigorous stationary path approximation to the quantum

systemg. For chemical problems in particular, there has beerProPagator in the coherent state basis. The first work in this
a long history of applications of harmonic oscillator coherentdirection was put forth by Klaud&rwho noted that in order
states(also known as Gaussian wave packdts approxi-  © solve the requwe_d double—ended boundary condltlons, one
mate quantum dynamics. Initially, the motivation for using"€€ded to effectively considetwo sets of classical
Gaussian wave packets was that if the spread of the way@riables—one for the bra state and one for the ket. Subse-
packet is small enough the effective potential always look§uent wqu elucidated the importance of fluctuations ab_out
locally quadratic, in which case the particle never “sees” thethe classical paffi and the presence of an “extra phase” in
anharmonic terms and the wave packet picture is physicalljhe semiclassical expressishMore recently, there has been
justified? Further, wave packets showed the potential for2 significant amount of work done to investigate the physical
“smoothing over” the caustic singularities normally present Structure of the semiclassical coherent state propagator for
for semiclassical approaches involving position or momenSmall one-dimensional systems where the quantum dynamics
tum eigenstate3Thus, an intimate connection between co-iS Well understood”?° However, until recently, this latter
herent states and semiclassical dynamics was establish&tss of methods could generally be characterized as a rigor-
early on* It was later realized that awarm of Gaussian OUS and interesting but essentially impractical set of approxi-
wave packets might be useful as a time dependent basigations.

even in cases where the spreading of the wave function is The difficulty in applying the more rigorous form of the
quite large® This idea was advanced further when Hermansemiclassical coherent state propagator is that, for a many
and Kluk showed that with the proper weight factors adimensional system, it is very difficult to locate trajectories
swarm of Gaussian wave packets could be used to represeifit satisfy the double-ended boundary conditions. We have
the wave function in a way that is exact in the semiclassicarecently proposed a solution to this probférthat involves

limit (%—0).° It turns out that this approximation is actually running the initial conditions forward in time and looking for

a uniform semiclassical approximation that is also part of atimes where the trajectory approaches the desired final point.
family of related integral expressions for the semiclassicall he classical trajectory generated in this fashion should pro-
propagatof. These techniques have been applied to a wide/ide an excellent guess to initiate a local search for a solution
variety of problems in chemical dynamics, with an encour-to the semiclassical boundary conditions. Since local
aging level of accurady® However, despite recent attempts searches are tractable even in many dimensiortsere a

at a “semiclassically exact” derivatiotf this set of approxi- global search would be out of the questiathis insight
mations is primarily viewed as an ansatz: a set of practicalpromises to make the semiclassical coherent state propagator
useful, yet somewhat heuristic prescriptions for approximatpractical for very large systems. The results for some pre-
ing quantum dynamics. liminary test cases were very promisfi@nd in this article

we further explore the accuracy and feasibility of this ap-

dAuthor to whom correspondence should be addressed; present addregs,coaCh by examlnlng t,he SemIC|aSSICal_ coherent state dY”am'

Dept. of Chemistry, Rm 6-229, Massachusetts Institute of TechnologylCS for someN-dimensional Henon—Heiles model potentials.

Cambridge, MA 02139; electronic mail: tvan@mit.edu We compare the spectra obtained with the present method to
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those of the Herman—Kluk approach and find that the new ﬂ(u)Ee—u*éﬂ eu*a (6)
method appears to be quite competitive both in terms of
accuracy and computational cost. then Eq.(5) becomes

N—-1 N
Il. THE SEMICLASSICAL PROPAGATOR . * p
f [1 dzodz [ (zjle ' *H@We 0 ~uviz_,).
! =1

We briefly sketch the derivation of the semiclassical co- @)
herent state propagator both to make our notation clear arfinally, if one assumes that is large, there and differences
lay the groundwork for future discussion. We will primarily such asuj* —u}*,l become small and Eq1) reduces to
follow the derivation of Barang&t but similar derivations - N
are alslo ":1\{ailablt1é2.'13 We are interested in_a sgmiclassical im f TT dz0dz* [] ez 212 a/e-iit 3 -Hew; 2)
approximation to matrix elements of the fofim units where New d jZ1 ) e (8)’
h=1)

(arpile Mg o, D vzvrzj(g(l:/;/rz> hzl/ez(g]*at_ji* th)(j natura! fjef|n|t|0|h.ia-(u,z)

= U =(u; i—1)/e and similarly forz and
where(qy,ps| and|q;,p;) are arbitrary harmonic oscillator z* . Hence, we see that the unusual form of the idery.
coherent states, which can be expanded in terms of positiof)] modifies the dynamics so that they are governed by an

