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Abstract

Scattering theory provides a convenient framework for the solution of a variety of
problems. In this thesis we focus on the combination of boundary conditions and scattering
potentials and the combination of non-overlapping scattering potentials within the context
of scattering theory. Using a scattering t-matrix approach, we derive a useful relationship
between the scattering t-matrix of the scattering potential and the Green function of the
boundary, and the t-matrix of the combined system, effectively renormalizing the scatter-
ing t-matrix to account for the boundaries. In the case of the combination of scattering
potentials, the combination of t-matrix operators is achieved via multiple scattering the-
ory. We also derive methods, primarily for numerical use, for finding the Green function of
arbitrarily shaped boundaries of various sorts.

These methods can be applied to both open and closed systems. In this thesis, we
consider single and multiple scatterers in two dimensional strips (regions which are infinite
in one direction and bounded in the other) as well as two dimensional rectangles. In 2D
strips, both the renormalization of the single scatterer strength and the conductance of
disordered many-scatterer systems are studied. For the case of the single scatterer we see
non-trivial renormalization effects in the narrow wire limit. In the many scatterer case,
we numerically observe suppression of the conductance beyond that which is explained by
weak localization.

In closed systems, we focus primarily on the eigenstates of disordered many-
scatterer systems. There has been substantial investigation and calculation of properties of
the eigenstate intensities of these systems. We have, for the first time, been able to inves-
tigate these questions numerically. Since there is little experimental work in this regime,
these numerics provide the first test of various theoretical models. Our observations indicate
that the probability of large fluctuations of the intensity of the wavefunction are explained
qualitatively by various field-theoretic models. However, quantitatively, no existing theory

accurately predicts the probability of these fluctuations.
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Chapter 1

Introduction and Outline of the

Thesis

1.1 Introduction

“Scattering” evokes a simple image. We begin with separate objects which are far
apart and moving towards each other. After some time they collide and then travel away
from each other and, eventually, are far apart again. We don’t necessarily care about the
details of the collision except insofar as we can predict from it where and how the objects
will end up. This picture of scattering is the first one we physicists learn and it is a beautiful
example of the power of conservation laws [25]:

In many cases the laws of conservation of momentum and energy alone can be

used to obtain important results concerning the properties of various mechanical

processes. It should be noted that these properties are independent of of the
particular type of interaction between the particles involved.

L.D. LANDAU, Mechanics (1976)

Quantum scattering is a more subtle affair. Even elastic scattering, which does
not change the internal state of the colliding particles, is more complicated than its classical
counterpart [26]:

In classical mechanics, collisions of two particles are entirely determined by

their velocities and impact parameter (the distance at which they would pass if

they did not interact). In quantum mechanics, the very wording of the problem
must be changed, since in motion with definite velocities the concept of the path

13



Chapter 1: Introduction and Outline of the Thesis 14

is meaningless, and therefore so is the impact parameter. The purpose of the
theory is here only to calculate the probability that, as a result of the collision,
the particles will deviate (or, as we say, be scattered) through any given angle.

L.D. LANDAU, Quantum Mechanics (1977)

This so-called “differential cross-section,” the probability that a particle is scat-
tered through a given angle, is the very beginning of any treatment of scattering, whether
classical or quantum mechanical.

However, the cross-section is not the part of scattering theory upon which we
intend to build. It is instead the separation between free propagation (motion without
interaction) and collision. That this idea should lead to so much useful physics is at first
surprising. However the Schrodinger equation, like any other wave equation does not make
this split particularly obvious. It is indeed some work to recover the benefits of this division
from the complications of wave mechanics.

In fact, the idea of considering separately the free or unperturbed motion of par-
ticles and their interaction is usually considered in the context of perturbation theory.
Unsurprisingly then, the very first quantum mechanical scattering theory was Born’s per-
turbative treatment of scattering [6] which he developed not to solve scattering problems

but to address the completeness of the new quantum theory:

Heisenberg’s quantum mechanics has so far been applied exclusively to the calcu-
lation of stationary states and vibration amplitudes associated with transitions...

Bohr has already directed attention to the fact that all difficulties of principle
associated with the quantum approach...occur in the interactions of atoms at
short distances and consequently in collision processes... I therefore attack the
problem of investigating more closely the interaction of the free particle (a-ray
or electron) and an arbitrary atom and of determining whether a description of
a collision is not possible within the framework of existing theory.

M. BORN, On The Quantum Mechanics of Collisions (1926)

Later in the same note, the connection to perturbation theory is made clear: “One can then
show with the help of a simple perturbation calculation that there is a uniquely determined
solution of the Schrédinger equation with a potential V...”

Scattering theory has developed substantially since Born’s note appeared. Still,

we will take great advantage of one common feature of perturbations and scattering. The
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division between perturbation and unperturbed motion is one of definition, not of physics.
Much of the art in using perturbation theory comes from recognizing just what division of
the problem will give a solvable unperturbed motion and a convergent perturbation series.

In scattering, the division between free motion and collision seems much more
natural and less flexible. However, many of the methods developed in this thesis take
advantage of what little flexibility there is in order to solve some problems not traditionally
in the purview of scattering theory as well as attack some which are practically intractable

by other means.

1.2 Outline of the Thesis

In chapter 2 we begin with a nearly traditional development of scattering theory.
The development deviates from the traditional only in that it generalizes the usual defi-
nitions and calculations to arbitrary spatial dimension. This is done mostly because the
applications in the thesis require two dimensional scattering theory but most readers will be
familiar with the three dimensional version. A generalized derivation allows the reader to
assume d = 3 and check that the results are what they expect and then use the d = 2 version
when necessary. I have as much as possible followed standard textbook treatments of each
piece of scattering theory. I am confident that the d-dimensional generalizations presented
here exist elsewhere in the literature. For instance, work using so-called “hyper-spherical
coordinates” to solve few-body problems certainly contains much of the same information,
though perhaps not in the same form.

The final two sections of chapter 2 are a bit more specific. The first, section 2.4,
deals with zero range interactions, a tool which will be used almost constantly throughout
the remainder of the thesis. It is our hope that the treatment of the zero range interaction
in this section is considerably simpler than the various formalisms which are typically used.
After this section follows a short section explicitly covering some details of scattering in two
dimensions.

After this introductory material, we move on to the central theoretical work in
scattering theory. Chapter 3 covers two extensions of ordinary scattering theory. The first
is multiple scattering theory. A system with two or more distinct scatterers can be handled
by solving the problem one scatterer at a time and then combining those results. This

is a nice example of the usefulness of the split between propagation and collision made
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above. Multiple scattering theory takes this split and some very clever book-keeping and
solves a very complex problem. Our treatment differs somewhat from Fadeev’s in order to
emphasize similarities with the techniques introduced in section 3.2.

A separation between free propagation and collision and its attendant book-keeping
have more applications than multiple scattering. In section 3.2 we develop the central new
theoretic tool of this work, the renormalized t-matrix. In multiple scattering theory, we
used the separation between propagation and collision to piece together the scattering from
multiple targets, in essence complicating the collision phase. With appropriate renormal-
ization, we can also change what we mean by propagation. We derive the relevant equations
and spend some time exploring the consequences of the transformation of propagation. The
sort of change we have in mind will become clearer as we discuss the applications.

Both of the methods explained in chapter 3 involve combining solved problems
and thus solving a more complicated problem. The techniques discussed in chapter 4 are
used to solve some problems from scratch. In their simplest form they have been applied
to mesoscopic devices and it is hoped that the more complex versions might be applied to
look at dirty and clean superconductor normal metal junctions.