A. The classical action

eigenstates as effective HamiltonianH (u;), that is a similarity transforma-
dety| ¥4 1 tion (ST) of the original Hamiltonian. A ST cannot change
(x|q,py= T) exp— E(X—Q)T' Y- (X—q) the spectrum of an operator but can change the eigenfunc-

tions, most notably by making the right eigenfunctions dif-
ferent from the left ones. In our case, the similarity transfor-
: 2 mation gives us the freedom to adapt the Hamiltonian so that
, R its left and right eigenfunctions are optimally suited to the
The parameters) and p fix the average positiod%) and  naricular bra and ket coherent states we have chosen. The

momentunxp) for the coherent state and the matcon- ¢ ;antum expression is, of course, unchanged by our choice

trols the width of the state in position space. Within the semi-ys u;, since Eq(8) is exact. However, once we start making

classical framework, the value of is completely arbitrary  555r6ximations, the adaptive freedom afforded by the choice
since changing it amounts to a canonical transformatiom of ¢, will be crucial.

and g. Hence without loss of generality, we will replage Alternatively, one can write Eq@8) in terms ofz=z*
with the identity matrix in what follows. Also, the classical  * gndz
equations are often simplified by working in terms of the

q
X—_

complex parameterg=(q+ip)/v2 instead of the real pa- N-1 N _
rameters) andp. We will use both notations in what follows, lim f [1 dz0dz [] e'<(za2-igz/2-HG ) - (g)
but the the meaning should be clear from the context. Noee /o J=1 =1

In order to obtain a semiclassical approximation to Eq.
(1) we follow the canonical prescription of time slicing the
guantum propagator and then making stationary phase a
proximations to the resulting path integral. The first step in
time slicing Eq.(1) is to make an appropriate expansion of
the identity operator. One possibility*is

whereH(z,2)=(Z*|H|z) and it should be clear thatis not

ne complex conjugate of (unless, of coursey=0). This
expression for the propagator masks the effect of the simi-
larity transformation, but is algebraically simpler and ulti-
mately has a closer connection with existing wotk® Fur-
ther, the variablez andz have the concrete value of being
associated with the ket and bra states, respectively, which is
often useful for physical interpretations.
wherez* is the complex conjugate af However, for rea- _ We are now ready to make the semi_classica_l limit. To do
sons that will become clear later, it is advantageous to corthis: orle must perform each of tike—1 Integrations over
sider the following alternative: d;j Hdz by stat!onary phasg. Then, to obtaln'a final expres-
sion, one exploits thé&l— o limit to turn the discrete time
expression into a continuous time equivalent that depends on
the stationary pathz(t),z(t)}. This is quite tedious and in
this respect our derivation does not differ significantly from
previous treatment$**°and so we merely adapt their re-
sults to conform to the present notation. After performing the
appropriate manipulations, one finds

f=f |2)(z|dz00dz*, ()

T=e+”*éfe‘”*é=J et 8 2)(z]e” " adz0dz* 4

where a=(§+ip)/v2 is the lowering operator and is an
arbitrary complex parameter.

By inserting Eq.(4) into the propagatofEq. (1)] N—1
times, and rearranging terms, one finds<zy,z=2p)

N—-1 N R i 2 I
*3 e tu* 3 —ifit 19"Sal| i(sy- o)
f jf:[l dz,-Ddz]"jHl (z]e ¥ Feetiidz ), (5) (zle™ Mz~ /| 55 €S, (10)
wheree=t/N anduyg=uyn=0. If we define where the classical action is given by
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ti(2z— 22)

su= [ 52 -H@0r
MR -Z QR @O -2 OO)

The second term in the action is a boundary term that arise
because* andz are not the same at the endpoints; that is, it
arises because is not zero"'"**The boundary terms fix
the otherwise unconstrained variations in the initial and final
values ofu. There is also an “extra phaseg,, appearing in
the exponential in Eq.10)

I L 12
be=5Tr 0dzoz (12)

The form of ¢, was first deduced by Soldri.However, it
was subsequently noticed by Kurchenal?? that to leading
order in#

d’e%’écl
ti(zz—2z)
fo 2

i)

ScI -

—Hw(z,2)d7

—Z*(1))z(t)+(z(0)—z*(0))z(0))
> ,

13

whereH,y is the Weyl, or symmetrized, symbol fét. For

Hamiltonians of the formH =T(p)+V(d), Hw(Z2) can be
obtained by making the replacements

. z-z
= —.
P iv2

z+z

V2

= (14
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Re z

S

Re z_ ]

Rez

FIG. 1. Several classical trajectories connectingo z; for various time

intervals. The solid line is the isolated solution for which z.

. IHw(Z,2)
_j I wWes

. IHW(Z,2)
Jz '

9z (16)

One sees immediately that these equations are bivariational,
the equations of motion for the variables associated with the

left state ) are different from those associated with the
right state(z). This is a natural consequence of the fact that

the similarity transformed Hamiltonian is not Hermitian, and
thus left and right states are treated differently. The boundary

conditions of the classical path are fixed by the initial and
final coherent states

A=z 20)=z (17)

If zwas our only undetermined variable, we could not expect
to solve Eqs.(17) because there would be twice as many
constraints as free variables. However, by using the similar-
ity transformation, we introduce a new variabla, or

equivalentlyz) that can be adjusted so that the boundary

In practice, we have found that running dynamics using theonditions are satisfied exactly. Hence, it is the boundary

Weyl Hamiltonian is much more accurate than using the av
eraged Hamiltoniaki (z,z) plus the “extra phased,. Since
the two choices are equivalent to leading orderzinwe
choose the former and write

i 673,
5Zi 5Zf

<Zf|eii|:“|zi>~ &S, (15

values that force the asymmetry of the left and right dynam-
ics.

The structure of the classical pa(t),z(t)} is perhaps
best illustrated pictorially. Unfortunately, even for one di-
mensional problems, this proves difficult since the classical
dynamics occurs in a two-dimensional complex space, which
would require four real dimensions for a complete represen-
tation. However, one can obtain a qualitative picture of what

To summarize, then, the action we use differs from what ongs going on by looking at, say, just the real partz@ndz as
might naively expect in two respects: first, the systemg function of time. This is done for a particular case in Fig. 1.

evolves under a similarity transformed version of the original

Here, the lines depict different classical solutions to the

Hamiltonian, and second, the classical analog of the quantuioundary conditiongEgs.(17)] for different elapsed timess

Hamiltonian is glven by the Weyl symbol rather than the
average value ofl. It is an open question as to why the

The straight line comes from the isolated solutoaz (i.e.,
u=0); clearly the similarity transformation is necessary at

Weyl representation is so much better, but we have foundll other times if one wishes to find a solution of E¢&7).

this to be the case quite generally.

B. The equations of motion

Equation(15) is only correct if it is evaluated along the
appropriate stationary paffa(t),z(t)}. The equations of mo-
tion for this path are obtained by making the acti&y,,
stationary with respect to variations mandz

Further, it is also clear that the similarity transform modifies
the dynamics in a strongly nonlinear way and so any linear-
ization is only likely to be accurate in special cases. Another
way of visualizing the trajectories is to platandz simulta-
neously on the same complex plaié?*This has the ad-
vantage of being a more complete description, but can also
be misleading since the results then look like two different
trajectories, when they should properly be considered two
components of the same trajectory.
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Given any approximate solution to the boundary conditions,
x is the first-order correction tfz(0),z(0)}. Hence, the true

solution can be approximated by

Finally, we note that the prefactor in E(L5) is simply
related to the stability matrix elemefts’~1°

58 z(t) "1
25 _ oY (18) B
onoz  520) (zexac(O)) (7o) ’s
The stability matrix can be computed by integrating the ma- Zeyacdd0)] 1 2(0) (23

trix equation
and this process is iterated until the steps are smaller than a

oz(t)  6z(1) dz(t) odz(t) X ) >
—_— = given cutoff. The convergence is quadratic, and so the pro-
42(0)  6z(0) _ az(t)  Jz(t) cess works well as long as one is “near” the solution. Of
oz(t)  Sz(t) dz(t) az(t) course, NR becomes inaccurate when the steps are large and
52(0) 6z(0) Jgz(t) dz(t) so in practice it is useful to scale the correctiomhen it is
larger than some fixed valu@.g., 3. Finally, it is worth
oz(t) oY) noting that the NR procedure makes use of the same stability
6z(0) 6z(0) matrix elements that the semiclassical propaggor. (15)]
X sZ(t)  6Z(t) (19) requires. Thus, the only additional effort in the NR search
5200) 5200) arises from the fact that multiple trajectories will need to be

run before convergence is achieved.
along the classical path. The solution of this matrix of dif- Now, as mentioned above, NR is only useful when one
ferential equations turns out to be the most expensive step inas a good approximation to the desired initial conditions.
the calculation, scaling with the third power of system size.We have recently shovththat a good guess is provided by
initial conditions that almost connezt to z; when run with
the untransformed Hamiltonian, i.e., trajectories for which
'z=z. This can be justified in several ways. On the one hand,

Historically, the most challenging part of evaluating the it has long been known that more rudimentary semiclassical
semiclassical propagator of E¢L5) has been finding the techniques that utilize the untransformed Hamiltonian often
classical paths that satisfy the boundary conditibBgs. provide a realistic description of quantum dynanfic®®
(17)]. Solutions have only been found where symmetry dic-Therefore, we already know empirically that the untrans-
tates a particularly simple form for the classical p&tiSor  formed dynamics will provide a physically reasonable start-
in one dimensional systems where a brute force search of thag point for the more sophisticated transformed semiclassi-
entire complex phase space can be carried out and then tlal propagator; in this respect, our approach is not unlike the
correct  solutons can be identified by visual “off-center guiding” approximation useful for highly chaotic
inspection'®!719.23.24.27=29Thy5 - applications of Eq(15)  systems$* Alternatively, it can be shown for simple systems
have been limited. that, to leading order, a solution with smallerwill be ex-