We begin working on applications in chapter 5 where we explore our first non-trivial
example of scatterer renormalization, the change in scatterer strength of a scatterer placed in
a wire. We begin with a fixed two-dimensional zero range interaction of known scattering
amplitude. We place this scatterer in an infinite straight wire (channel of finite width).
Both the scatterer in free space and the wire without scatterer are solved problems. Their
combination is more subtle and brings to bear the techniques developed in 3.2. Much of the
chapter is spent on necessary applied mathematics, but it concludes with the interesting
case of a wire which is narrower than the cross-section of the scatterer (which has zero-range
so can fit in any finite width wire). This calculation could be applied to a variety of systems,
hydrogen confined on the surface of liquid helium for one.

Next, in chapter 6 we treat the case of the same scatterer placed in a completely
closed box. While a wire is still open and so a scattering problem, it is at first hard to imagine
how a closed system could be. After all, the differential cross-section makes no sense in a
closed system. Wonderfully, the equations developed for scattering in open systems are still
valid in a closed one and give, in some cases, very useful methods for examining properties
of the closed system. As with the previous chapter, much of the work in this chapter is

preliminary but necessary applied mathematics. Here, we first confront the oddity of using
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the equations of scattering theory to find the energies of discrete stationary states. With
only one scatterer and renormalization, this turns out to be mathematically straightforward.
Still, this idea is important enough to the sequel that we do numerical computations on
the case of ground state energies of a single scatterer in a rectangle with perfectly reflective
walls. Using the methods presented here, this is simply a question of solving one non-linear
equation. We compare the energies so calculated to numerically calculated ground state
energies of hard disks in rectangles computed with a standard numerical technique. This
is intended both as confirmation that we can extract discrete energies from these methods
and as an illustration of the similarity between isolated zero range interactions and hard
disks.

Having spent a substantial amount of time on examples of renormalization, we
return multiple scattering to the picture as well. We will consider in particular disordered
sets of fixed scatterers, motivated, for example, by quenched impurities in a metal. Before
we apply these techniques to disordered systems, we consider disordered systems themselves
in chapter 7. Here we define and explain some important concepts which are relevant to
disordered systems as well as discuss some theoretical predictions about various properties
of disordered systems.

We return to scattering in a wire in chapter 8. Instead of the single scatterer of
chapter 5 we now place many scatterers in the same wire and consider the conductance of
the disordered region of the wire. We use this to examine weak localization, a quantum
effect present only in the presence of time-reversal symmetry. In the final chapter we use
the calculations of this chapter as evidence that our disorder potential has the properties we
would predict from a hard disk model, as we explored for the one scatterer case in chapters 5
and 6.

Our final application is presented in chapter 9. Here we examine some very specific
properties of disordered scatterers in a rectangle. These calculations were in some sense the
original inspiration for this work and are its most unique achievement. Here calculations
are performed which are, apparently, out of reach of other numerical methods. These
calculations both confirm some theoretical expectations and confound others leaving a rich
set of new questions. At the same time, it is also the most specialized application we
consider, and not one with the broad applicability of the previous applications.

In chapter 10 we present some conclusions and ideas for future extensions of the

ideas in this work. This is followed (after the bibliography) by a variety of technical appen-
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dices which are referred to throughout the body of the thesis.



Chapter 2

Quantum Scattering Theory in

d-Dimensions

The methods of progress in theoretical physics have undergone a vast change
during the present century. The classical tradition has been to consider the
world to be an association of observable objects (particles, fluids, fields, etc.)
moving about according to definite laws of force, so that one could form a mental
picture in space and time of the whole scheme. This led to a physics whose aim
was to make assumptions about the mechanism and forces connecting these
observable objects, to account for their behavior in the simplest possible way. It
has become increasingly evident in recent times, however, that nature works on
a different plan. Her fundamental laws do not govern the world as it appears in
our mental picture in any very direct way, but instead they control a substratum
of which we cannot form a mental picture without introducing irrelevancies.

P.A.M. DIRAC, Quantum Mechanics (1930)

Nearly all physics experiments measure the outcome of scattering events. This
ubiquity has made scattering theory a crucial part of any standard quantum text. Not
surprisingly, all the attention given to scattering processes has led to the invention of very
powerful theoretical tools, many of which can be applied to problems which are not tradi-
tional scattering problems.

After this chapter, our use of scattering theory will involve mostly non-traditional
uses of the tools of scattering theory. However, those tools are so important to what follows
that we must provide at least a summary of the basic theory.

There are nearly as many approaches to scattering as authors of quantum me-

chanics textbooks. As is typical, we begin by defining the problem and the idea of the

19
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scattering cross-section. We then make the somewhat lengthy calculation which relates the
differential cross-section to the potential of the scatterer. We perform this calculation for
arbitrary spatial dimension.

At first, this may seem like more work than necessary to review scattering theory.
However, in what follows we will frequently use two dimensional scattering theory. While
we could have derived everything in two dimensions, we would then have lost the reassuring
feeling of seeing familiar three dimensional results. The arbitrary dimension derivation gives
us both.

We proceed to consider the consequences of particle conservation, or unitarity, and
derive the d-dimensional optical theorem. It is interesting to note that for both this calcula-
tion and the previous one, the dimensional dependence enters only through the asymptotic
expansion of the plane wave.

Once we have this machinery in hand, we proceed to discuss point scatterers or
“zero range interactions” as they will play a large role in various applications which follow.
In the final section we focus briefly on two dimensions since two dimensional scattering

theory is the stage on which all the applications play out.

2.1 Cross-Sections

At first, we will generalize to arbitrary spatial dimension a calculation from [28]
(pp. 803-5) relating the scattering cross-section to matrix elements of the potential, V.
We consider a domain in which the stationary solutions of the Schrodinger equation

are known, and we label these by ¢y. For example, in free space,

Pr(r) = ™" (2.1)

In the presence of a potential there will be new stationary solutions, labeled by
zpl((i) where superscript plus and minus labels the asymptotic behavior of % in terms of

d-dimensional spherical waves. In particular
H|yE) = B o), (2.2)

and n o0 n e:l:ikr
Y (r)  ~7 di(r) + fio () —=- (2.3)

o2
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We assume the plane wave, ¢ (r) is wide but finite so we may always go far enough away
that scattering at any angle but 2 = 0 involves only the scattered part of the wave. Since
the flux of the scattered wave is j = Im{¢% .. 1+ Vigeatt} = | fE(Q))?/r?1, the probability

per unit time of a scattered particle to cross a surface element da is

fe(© 2
‘ e ‘ = ‘fki(sz)‘ ds. (2.4)
But the current density (flux per unit area) in the incident wave is v so

dog_sp

b _ | () (25)

If unambiguous, we will replace k, and k; by a and b respectively.

We proceed to develop a relationship between the scattering function f and matrix
elements of the potential, V. This will lead us to the definition of the so-called scattering
t-matrix.