In classical mechanics, one ideally likes to solve initial ponentially dominant over one that requires a larg&t?’
value problems rather than boundary value problems, and sgnd thus solutions that are “near” the untransformed dynam-
it is helpful to view this problem from an initial value ics (whereu=0) should be the most important. Hence, one

C. Finding the classical paths

perspectiveé®3If we take the initial valueg(0) andz(0) as is
our independent variables, theaft) becomes an implicit

function of the independent variables and our boundary con-

should not be entirely surprised if this approach
effective—it is only a question diiow effective it can be.
On the other hand, one might have concerns about the
feasibility of this suggestion; how close does an untrans-

ditions become
. I formed trajectory need to be to the transformed solution in
2t 20),2(0) =7 20 order for the NR iterations to converge? Mathematically, the
The second equality is trivial, but the first relation is, in trajectory needs to be within the radius of convergence of the
general, a set of nonlinear equationsz{®) andz(0) thatis  NR procedure, and for unstable periodic orbits it has been
difficult to solve. However, assuming one has in hand a goo&howrt® that the NR procedure can converge to a given orbit
initial approximation to the desired starting conditions, theeven when the initial guess is 100 times further away than
Newton—RaphsorfNR) approach provides a reliable solu- the basin of stability would imply! This is quite astonishing
tion to our boundary value problefi.The key step is the and points strongly toward the possibility that one should be
solution of anA-x=b problem whereb is the error in the able to find untransformed solutions that are “close enough”
above equations (in the NR sensewithout a large expenditure of work, even
for chaotic systems. Indeed, we find in practice that our

z(0)=1z.

z(t)—z7
b= (3(3) _Z; (21 boundary value problem is inherently better conditioned than
! the periodic orbit probleniperhaps due to the presence of
andA is the Jacobian zero frequency modes in the latf€rand further that solu-
_ _ tions that have small islands of convergence tend to make
oz(t) o6zZ(t) I ) . .
—ob —db small contributions to the semiclassical propagator. It is not
A=|——~ =| 20 62(0) (22) yet clear whether this last observation can be justified math-
dz(0) dz(0) _ - . .
-1 0 ematically (e.g., by finding an approximate relation be-
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tween the area of the island and the magnitude of the contri- 1
bution) but it clearly supports the feasibility of this approach.

Of course, the untransformed trajectories will only come
near the desired endpoint for particular, characteristic, times
(e.g., classical recurrences of the systemmd so it becomes
necessary to trace out branches of solutions that are continu-
ously connected to an isolated solution. This is done by NR;
given a solution at a particular time, a solution at a nearby
time can be obtained using the initial conditions of the
nearby time as a guess. By making small steps forward and
backward in time and repeating the NR procedure at each
step a particular solution naturally leads to an entire branch ‘
of solutions. These other contributions must be included if 24 26 | 28
we want the propagator to be continuous in time. Further, Time (a.u.)
since all of the ;olutlons qn_ agiven ,branCh C,an be Contmul_ZIG. 2. Two different branches that contribute to the two-dimensional
ously deformed into the original solution, one is often able tOenon—Heiles propagator. The first branch is dominant to the left of the
glean insight into the problem from the structure of a branclstokes line while the second is dominant to the right. The exponential
(e.g., one can assign it to a particular physical motion of thelowup of the second branch is erroneous.
systen).

To summarize, then, our algorithm for computing the
semiclassical coherent state propagéﬁml (15)] is as fol- connect to the zero time result. By inClUding not Only this
lows. branch, but branches that arise from later recurrences of the
untransformed Hamiltonian, our results will be superior for

(1) Choose several initial conditions close Zoand propa-  |5ter times when multiple branches are present and interfer-
gate them forward in time using the untransformed clasgnce petween these branches is signifiéant.

sical HamiltoniarH(2). In many caseg; yields all the
important recurrences by itself, but in cases with sym-
metry constraints or with strong temporal overlap be-lll. STOKES’ PHENOMENON AND CAUSTICS

tween different branches, it becomes necessary to run a , . .
Stokes’ phenomenon generically arises when one ap-

few (e.g., 10-2Dinitial conditions to ensure that all im- proximates an integral or differential equation by the sum of

portant branches are captured. 2 T arag. .
. . . two or more contributiond’*¢in our case, we are approxi-
(2) For each time one of the above trajectories comes

near” ne fnal po. perorn a N search o fnd the "our 1S SUSHLIT bl rlegra by  sum of dferent sem
nearest solution to the boundary conditid&s. (17)]. ' P