Consider two potentials, U (r) and U(r) (both of which fall off faster 1/r). We will

(9

show

~U)|gd) = [0 [U(r)—ﬁ(r>] i (x) dr (2.6)
(0-0)})

‘R_

d+1 dfl
= —i7T(e2nT
i (2m)

SR - )] @)

We begin with the Schrodinger equation for the )’s:
R, 2\ -l -
G N +
——V 4+ U |y, = Evy,. (2.9)
2m

We multiply (2.9) by (1/;; )* and the complex conjugate of (2.8) by 1, and then subtract
the latter equation from the former. Since U(r) and U(r) are real, we have (dropping the

a’s and b’s when unambiguous)

—% () v = [ (0)]p P+ () (v-0) v =0 @)

We integrate over a sphere of radius R centered at the origin to get

<1,/3 ‘(U - ﬁ) ‘ ¢+> = %1{1520 T<R{(¢3*)* Vit — [V () ot b ar.  (21)
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For two functions of r, £; and £ we define

0 0
W[fbfz]E&g— 25, (2.12)
and its integral over the d-dimensional sphere
@6k = [ Wik &), g R0
= /[51V§2 — &V - da
Green’s Theorem implies
b= [__[a(V%6) - (Ve)g] dr. (2.13)

and thus equation (2.11) may be written

|- 0)v7) = gt () 0], 210

To evaluate the surface integral, we substitute the asymptotic form of the ’s:

2
1 A
~ N\ Kk n - .kA K - K +6ik7"
: — 1 —ikyr _ikg'r : —iky-r
P (U IS el N CRn T PP L L=
. etkr " N etkr N etkr
lim fﬁ — ,el at + lim fﬁ —_,f — . 2.15
d {0 d {0 ] e
3 1

Since we are performing these integrals at large r, we require only the asymptotic
form of the plane wave and only in a form suitable for integration. We find this form by
doing a stationary phase integral [41] of an arbitrary function of solid angle against a plane
wave at large r. That is,

I=lim [ %Tf(Q,)dQ, (2.16)

r—0o0
We find the points where the exponential varies most slowly as a function of the integration
variables, in this case the angles in ,. Since k-r = kr cos (fk,) the stationary phase points

will occur at 6, = 0, 7. We expand the exponential around each of these points to yield

I =~ / exp (ikrngf {1 - % (9,(;') — 9,(}0)2]) F(Q,)dQ, +

/ exp (ikrngf {—1 n % (9,(;" _ 9,@)2]) F(2) d.
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We perform all the integrals using complex Gaussian integration to yield an asymptotic
form for the plane wave (to be used only in an integral):
d—1
gk s (%) T [ — ) e 4 it (@ + ) e (2.17)
where Q, + Q; = 0 (enforced by the second J-function) means that r = —k.
We’ll attack the integrals in equation (2.15) one at a time, beginning with

lim {emhor etor] / iR (k, + ky) - B eifika—ke)E g (2.18)

R—o00

Since k, and k; have the same length, k, +k; is orthogonal to k, —k;. Thus, we can always

choose our angular integrals such that our innermost integral is exactly zero:

{efikb-r’eika.r} N /27T cos feiasind gg — L /27r o (6msin9) 4o — L giasino" _ ¢
R Jo ia Jo 00 ia 0

(2.19)

Thus limpg_, {e*ik”"’, eik“'r}R = 0.
We can do the second integral using the asymptotic form of the plane wave. The
only contribution comes from the incoming part of the plane wave,
ikr

: —ikpr € d—1 . 3-d ., dtl
Rh_r)rgo{e ks ,f+m} =m 2 k2 (20)2 fH (). (2.20)
R

We can do the third integral exactly the same way. Again, only the incoming part of the

plane wave contributes,

R—o0

ikr . _ _
lim {(f—)* %,elk“'r} = T2 T (=) (2.21)
R
The fourth integral is zero since both waves are purely outgoing. Thus

im {(67) 00} = @) F TR @) - -, (222)

R—o0

which, when substituted into equation 2.14 gives the desired result.

Let’s apply the result (2.7) to the case U=V, ﬁ = 0. We have

<¢b

We also apply it to the case U= 0, f] = V, yielding

2 d—1  8—d . d+1

vi) = Cam B g (). (2.23)

m

14

<¢b_ M‘ﬁa> ZEQ 2m) TR S (— )" (2.24)

—
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Finally, we apply (2.7) to the case U=V, (2] =V, yielding

fa () = fy ()" (2.25)
We now have
dog—sp 2 m? _ _ IS 2
o = @) = TR (g V]| (2.26)

Since the d-dimensional density of states per unit energy is

Lopit @ Lyt (g (2.27)

2rmya’  dE T (zh)d nk  (2nh)d

0d(E) =

and the initial velocity is iik/m, we can write our final result for cross-section in a more

useful form,
dog_sp

Woot = 20\ |0 w8 ) 0utB) (2.28)

where all of the dimensional dependence is in the density of states and the matrix element.

‘,\/

For purposes which will become clear later, it is useful to define the so-called

“t-matrix” operator, % (E) such that
P5(E) [¢a) =V [93) (2.29)

and our result may be re-written as

dog_sp

aQ ;_Z (4 ) (2.30)

(B)| ¢a)

2.2 Unitarity and the Optical Theorem

The fact that particles are neither created nor destroyed in the scattering process
forces a specific relationship between the total cross-section, o = [(do/d§2)d2 and f(2 = 0).
It is to this relationship that we now turn. This section closely follows a calculation from [26]
(pp. 508-510) but, as in the previous section, generalizes it to arbitrary spatial dimension.

Suppose the incoming wave is a linear combination of plane waves, as in
1/)incoming = /F(Ql)eik.r, dsY’ (2.31)

So the asymptotic outgoing form of 1) is (where f(Qg,Q) = fé+)(Qb) is simply a more

symmetric notation than used in the previous section)

ez /F(Q’)f (€, Q) d, (2.32)
r2

v~ [ PE@) 4
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For large r we can use the asymptotic for of the plane wave (2.17) to perform the first
integral. We then get
d—1

1/) N (%) PR [F(Q)eikr + idle(_Q)efikr] +

ei_i /F(Q’)ﬂ“ (@) de. (2.33)

r2

We can write this more simply (without the common factor (2m /ik)(@=1)/2)

e—ikr L eikr R
= F(-Q) +i = (SF) (©) (2.34)
T o2 o2
where i
N ik 2 4
S=1+ (;7) i (2.35)

and f is an integral operator defined by

(FF) @ = / FQ) (Y, Q) dY (2.36)

” Since the scattering process

S is called the “scattering operator” or “S-matrix.
is elastic, we must have as many particles going into the center as there are going out of

the center. and the normalization of these two waves must be the same. So § is unitary:

SST=1. (2.37)
Substituting (2.35) we get
N
—1 A — A 2 AL A
= (o) T A (2.39)
2T
then divide through by ¢:
i 5t
—3 A — N 2 AL A
it ft =i <—> #1. (2.39)
2T
We apply the definition (2.36) and have
N
— — * 2
T Q) [T F,0)] = (2—> /f(Q, ") (Y, Q)dY" (2.40)
s
the unitarity condition for scattering.
For Q = Q' we have
d—1 d—1

m {7 f(2.0)} = % <%>T / 172, Q)2d0 = % <%>T o (2.41)
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which is the optical theorem.
Invariance under time reversal (interchanging initial and final states and the di-

rection of motion of each wave) implies

S(Q,Q) = S(—-2,-Q)
f@,) = f(-2,-9)

which is called the “reciprocity theorem.”

2.3 Green Functions

The cross-section is frequently the end result of a scattering calculation. However,
for most of the applications considered here, we are concerned with more general properties
of scattering solutions. For these applications, the machinery of Green functions is invalu-
able and is introduced in this section. Much of the material in this section is covered in
greater detail in [10]. A more formal development, some examples and some useful Green
function identities are given in appendix A.

The idea of a Green function operator is both simple and beautiful. Suppose a
quantum system is initially (at ¢ = 0) in state |)). What is the amplitude that the system
will be found in state |¢/') a time 7 later? This information is contained in the time-domain
Green function. We can take the Fourier transform of this function with respect to 7 and
get the energy-domain Green function. It is the energy domain Green function which we
explore in some detail below.

We define an energy-domain Green function operator for the Hamiltonian H via
(z—H+ie)GH(2) =1 (2.42)

where “1” is the identity operator. The =ie is used to avoid difficulties when z is equal to
an eigenvalue of H. eis always taken to zero at the end of a calculation. We frequently use
the Green function operator, G’f(z) corresponding to H=H,= —%VZ.

Consider the Hamiltonian H = H, + V. As in the previous section, we denote the

eigenstates of H, by |pa) and the eigenstates of H by |9pE). These satisfy

ﬁo|¢a> = Ea|¢a> (2'43)
Hyy) = Ealdy), (2.44)
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We claim
Vo) = lda) + G (B)V |95 ) - (2.45)

The claim is easily proved by applying the operator (E, — H, + i€) to the left of both
sides of the equation since (E, — H, + i€) [F) = V |E), (E, — H, + i€) |p) = 0 and
(B, — H, + i€)GF (E,) = 1. Using the t-matrix, we can re-write this as

W3 ) = |¢a) + G5 (Bt (Ea) |¢a) » (2.46)

but we can also re-write (2.45) by iterating it (inserting the right hand side into itself as

[¥a) to give
(W) = 1da) + GE(EV [|da) + GEV |a) + -] . (2.47)

From (2.46, 2.47) we get a useful expression for the t-matrix:
tH5(2) =V HVEER)V + VGE)VEE(2)V +---. (2.48)

We factor out the first V in each term and sum the geometric series to yield

) = V[I-vaEe)]

= VGE(z) (2 - Hy %ie), (2.49)

where (2.49) is frequently used as the definition of £*(z).

We now proceed to develop an equation for the Green function itself.

GE(z) = (z —H,-V+ ie)il (2.50)
- {(Z_Hoiie) {1— (z—H(,iz'e)If/H_l (2.51)
. -1.1°1
- {1 ~ (2= H, xie) V] (z — Hy % ie) " (2.52)
= [1-GEev] . (2.53)

P

We expand [1 - é’f(z)V] in a power series to get

~

GH(2) =GF(2) + GER)VGE(2) + GER)VEER)VEE(2) + - -, (2.54)
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which we can re-write as

GE(2) = GEE)+GERV [GE(2) + GEVEE(2) + -] (2.55)
= GI(2)+ GE()VG*E(2), (2.56)

and, using (2.49) and the definition of é((;i)(z), we get a t-matrix version of this equation,
namely

GE(2) = GE(2) + GE(2)i%(2)GE(2). (2.57)

2.3.1 Green functions in the position representation

So far we have looked at Green functions only as operators rather than functions
in a particular basis. Quite a few of the specific calculations which follow are performed in
position representation and it is useful to identify some general properties of d-dimensional
Green functions. We begin from the defining equation (2.42), re-written in position space:

2

z+ ;—VE —V(r) +ie| GE(r,v;2) =6 (r — ') . (2.58)
m

We begin by considering an arbitrary point r, and a small ball around it, B(r,, 7).

We can move the origin to r, and then integrate both sides of (2.58) over this volume:

/B(ﬂ)

We now consider the n — 0 limit of this equation. We assume that the potential is finite

hZ
Z+%V%—V(I‘O—I’)ﬂ:i€

GE(r, — 1,0;2) dr = / 5 (r) dr. (2.59)
B(n)

and continuous at r = r, so V(r, — r) can be replaced by V (r,) in the integrand. We can
safely assume that

lim G*(ry —r,0;2)dr =0 (2.60)
=0 B(rom)

since, if it weren’t, the integral of the V2G term would be infinite. We are left with

2
lim V2G* (re —1,0;2) dr = —T;L (2.61)
n—0 JB(0,¢) h
We can apply Gauss’s theorem to the integral and get
0 2
lim —G*(r, —r,0;2)n?"LdQ = —ZL (2.62)
10 JaB(0,) Or h
So we have a first order differential equation for G* (r,r'; z) for small p = |r — r,|:
0 2m p —d
—G*(p;2) = 2.63
56 () = T (2.63)
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where
2/

T T(d/2)

is the surface area of the unit sphere in d-dimensions (this is easily derived by taking the

Sda

(2.64)

product of d Gaussian integrals and then performing the integral in radial coordinates, see
e.g., [32], pp. 501-2).

In particular, in two dimensions the Green function has a logarithmic singularity
“on the diagonal” where r — r'. In d > 2 dimensions, the diagonal singularity goes as r>~¢.
It is worth noting that in one dimension there is no diagonal singularity in G.

As a consequence of our derivation of the form of the singularity in G, we have

proved that, as long as V(r) is finite and continuous in the neighborhood of rx, then

lim G*(r,r*;2) — GE(r,r%;2) < 00 (2.65)

r—r*x

This will prove useful in what follows.

2.4 Zero Range Interactions

For the sake of generality, up to now we have not mentioned a specific potential.
However, in what follows we will frequently be concerned with potentials which interact
with the particle only at one point. Such interactions are frequently called “zero range
interactions” or “zero range potentials.”

There is a wealth of literature about zero range interactions in two and three
dimensions, including [7, 13, 2|, their application to chaotic systems, for example [3, 38|
and their applications in statistical mechanics, including [31, 22].

In one dimension, the Dirac delta function is just such a point interaction. How-
ever, in two or more dimensions, the Dirac delta function does not scatter incoming particles
at all. This is shown for two dimensions in [7]. In more than one dimension, the wavefunction
can be set to 0 at a single point without perturbing the wavefunction since an infinitesimal
part of the singular solution to the Schrodinger equation can force i to be zero at a single
point. Since there are no singular solutions to the Schrodinger equation in one dimension,
the one dimensional Dirac d-function does scatter, as is well known.

Trying to construct a potential corresponding to a zero-range interaction can be
quite challenging. The formal construction of these interactions leads one to consider the

Hamiltonian in a reduced space where some condition must be satisfied at the point of
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interaction. Choosing the wave function to be zero at the interaction point leads to the
mathematical formalism of “self-adjoint extension theory” so named because the restriction
of the Hamiltonian operator to the space of functions which are zero at a point leaves
a non self-adjoint Hamiltonian. The family of possible extensions which would make the
Hamiltonian self-adjoint correspond to various scattering strengths [2].

Much of this complication arises because of an attempt to write the Hamiltonian
explicitly or to make sure that every possible zero range interaction is included in the
formalism. To avoid these details, we consider a very limited class of zero-range interactions,
namely zero-range s-wave scatterers.

Consider a scatterer placed at the origin in two dimensions. We assume the physi-
cal scatterer being modeled is small compared to the wavelength, lambda = 27/ V'E and thus
scatters only s-waves. So we can write the t-matrix (for a general discussion of t-matrices
see, e. g., [35]),

t*(2) = |0) sE(2) (0]. (2.66)

If, at energy E, |¢) is incident on the scatterer, we write the full wave (incident
plus scattered) as

[4*) = [9) + G5 (B)E(E) |9) (2.67)

which may be written more clearly in position space
Y (r) = ¢(r) + G (r, 0; B)s™ (£)$(0). (2.68)

At this point the scatterer strength, s (z), is simply a complex constant. We can

consider s*(E) as it relates to the cross-section. From equation (2.26) with V |F) replaced

by t* |¢,) we have (since <¢b ‘fi(z)‘ ¢a> = 57(2))
o(E) = Sdrg—j(%)ldkdﬂsi(E)P (2.69)

where Sy, the surface area of the unit sphere in d dimensions is given by (2.64).