(3) For each solution found in the last step, take small stepgve must deal with Stokes’ phenomenon. Assuming for sim-

forward and backward in time to trace out a branch ofplicity that there are only two branches, within the semiclas-

: . . .~ sical approximation we can write
solutions. For each new time, the solution at the previous PP

——- Branch 1
—-— Branch 2
Quantum

Re C(t)

i
! | tstokes
{

time is used as a guess for the NR procedure. (z]e" Y Z) =M, (£)e/S10 + M, (t)eS2®), (24)
(4) Compute the semiclassical propagafBqg. (15)] along i -
each branch. whereM,; andM,, are the appropriate stability prefactors, as
(5) Add all the contributions computed in the last step toin EQ.(15). A Stokes line occurs when F(t)=ReSy(t) and
obtain the full propagator. around this line the relative importance of these two terms

changes rapidly. Roughly speaking, f6r tg,es0ne contri-
Care must be taken here when computing the relative phasésition is expected to be more accurate whiletfot g;esthe
of different branches, due to the indeterminate sign of thether branch is to be preferred. By convention, we label the
square root in Eq(15). Within a given branch, the relative two signals so that “1” is preferred at shorter times and “2”
phases can be assigned by requiring that the signal be a cois-dominant at longer times. Now, often the process of one
tinuous function of time. The overall phase for a givenbranch “switching on” while the other “switches off” hap-
branch is more difficult to determine because of the presencgens naturally; for example branch “2” may decay exponen-
of caustics between the initial and final points. However, fortially before tges HOWever, it is equally possible for the
trajectories near the untransformed solution caustics are velsecond contribution to grow exponentially for times
uncommon and so the overall phase can be easily computedtg;..s resulting in the undesirable result that branch “2”
using one of these trajectories and choosing the sign of theould swamp the signal from branch “1” even at times
square root consistently as the trajectory is propagatéd.  where branch “1” is expected to be very accurate!

Finally, we note that our approach is a generalization of  An illustration is useful at this point. Figure 2 shows two
Klauder’s propositioff that “continuously connected” paths branches that contribute to the Henon—Heiles model problem
are the most important for the semiclassical propagator. Thdiscussed in Sec. IV. The Stokes line is marked with a ver-
work of Grossmann on semiclassical scattering advocatetical hash, and the quantum result is also shown for compari-
this this hypothesi&® In the language of this paper, the “con- son. Clearly the second branch is accurate for times to the
tinuously connected” paths are the branch of solutions thatight of tg,esand the first branch is accurate for times to the
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1 ‘ P ways. First, while previous studies have uncovered caustic
——- Semiclassical singularities in  the semiclassical coherent state
propagatot®!’?it has been notéd?® that these caustics
also create Stokes’ lines. As one might expect, we have
found that these caustics usually lie on the “wrong” side of
a Stokes line, and therefore make no contribution to the
semiclassical propagator once Stokes’ multiplEg. (26)] is
taken into account. Another way to understand the absence
of singularities in our results is to recall that the untrans-

Re C(t)

|tSt°kes formed classical dynamics of coherent states have no caustic
1 2% | 28 singularities’® Thus, as long as one remains inside a thin
Time (a.u.) shell “near” these trajectories, caustics should, by continuity,

R lassical wor obtained b bining the. o nearly always be absent. Hence, by selecting branches that
. O € semiclassical propagator obtaine y combining e O, “ n H
branches from Fig. 2 using E€@5). are “near the untrgnsformed dynamics, we not qnly select

the dominant contributions, but also those most likely to be

free of caustic singularities. Of course, caustics will show up
left; but the second branch blows up exponentially in thisin some cases, but by toying with the choice of boundary
region. If we simply add these two contributions, we will get conditions one should be able to select correlation functions

garbage. where the effect of caustics is acceptably small.
Clearly what is required is some universal function, that

“switches off” the second branch in cases where this does

not naturally occur. Luckily for us, Berry has derived just IV. APPLICATION TO HENON-HEILES

such a functior?’ He begins by considering the asymptotic MODEL POTENTIALS

expansion of the integral in powers ofiland identifying a As an application of the similarity transformed dynam-