We also consider another length scale, akin to the three-dimensional scattering
length. Instead of looking at the asymptotic form of the wave function, we look at the s-
wave component of the wave function by using R,(r), the regular part of the s-wave solution

to the Schrodinger equation, as an incident wave. We then have

T (r) = Ro(r) + G5 (15 E)s(E) R, (0) (2.70)
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We define an effective radius, a., as the smallest positive real number solution of
Ro(7) + sT(E)G} (x,E) = 0. (2.71)

We can reverse this line of argument and find s*(E) for a particular a,

s\E) = —% (2.72)

The point interaction accounts for the s-wave part of the scattering from a hard disk of
radius a.. From equation 2.69 the cross section of a point interaction with effective radius

Qe 18
9 2

o(B) = Symr (2m) ke

R,y(ag)

G (s B) (273)

but this is exactly the s-wave part of the cross-section of a hard disk in d-dimensions.
Though zero range interactions have the cross-section of hard disks, depending on the
dimension and the value of s*(FE), the point interaction can be attractive or repulsive.

In three dimensions, the £ — 0 limit of . exists and is the scattering length as
defined in the modern sense [36]. It is interesting to note that other authors, e.g., Landau
and Lifshitz in their classic quantum mechanics text [26] define the scattering length as
we have defined the effective radius, namely as the first node in the s-wave part of the
wave function. These definitions are equivalent in three dimensions but quite different in
two where the modern scattering length is not well defined but, for any finite energy, the

effective radius is.

2.5 Scattering in two dimensions

While many of the techniques discussed in the following chapters are quite general,
just as we will frequently use point interactions in applications due to their simplicity, we
will usually work in two dimensions either because of intrinsic interest (as in chapter 9) or
because numerical work is easier in two dimensions than three.

Since most people are familiar with scattering in three dimensions, some of the
features of two dimensional scattering theory are, at first, surprising. For example
2

_m” 1
T B4 onk

d

aQ (o V19D, (2.74)
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implying that as £ — 0, 0(E) ~ A — oo which is very different from three dimensions. Also,

the optical theorem in two dimensions is different than its three-dimensional counterpart:

Im{e*%“f(Q,Q)} = @0—. (2.75)

We have already mentioned the difference in the diagonal behavior of the two and
three dimensional Green functions. The logarithmic singularity in G prevents a simple idea
of scattering length from making sense in two dimensions. This singularity comes from
the form of the free-scattering solutions in two dimensions (the equivalent of the three-
dimensional spherical harmonics). In two dimensions the free scattering solutions are Bessel
and Neumann functions of integer order. The small argument and asymptotic properties of
these functions are summarized in appendix E.

In two dimensions, we can write the specific form of the causal t-matrix for a zero

range interaction with effective radius a. located at rs: i+ (E) = |ry) st (E) (rs| with

. 4J,(VBa)

st = —l—
) = (Ve

(2.76)

where J,(z) is the Bessel function of zerot! order and H(gl)(ac) is the Hankel function of

th

zero'" order.



Chapter 3

Scattering in the Presence of Other

Potentials

In chapter 2 we presented scattering theory in its traditional form. We computed
cross-sections and scattering wave functions. In this chapter, we focus more on the tools of
scattering theory and broaden their applicability. Here we begin to see the great usefulness
of the book-keeping associated with t-matrices. We will also begin to use scattering theory
for closed systems, an idea which is confusing at the outset, but quite natural after some

practice.

3.1 Multiple Scattering

Multiple scattering theory has been applied to many problems, from neutron scat-
tering by atoms in a lattice to the scattering of electrons on surfaces [21]. In most applica-
tions, the individual scatterers are treated in the s-wave limit, i.e., they can be replaced by
zero range interactions of appropriate strength. We begin our discussion of multiple scat-
tering theory with this special case before moving on to the general case in the following
section. This is done for pedagogical reasons. The general case involves some machinery

which gets in the way of understanding important physical concepts.

33
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3.1.1 Multiple Scattering of Zero Range Interactions

Consider a domain, with given boundary conditions and potential, in which the
Green function operator, é’%(z) for the Schrodinger equation is known. Into this domain we
place N zero range interactions located at the positions {r;} and with t-matrices {¢; (z)}
given by &} (z) = s (2) |r;) (r;|. At energy E, ¢(r) is incident on the set of scatterers and
we want to find the outgoing solutions of the Schrodinger equation, ™ (r), in the presence

of the scatterers.

We define the functions o (r) via
o (r) = p(x) + Y G(r, 15 B)sf (B)oj (r)). (3.1)
J#

The number «;(r;) represents the amplitude of the wave that hits scatterer 7 last. That
is, a; (r) is determined by all the other aj(r) (j # i). The full solution can be written in

terms of the a; (r;):
PH(r) = d(x) + D Gplr,rs; B)sf (B)ay (ri). (3.2)

The expression (3.1) gives a set of linear equations for the a;(r;). This can be seen more
simply from the following substitution and rearrangement:
off (ri) = 3 G(ri s B)sj (B)aj (rj) = ¢(rs). (3:3)
J#i
We define the N-vectors a and b via a; = o) (r;) and b; = ¢(r;) and rewrite (3.3)
as a matrix equation
[1-t"(B)Gs"(B)|a=D, (3.4)
where 1 is the N x N identity matrix, t(F) is a diagonal N x N matrix defined by (t);; =
s;(F) and G§(E) is an off-diagonal propagation matrix given by
_ Gh(ry,ri; E) for i#j
(Gh(E)). = p(rorys ) 7 (3.5)
ij 0 for i=17.
More explicitly, 1 — t*(E)G5(E) is given by (suppressing the “E” and “+7):

1 —s1Gp(ri,re) -+ —s1Gp(ri,ry)

_ —52G(rg, 1 1 -+ —s9GpB(ra, T
1 tGy = 2 (.2 1) ! | 2 B.(2 N) . (3.6)

—syGp(ry,r1) —syGp(ry,ra) --- 1
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The off-diagonal propagator is required since the individual t-matrices account for the di-
agonal propagation. That is, the scattering events where the incident wave hits scatterer ¢,
propagates freely and then hits scatterer i again are already counted in 7;.

We can look at this diagrammatically. We use a solid line to indicate causal
propagation and a dashed line ending with an “X;” to indicate scattering from the ith

scatterer. With this “dictionary,” we can write the infinite series form of #; as

T R T T R (3.7)
PO S S
so G, + Got;G, has the following terms:
—+ E + i E T (3.8)

Now we consider multiple scattering from two scatterers. The Green function has the direct

term, terms from just scatterer 1, terms from just scatterer 2 and terms involving both, i.e.,
X X X1 X Xo X X1 X Xo X
1 2 (1 X1 2 X2 (1 X2 2 X1

—+ 0+ 0+ L+ o+ o+ e (39)
| } [} | | | | | |

— 44— 4 - - ——
The off diagonal propagator appearing in multiple scattering theory allows to add only the

terms involving more than one scatterer, since the one scatterer terms are already accounted
for in each t;".

If, at energy F, 1 —t*Gp is invertible, we can solve the matrix equation (3.4) for

a=[1-tGg] b, (3.10)

where the inverse is here is just ordinary matrix inversion. We substitute (3.10) into (3.2)

to get
_ -1
W) = 00) + X Ghlers D)5 () ([L- e/ BIGH®B)] ) pr). (311)
ij ij
We can define a multiple scattering t-matrix

#E) = e () ([1 - umGGE)] ) ol (.12
j L

and write the full solution in a familiar form

[¥*) = 1¢) + GH(E)IT(E) |¢). (3.13)
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An analogous solution can be constructed for |1)~) by replacing all the outgoing solutions
in the above with incoming solutions (superscript “+” goes to superscript “-”).