Seres of.d|ver.g|ng terms. He then proceed.s 0 analytl_cally{cs’ we consider theN-dimensional Henon—Heiles model
resum this series and show that the result kills off the divers

e i A1
gence of the subdominant branch when it is on the “wrong”|_|am"tom"cml
side of the Stokes line. In the end, one obtains the modified H(p,§)=3p>+V(q), (27)
expressmnA B B where the potential is given by
(zle ™M zy=M ()10 +G(H)M,(t)e'%0, (25 1 N-1
)= —0o2 20— g3
where the Stokes multiplie6(t) is given by V(@)=54 +O'11803;21 (470 +1—95/3). (28)
1 Re[~Sl(t)—752(t)] This is a simple generalization of the two dimensional
G(t)= > 1-erf = = : (26)  Henon—Heiles potential of Hell&to higher dimensions. It
\/2 IM[Sy(t) —Sy(1)] retains the anharmonic coupling of the original model and

the metastability of every mode with respect to dissociation.
are interested in the Franck—Condon absorption
trurfi® of this system

Berry’s result is extremely general, applying to asymptotic
expansions in the large, and so one feels very comfortabl¥/e
appropriating this for use in a wide variety of physical cir- SP€C
cumstances. Also, it is worth noting that the Stokes multi- 1 (o= -
plier becomes undefined when one passes an anti-Stokes I(E):ﬂf me'Et<Z|e_'Ht|Z>dt, (29

line, where InS;(t)=ImS,(t). These lines typically appear

on either side of the Stokes line, and so the smoothing onlyherezj=2 for j=1,2,...N. If this were a bound system,
affects a relatively narrow region about the Stokes line. Outthen the spectrum would consist of a series of sharp lines at
side this regionG(t) is taken to be 1 or 0 as appropriate. €ach of the eigenvalues &f(p,d) and the intensities would

The amazing thing about Berry's Stokes multiplier is 'epresent the weight of the relevant eigenstatgzinHow-
that it doesn't require any information except for the €Ver, since we are dealing with a quasibound system, one no
branches and the classical actions associated with them. BYnger has eigenstates, but only resonances. Every resonance
adding overlapping branches using E26) rather than Eq. has a finite lifetime, which gives each line in the spectrum a
(24) one can remove inaccurate contributions that appear ofinite width. Hence, we will be interested in extracting the
the “wrong” side of a Stokes line. For example, if we use Positions, heights, and widths of the peaks using our semi-
Eq. (25) to add up the two contributions in Fig. 2—one of classical approach. This is done in a straightforward manner
which is clearly divergent—we obtain the result in Fig. 3, by approximating the matrix eIeme(m|e“H‘|z> using Eq.
which is not only smooth, but also quite faithful to the quan-(15) and then taking the Fourier transform to obtain the spec-
tum result. trum.

The other problem that tends to plague semiclassical ap- These Franck—Condon spectra were also computed
proaches is the appearance of caustics. We have not fours@miclassically in Ref. 41 using the popular method of Her-
caustics to be very prevalent in the correlation functions weman and Kluk(HK).® In the present notation, the HK ap-
have examined and this can be understood in one of twproximation takes the form
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(zle 2~ | <z|w<t>>\/ '50'<W-°<w<o>|z> . g

- --SC

X dw(0) Odw* ( (30

Here,w(t) is the classical trajectory that evolves frami0)

under the untransformed Hamiltonian, so thatw* at all

times. The actioffEq. (13)] is the same as before, but the

boundary terms vanish because=w*. The equations of

motion [Eq. (16)] are unaltered but the trajectory now only

needs to satisfy the trivial boundary conditions i \JL}
A

Intensity

w(t)=w*(t)=wi w(0)=w;. (3D

0 0.5 1 15 2 2.5

Clearly the two propagatorfEgs. (15) and (30)] involve Eneray ()