We have shown that scattering from N zero range interactions is solved by the
inversion of an N x N matrix. As we will see below, generalized multiple scattering theory
is not so simple. It does, however, rely on the inversion of an operator on a smaller space

than that in which the problem is posed.

3.1.2 Generalized Multiple Scattering Theory

We now consider placing N scatterers (not necessarily zero range), with t-matrices
#£(2), in a background domain with Green function operator G’%(z) In what follows, the
argument z is suppressed.

We assume that each t-matrix is identically zero outside some domain C; and we
further assume that the C; do not overlap, that is C; N C; = 0 for all i # j. We define the
scattering space, S = |J; C;. In the case of N zero range scatterers, the scattering space is
just N discrete points. The definition of the scattering space allows a separation between
propagation and scattering events.

As in the point scatterer case, we consider the function, o;(r) = (r|«; ), represent-
ing the amplitude which hits the ith scatterer last. We can write a set of linear equations

for the «;:

a;t> = |¢>+G§Z£§E‘a§c>, (3.14)
J#
where 1(r) is the incident wave. As in the simpler case above, the full solution can be

written in terms of the az?t via

05) = )+ G5 Y8

o). (3.15)

The derivation begins to get complicated here. Since the scattering space is not
necessarily discrete, we cannot map our problem onto a finite matrix. We now begin to
create a framework in which the results of the previous section can be generalized.

We define the projection operators, Pi, which are projectors onto the sth scatterer,

(r

Also we define a projection operator for the whole scattering space, P = Zfil b,

that is
f> _ f(I') if re Cz

P, .

(3.16)
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We can project our equations for the afE (r) onto each scatterer in order to get

equations analogous to the matrix equation we had for «;(r;) in the previous section:

Pla

£) = Pilg) + PG Zti‘ £, (3.17)

and, fur purely formal reasons, we define a quantity analogous to the vector a in the zero

range scatterer case:

o) =

aii> . (3.18)

We note that ¥(r) is non-zero on the scattering space only.
With these definitions, we can develop a linear equation for |\I/i) We begin by

summing (3.17) over the N scatterers:

[Tt =P g) + ZPGiZti‘ ). (3.19)

Jj#i
5

Since t is unaffected by multiplication by P;, we have tjE PtjE and tjE |+ = tjE

Thus we can re-write (3.19) as

[TE) =P lg) + > PGE Y Pt o), (3.20)
i i#i
or
[T5) =Plo)+ > > BGEPt; |0). (3.21)

We can simplify this equation if, as in the zero range scatterer case, we define an

off-diagonal background Green function operator,

N
i j#i =1

and a diagonal t-matrix operator,

t==> ik, (3.23)
and note that
Gut* =Y PGPt (3.24)
i ji

We can now re-write (3.19) as

[T*) =P lg) + Gt~ [TF), (3.25)
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which we may formally solve for [U):
11
o) = [P - GHEE| Ple). (3.26)

The operator [13 — Gﬁf:i] is an operator on functions on the scattering space, S, and the
boldface —1 superscript indicates inversion with respect to the scattering space only. In the
case of zero range interactions the scattering space is a discrete set and the inverse is just
ordinary matrix inversion. In general, finding this inverse involves solving a set of coupled
linear integral equations.
We note that the projector, f’, is just the identity operator on the scattering space
le)
P-apit] T=li-ahit] (3.27)
We can re-write (3.15), yielding
) = |¢) + Gt |UF). (3.28)

Substituting (3.26) into (3.28) gives

) = 19) + G [ - Gp] P lg), (3.29)
The identity
A(1-BA)™' =1 - AB)'A, (3.30)
implies
%) = |9) + G5 [1 - tGp|  E). (3.31)

We now define a multiple scattering t-matrix
. ey =11
f=i-tGy] (3.32)
which is zero outside the scattering space. Our wavefunction can now be written

) = |¢) + GHi* |¢) - (3.33)

This derivation seems much more complicated than the special case presented first.
While this is true, the underlying concepts are exactly the same. The complications arise
from the more complicated nature of the individual scatterers. Each scatterer now leads

to a linear integral equation, rather than a linear algebraic equation; what was simply a
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set of linear equations easily solved by matrix techniques, becomes a set of linear integral
equations which are difficult to solve except in special cases.

The techniques in this section are also useful formally. We will use them later in
this chapter to effect an alternate proof of the scatterer renormalization discussed in the

next section.

3.2 Renormalized t-matrices

In the previous section we used the t-matrix formalism and some complicated
book-keeping to combine many scatterers into one t-matrix. In this section we’d like to
work with the propagation step. We’ll start with a potential with known t-matrix in free
space. We then imagine changing free space by adding boundaries for example. We then
find the correct t-matrix, for the same physical potential, for use with this new propagator.

To begin we consider the scatterer in free space. It has known t-matrix £(z)
which satisfies

Gy (2) = G5 (2) + G5 (2)i* ()G (2). (3.34)

where the subscript “s” is used to denote that this Green function is for the scatterer in free
space. Now, rather than free space, we suppose we have a more complicated background but
one with a known Green function operator, G’flg(z) We note that there exists a t-matrix,
t£(2), such that:

GE(2) = GE(2) + GE(2)i5(:)GE(2). (3.35)

We will use the fﬁ(z) operator in the algebra which follows, but only as a formal tool.
Frequently, the division between scatterer and background is arbitrary; we can often treat
the background as a scatterer or a scatterer as part of the background.

As an example, we begin with a zero range scatterer, with effective radius ae, in
two dimensions. In section 2.5, we computed #7(z) for this scatterer in free space. We
place this scatterer into an infinite wire with periodic transverse boundary conditions. The
causal Green function operator, G’E(r, r’;2), can be written as an infinite sum and can be
calculated quite accurately using numerical techniques (see chapter 5).

Computing a t-matrix for the scatterer and boundary together is quite difficult.
Also, such a t-matrix would be non-zero not only on the scatterer but on the entire infinite

length boundary. This lacks the simplicity of a zero-range scatterer t-matrix. Instead, we’d



Chapter 3: Scattering in the Presence of Other Potentials 40

like to find a t-matrix, T (z), for the scatterer such that the full Green function, G (z),
may be written

GT(2) = GL(2) + GH(2)TT (2)G5(2). (3.36)

We'll call T (z) the “renormalized” t-matrix. This name will become clearer below.

Let’s start with a guess. What can happen in our rectangle that couldn’t happen
in free-space? The answer is simple: amplitude may scatter off of the scatterer, hit the walls
and return to the scatterer again. That is, there are multiple scattering events between the
background and the scatterer. Diagrammatically, this is just like the two scatterer multiple
scattering theory considered in the previous section where scatterer 1, instead of being
another scatterer, is the background (see equation 3.9).