very similar operations; the major difference is that the HKFIG. 4. Franck—Condon spectra for the two-dimensional Henon—Heiles sys-
propagator circumvents the boundary value search by intd€™ using the present semiclassical propage@, Herman—Kluk(HK),
grating over the initial phase space. This is motivated by the gnd quantum dynamiosM).
observation that every initial value leadsgomefinal value
and thus if one includes all initial values, one accounts for all
possible final values as well. It is for this reason that HK anda‘ Franck—Condon spectra
expressions like it are often termed “initial value We first present our results for the two dimensional
representations.”31:3¢ Henon—Heiles problem, because this system affords the ad-
At the same time, the integrand in E@O) is weighted ditional luxury of a comparison to exact quantum dynamics
by the two overlap factorév(0)|z) and(z|w(t)) and hence it obtained using the split-operator technique of Feit and
will only be large if both the initial and final values of the Fleck?’ All the spectra were convoluted with a Gaussian
untransformed trajectory angear z. For a typical system, window function, as in Ref. 41. The results are quite encour-
most trajectories will not begin or end anywhere neand  aging; as shown in Fig. 4, the spectra obtained from the
the thus the integrand will be zero for all but a very smallpresent semiclassical propagator, the HK dynamics, and the
region of phase space. Hence, there is a need for an efficiefull quantum simulation all agree essentially quantitatively as
method of biasing the integration so that only the significanto the positions, widths, and intensities of the various reso-
values ofw(0) are propagated. The simplest method for do-nances. A detailed comparison shows that HK is slightly bet-
ing this is to use the initial overlagkw(0)|z)|, as a weight ter than the similarity transformed dynamics at predicting the
function from which initial values are sampled in a Monte intensities and widths of the resonances but that the two
Carlo integration. But this ignores the equally important finalmethods give identical predictions of the center of each peak
overlap factor, and one therefore ends up running a largéwithin the statistical error of the HK approachHowever,
number of trajectories that begin near the initial point butboth methods are clearly faithful to the exact result and be-
end up nowhere near the desired final point. There have beaause the same physics is likely to be at work as the dimen-
various sampling techniques proposed to solve this problensionality of the problem increases, one can be fairly confi-
One can do importance sampling based on the behavior afent that both semiclassical methods will give reliable results
the trajectory at intermediate tim&Sreduce the number of for the larger models.
trajectories by time averagirfd,or one can smooth the inte- For theN-dimensional potentials witN=4, 6, 8, and 10
grand by applying various Gaussian filters t8°%f° In this it has recently been showhthat the HK spectra agree al-
respect, the Henon—Heiles problem is a rather stringent teshost quantitatively with numerically exact multiconfigura-
case, since the number of trajectories needed to accuratefipnal time-dependent Hartree simulations. Thus, for these
compute the propagator can vary by a factor of 100, dependsystems we are justified in using the HK as a benchmark
ing on what type of smoothing function one empl4¥y4% against which our results can be measured. This comparison
Instead of beginning from a random search and attemptis presented in Fig. 5. Clearly the agreement between the
ing to throw out terms that are unimportant, our approachpresent method and the established HK results persists as the
can be viewed as beginning from the terms that are sure to bmumber of degrees of freedom is increased. Further, the
significant—those that begin and end near the boundarggreement actually appears to improve in the larger models.
points—and using those to extract as much information a$f we assume the HK results are more reliable, the ST dy-
possible about the propagator. This approach is guaranteed tamics slightly underestimate the resonance widths for the
be computationally efficient, since no insignificant contribu-lower dimensional cases resulting in, for example, an exag-
tions will be generated, and the only question, then, iggeration of the fringing on the high energy side of the con-
whether it is accurate. Thus, in what follows we shall inves-tinuum band forN=4. However, for theN=8 andN=10
tigate the agreement between the HK results and our similacases the two methods agree essentially quantitatively on the
ity transformed dynamics in the hopes of determining thedepth of the fringes. This can be understood by analyzing the
reliability of our scheme for selecting the most significantautocorrelation functions of the two modelsot shown,
branches. whose Fourier transforms give the spectra. In all cases, the
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FIG. 6. (Colon The three shortest periodic orbits for the two-dimensional
Henon—Heiles model. The dotted lines indicate the contours of the underly-
ing potential. The dashed circle shows the location of the initial wave
packet.

freedom, the autocorrelation decays more and more rapidly
in time asN increases. Hence, the differences between the
two methods at long times is effectively washed out in the
bigger models and we see improved agreement between the
spectra.

B. The stationary paths

As we have noted previously, although the knowledge of
the periodic orbits is not required for our search algorithm,
the contributions to the autocorrelation function can often be
classified by their relationship to the periodic orbits of the
untransformed Hamiltoni&hgiving valuable insight into the
classical origins of spectral features. The same is true in this
case. For example, the three shortest periodic orbits for the
two dimensional Henon—Heiles system are shown in Fig. 6.
Our search procedure uncovers a series of branches that are
associated with the recurrences of therbit that originates
from the nearby saddle point. A second series of branches
can be associated with successive recurrences @ thdit.

This allows us to recognize not only the importance of per-
turbed normal mode motiofwhich develops into in &8
orbit at the energies we are studyinigut also the global
potential surfacéwhich gives us thé\ orbits) in describing
the spectrum. It is also interesting that we find no significant
contributions that result from th€ orbit, which correspond

to rotations. This is due to our choice of initial wave packet;
the total momentum for th€ orbit is never zero, and hence
the phase space overlap of this orbit with #ve2 coherent
state is small. We have verified that a different choice of

FIG. 5. Franck—Condon spectra for the multidimensional Henon—Heilegnitial conditions for this same model yields important con-

system withN=4,6,8,10 degrees of freedom. Results are obtained with thetributions resembling theC orbit. At longer times and/or
present semiclassical propagat6IC) and Herman—KIukHK).

higher energies, branches associated with the more compli-
cated orbits that result from period doubling of the basic
and B orbits®® also become significant, but for the present

differences between the ST and HK results only show upase they provide a negligible contribution.

after several periods of classical oscillation. However, be-

We wish to stress that these periodic orbits were not used

cause of the dissipation provided by the additional degrees db find the branches. The root search was carried out exactly
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R B Ay A e e e e V. CONCLUSIONS

In all cases we have studied, untransformed trajectories
that almost satisfy the boundary conditions provide the nec-
" essary initial conditions in the search for the most significant
LY contributions to the semiclassical coherent state propagator.
NN Further, the present work demonstrates that the number of

ok significant contributions does not increase substantially as
the dimension increases, even in the presence of weak chaos.
N Thus the untransformed dynamics play a crucial role in con-
structing the full semiclassical propagator in a practical fash-
i _ | ion.
_4 Mler e — Perhaps most importantly, our results show that the
e - ; — semiclassical propagator gives results that are comparable to
Selimee = o Rz O those of the best available semiclassical techniqeaem-

Rz +Z )2
=

ra

_.x_*:::.._-:__'___'_i.- ST R ey, P, plified here by the Herman—Kluk approximatfpnYet the
P Ll I o T R present approach requires fewer trajectories than HK even
=3 = 0 4 8 when prescreening techniques are employed in the latter. For
Re(z, +z,12

example, for the ten-dimensional Henon—Heiles problem,
FIG. 7. (Color) Two representative branches for the the two-dimensional™~ 2000 trajectories are required to solve the boundary value
Henon—Heiles model. The resemblance to vand B periodic orbits in ~ problem for the semiclassical propagator, while 6400 are re-
Fig. 6 is striking. quired to converge the Herman—Kluk integrdfidne fur-
ther benefit of the transformed dynamics is that the results
can be obtained to arbitrary precisiéifinot arbitrary accu-
as described in the . . - rlacw with only a modest additional effort. This is to be com-
previous section; several random initial . ) o
d pared with the Monte Carlo integration implicit in the HK

conditions(in this case, 10—15nearz=2 were chosen an ) —
propagated using the untransformed Hamiltonian. These traa_pproach, which only converges as/Wgjectories Hence, we

jectories were used as initial guesses in the NR search to fin%OnCIUde that the semiclassical propagator is a very promis-

nearby branches. Since some of the initial conditions werd'9 tool for treating the semiclassical dynamics of large sys-

closer toA resonances and others were closerBtaeso- tems. . . .
Another appealing aspect of this method relative to some
nances, the two classes of branches fall out naturally from

this search procedure. For example, two stationary paths thator® primitive semiclassical approacfiéis that the classi-

arise directly from our search are depicted in Fig. 7 and it i@l Hamiltonian isnot (H), but instead the Weyl symbol

easy to see that they are related to recurrences & tredB ~ Hw - For large systems, an accurate global potential energy
orbits, respectively. surface will not generally be available and it is therefore

For dimensions greater than three, it is of course nofrucial that a method be able to work with data from the
possible to visualize the periodic orbits and we have noPr€Sent pointin phase space that has been generated “on the
performed a search to find the periodic orbits of the highefly.” (H) is nonlocal, since it involves an average over the
dimensional Henon—Heiles problems for this reason. HowWidth of the wave packet. Butl,y is local—it involves re-
ever, we can say that for higher dimensions all of theplacing the position and momentum by the classical vari-
branches we have found arise from recurrences of one perablesq andp that define the center of the wave packet. Since
odic orbit; we infer this, for example, from the fact that new H,, depends on the behavior ﬁfexactly at the center of the
branches occur only at regular intervals in time, indicating avave packet, it is inherently local and easy to obtain “on the
single underlying period. We further infer that it is the fly.” Unfortunately, the similarity transformation introduces
A-type branches that are absent from the higher dimensionghe additional complication that the effective valuegiand
cases. ThéA orbits emanate from the saddle points of thep become complex and thus the Hamiltonian function must
potential and therefore have a maximum energy—the barrienow be evaluated at a point tomplexphase space. How-
to dissociation—above which motion along tAeaxis turns  ever, in the common case that one is usingabrinitio elec-
from periodic to dissociative. A simple calculation revealstronic structure method, this can be accomplished by chang-
that for N>3 the initial wave packet energy is actually ing the computer programs that generate the potential and its
abovethe lowest saddle point and therefore there are no relderivatives at a given poirRR so that all the variables that
evantA-type orbits in this region of phase space. We thuswere originally constrained to be real are now allowed to be
conclude that the branches we have found for the highecomplex. Given the intricacy ddb initio packages, this is a
dimensional models all arise fronB-type motions. Of challenging task and so one should certainly explore the ef-
course, as was the case for two dimensions, other initigflectiveness of the present approach further before such a plan
wave packets will reveal the importance of other classicals undertaken. However, it is encouraging to know that “on
orbits. For example, if we considered an initial state withthe fly” dynamics are a possibility for transformed semiclas-
lower energy, branches arising frotype orbits would pre- sical dynamics.
sumably reappear. One open question is how strong chaos will affect the
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