Naively we would expect to add up all the scattering events (dropping the 2’s):

~ N Al A ~ ~ ~ ~ ~ ~ ° ~ ~ n| .
TH =it +itGET +iTGHTGETT + - = [Z (t+Gl§) ] . (3.37)

n=0

This is perhaps clearer if we consider the position representation:
TH(r,r") =t"(r,r') + / de” de"'tt (v, ") GE (" 2" )t (" ) + - - (3.38)
and, since our scatterer is zero-range,
tT(r, ') = sTo(r —rs)d(r —rs), (3.39)
which simplifies (3.38):
TH(r,r') = sT6(r — rs)d(r' — rs) + sTG L (rs,15)0(r — rs)0(r — 1) + . (3.40)
Summing the geometric series yields:

TH(r,r') = 6(r — rs)d(r' —rs)

3.41
1-— s+G’Jl§(rs,rs)’ ( )

as an operator equation:
. 1
Th= ——F—
P+ At
1-t+Gy
This is not quite right. With multiple scattering we had to define an off-diagonal Green

tr. (3.42)

function since the diagonal part was already accounted for by the individual t-matrices.
Something similar is needed here or we will be double counting terms which scatter, prop-

agate without hitting the boundary, and then scatter again.
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We can correct this by subtracting G’j from é’g in the previous derivation:

. N A AL on NS ALl A AL 1 N
T+:t++t+G+_G+t++t+G+_G+t+G+_G+t++...: — - _ t+‘
( B o) ( B o) ( B o) 1—t+(GE—Gj)
(3.43)
For future reference, we’ll state the final result:
et 1 i+
T7(z) - t7(2). (3.44)

T 11— i) [Gh() - GE ()]

We haven’t proven this but we can derive the same result more rigorously in at least two
ways, both of which are shown below. The first proof follows from the expression (2.49)
for the t-matrix derived in section 2.3. This is a purely formal derivation but it has the
advantage of being relatively compact. Our second derivation uses the generalized multiple
scattering theory of section 3.1.2. While this derivation is algebraically quite tedious, it
emphasizes the arbitrariness of the split between scatterer and background by treating
them on a completely equal footing.

We note that the free-space Green function operator, G’j(z), could be replaced by
any Green function for which the t-matrix of the scatterer is known. That should be clear

from the derivations below.

3.2.1 Derivation
Formal Derivation

Suppose we have H= ﬂo +H B+ H s Where H p 1s the Hamiltonian of the “back-
ground,” and H, is the “scatterer” Hamiltonian which may be any reasonable potential.

There is a t-matrix for the scatterer without the background:
t£(2) = H,GE(2)(z — H, * ie), (3.45)

and for the scatterer in the presence of the background where the background is treated as

part of the propagator:

T*(z) = H,G*(2)(z — H, — Hp =+ ie). (3.46)

This yields an expression for the full Green function, é’i(z) operator:

G*(2) = Gh(2) + GHTH(2)GH (=), (3.47)
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where G5(2) solves

(2 — H, — Hp +ie)GE(2) = 1. (3.48)

We wish to find 7% (2) in terms of i (2), GF(2), and G%5(z). Formally, we can use
(3.45) to solve for H,:

Hy=15(2)(2 = Hy £ie) ™ [GE(z)| =15(2)GE(2)(2 = Ho — H, % de). (3.49)
We substitute this into (3.46)
T*(2) = ()65 () [GE ()] G (=) (= — H, — Hp % ie), (3.50)
which we can re-write
TH(z) = ()G [GEE) + G o)
(G5(2) + GHTH(2) G5 (= >] [GH >] 1 (3.51)

and, canceling a few inverses, we have

T(2) = £*(2) [1 + éﬁ(z)ii(z)] - [1 + éﬂ,;(z)T“i(z)] . (3.52)

We re-write this as

- [+ GE@E )] GG

TH(z) = () 1+ GE )] . (353)

which we solve for T%(z):

P (z) = [1 — () 1+ GEEER)] G’ﬁ(z)} T ) 1+6G2@EE] . 654

To proceed we’ll need the operator identity

(1—AB)'A=A(1 - BA)™, (3.55)
Which we apply to yield
Tz = [1 [+ RG] ii(z)ég(z)] T+ eeEE)] e
- {[1 + i (2) G (2)] {1 — [1+ ()G (2)] T ()G ) }_1 *(2)
= [1+F6E ) - FE6E) Fe)
= - ! - = (2). (3.56)
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Thus we have verified our guess, albeit in an exceedingly formal way.

Derivation Using Generalized Multiple Scattering Theory

Consider a situation with two scatterers in free space. One, the background, with
a scattering t-matrix 7 which is identically zero outside the domain C; and the other
a scattering t-matrix téc which is zero outside the domain C3. They may each be point
scatterers or extended scatterers. We assume that the scatterers do not overlap, i.e., C; N
Co = (. The scattering space, S, is simply the union of C; and Cs, S = C; U(Cy. From
this point on in the derivation, we drop the superscript “+” since we carried it through
the previous derivation and it should be clear here that there is a superscript “+” on every
t-matrix and every Green function. We also drop the argument “z”.

Now we apply the generalized multiple scattering theory of section 3.1.2 where the

background Green function operator is just G,. We have an explicit form for t:
(] =iy, (3.57)
ij
and G,:
- 0 1=y
[Go) S . 7 (3.58)
Gp i#]
According to our derivation of section 3.1.2, the t-matrix may be written
. P
f= [1 —tGo] . (3.59)

Painful as it is, let’s write out all of the terms in the above expression for . We
drop the “hats” on all the operators since everything in sight is an operator. First we have

to invert 1 —tG, and we have to do it carefully because none of these operators necessarily

o 1 —tG
1-tG, = ( e ) (3.60)

commute.

—12G, 1

SO

N 1 —t1GotaGo) ™ t1Go(1 — taGot1Gy) ™!
(1—tG0)1:( (1= 11Got2Go) 1Go(l ~12Got1Go) ) (3.61)

tQGo(l — thotQGo)fl (1 — tQGotho)fl
and thus

RN 1 — t1GotoG,) 1t t1Go(1 — toGot1Go) "1t
(1-tG,) t= (1= 81GotaGo) ™01 01Go(l ~ £2Got1Go) ™2 ) (3.62)
t2Go(1 - thot2Go)71t1 (1 - t2Got1Go)71t2
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So, in detail,
G = G,
+Go(1 — th’otgGo)_ltho + Go(l — tQGotho)_thGo . (363)
+Got1GO(1 — tQGOtIGO)ithGO + GOtQGO(l — thOtQGO)fltho

We want to rewrite this in the form
G =G+ GiTrGh, (3.64)

where T5 is the renormalized t-matrix operator for scatterer 2 in the presence of scatterer
1.
First we add and subtract G,t1G,:

G = G,+G,HhG,
-G t1G, + Go(l — thOtQGO)fltho + Go(l — tQGOthO)ithGO (3-65)
+Got1Go(1 — taGot1G,) "Gy + GotaGo(l — t1GotaGo) 111G,

or
G = Go+ Got1Go+ G, [(1 — t1GotaG,) ™t — 1] 111G,
+Go(1 — t2Got1Gy) HaG, (3.66)
+Got1Go(1 — taGot1Go) oGy + GotaGo(1 — 11GotaGo) 111G,
but
[(1 — 11 GotrGo) " — 1] = (1 — t1GotaGo) "1 GotrGo. (3.67)
So

G = G,+GHG,+ Go(l — thotQGo)ilthotzGotho
+GO(1 — tQGOtIGO)ithGO . (3.68)
+Got1Go(1 — taGot1Go) 1 aGy + GotaGo(l — t1GotaGy) "G

We use the operator identity (3.55) to rewrite G:

G = G,+ GG, + Gotho(l — tQGotho)_thGoth’o
+GO(1 — tQGOtIGO)ithGO (369)
+Got1GO(1 — tQGOtIGO)ithGO + Go(l — tQGOthO)fthGotho.

Several terms now have the common factor, (1 — t2G,t1G,). This allows us to collapse
several terms:

1

G = (Go+ Got1Go) + (Go + Gott) T —

tQ(Go + Gotho), (3.70)
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but G, + G,t1G, = G; is the Green function for scatterer 1 alone. Also, t2(G,t1G,) =
t2(G1 — G,), so we have

1
1 -t (G1 —Gy)

G=G1+Gy toG. (371)

Now we see that equation 3.71 has exactly the same form as equation 2.49. So we
have derived (restoring the “+” and the “2”)
. 1
Ty(z) = P At At
1—if(2) [GF(2) - G (2)]

t£(2), (3.72)

which is identical to equation 3.44 as was to be shown. In the notation of the previous

derivation, Th(z) = T'(2), t2(2) = t(z) and G1(2) = Gg(z).

3.2.2 Consequences
Free Space Background

What happens if G5(z) = G¥(z)? Our formula should reduce to T*(z) = i*(z).

And it does:
it _ 1 TV
R = e e M (3.73)

Closed Systems

Suppose G comes from a finite domain, e.g., a rectangular domain in two dimen-

sions. Then we have

. 1 . 1 .

r= 1—#£(Gp - G‘oi)ti - gi(égchég:)ti' (3.74)
It is not obvious from this that 7' doesn’t depend on the choice if incoming or outgoing
solutions in the above equation. However, it is clear from physical considerations that a
closed system only has one class of solutions. In fact, the above equation is independent of
the choice of incoming or outgoing solutions for the free space quantities. We can show this
in a non-rigorous way by observing that

1

7= (i) =[G -]

(3.75)

and that
oy —1 N R
()  =H'-GF (3.76)
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le)
T-'=H'-Gp. (3.77)
To show this rigorously would require a careful definition of what these various inverses
mean since many of the operators can be singular. We need to properly define the space on
which these operators act. This would be similar to the definition of the scattering space
used in section 3.1.2.
The Green function operator of a closed system has poles at the eigenenergies.

That is, #5(z) and Gg(z) have poles at z = E° for n € {1...00}. For z near E°

. R
and ) B A
!
Gpl(z) ~ Go () Go (2) (3.79)
z—FE,

GE(z) has no poles (though it may have other sorts of singularities). So we define
Ry = G5 (B R, G5 (B, (3.80)

Since we have added a scatterer, in general none of the poles of G'z(z) should
be poles of G’(z) This is something we can check explicitly. Suppose z = E? + ¢ where
le) << 1. Then
R 1 .. R
— ()2, (3.81)

€ R

1— fi(z) n €
€

G(z) = % (1 - %) : (3.82)

i*(2)R,,

G(z) = G(EY +¢) =

. By
€

which is easily simplified:

We assume that (FE2) # 0 and we know that R, # 0 because E, is a simple pole of
Gp(z). So there exists € such that

€
— << 1. 3.83
t+(2) Ry, (3.83)
So we have
L e (3.84)
- =om () R
and thus
A 1
G = ——+0Of(e). 3.85
0)= g5 + 00 (3.85)

Therefore, the poles of G p(z) are not poles of G(z) unless #(E2) = 0.
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So Where are the Poles in G/(z)?

As we expect, the analytic structure of G(z) and T'(z) coincide (at least for the
most part, see [10], p. 52). More simply, since the poles of éB(z) are not poles of é’(z),
only poles of T'(z) will contribute poles to G(z).

Recall
1 N

= . _ - t=(2), (3.86)
1—i*(2) [G(2) — G5 (2)]

T(2)

so poles of T'(z) occur at E,(# E°) satisfying
P (En) [G(B) = G5 (En)] = 1, (3.87)

or

1
- GE(E)E(E,)GEE,)

This is a simple equation to use when G5 comes from scatterers added to free space so tAfg is

P (E,) = [Gi(Bn) — GE(E)] (3.88)

known. When G'p is a Green function given a-priori, e.g., the Green function of an infinite
wire in 2 dimensions, the above equation becomes somewhat more difficult to evaluate.

We’ll address this issue in a later chapter (5) about scattering in 2-dimensional wires.

Perturbatively small scatterers

For small £(z) the only way to satisfy equation 3.88 is for G’B(z) to be very large.
But G'p(z) is large only near a pole, E° of Gg(z). This is a nice result. It implies that for
small #(z), i.e., a small scatterer, the poles, E, of G(z) are close to the poles E2 of Gp(z) as
we might expect. This idea has been used (see [11]) to explore the possibility that an atomic
force microscope, used as a small scatterer, can probe the structure of the wavefunction of

a quantum dot.

Renormalization of a zero range t-matrix

A zero range t-matrix provides a simple but subtle challenge for the application

of this renormalization. Since
(2) = s (2) Irs) (x4, (3.89)

we have,

TE(z) = ! | Ire) (rs|. (3.90)

g~ [Ges xsi2) — Gi(ra,xsi2)
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But, as we have already discussed in section 2.3, in more than one dimension, the Green
function, G (r,r'; z) for the Schrodinger equation is singular in the r — r' limit. So, we

have to define T'(z) a bit more formally:

R 1
T(2) = Jim [rs) (x| (3:91)
r'—rs s+(z) _ [GB(rs,r’; z) - G}(I‘s, r'; Z)]

This limit can be quite difficult to evaluate. Four particular cases are dealt with in chap-

ters 5 and 6.



Chapter 4

Scattering From Arbitrarily
Shaped Boundaries

4.1 Introduction

In the previous chapter we developed some powerful tools for solving complicated
scattering problems. All of them were built upon one or more Green functions. In this chap-
ter we consider a variety of techniques for computing Green functions in various geometries.
The techniques discussed in this chapter are useful when we have a problem which involves
scattering on a surface of co-dimension one (one dimension less than the dimension of the
system), for example scattering from a set of one dimensional curves in two dimensions.

We begin by computing the Green function of an arbitrary number of arbitrarily
shaped smooth Dirichlet () = 0) boundaries placed in free-space. The method is con-
structed by finding a potential which forces 1 to satisfy the Dirichlet boundary condition.
The technique is somewhat more general. It can enforce an arbitrary linear combination
of Dirichlet and Neumann boundary conditions. The more general case is dealt with in
appendix B.

We then re-derive the fundamental results by considering certain expansions of 1)
rather than a potential. This lends itself nicely to the generalizations which follow in the
next two sections. We can use expansions of 1 to simply match boundary conditions. The
first generalization is a small but useful step from Dirichlet boundary conditions to periodic

boundary conditions.

49
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We next consider scattering from a boundary between two regions with different
known Green functions. This cannot be handled as a boundary condition but, nonetheless,
all the scattering takes place at the interface. This method could be used to scatter from
a potential barrier of fixed height; that was the original motivation for its development. It
could also be used to scatter from a superconductor embedded in a normal metal or vice-
versa since each has its own known Green function (see A.6). This idea is being actively

pursued.

4.2 Boundary Wall Method I

Consider
Vi) = / ds A(s) 8 (r — £(s)) (4.1)
c
where the integral runs over the surface C. Here we will assume a pragmatic point of view
by supposing that our mathematical problem is well posed, i.e., there does exist a solution

for the Schrodinger equation satisfying the boundary conditions considered. Obviously, the

method has no meaning when this is not so.) The boundary condition

P(r(s)) =0 (4.2)

emerges as the limit of the potential’s parameters (A — o00). For finite A\, the potential
has the effect of a penetrable or “leaky” wall. A similar idea has been used to incorporate
Dirichlet boundary conditions into certain classes of solvable potentials in the context of
the path integral formalism [19]. Here we use the delta wall more generally, resulting
in a widely applicable and accurate procedure to solve boundary condition problems for
arbitrary shapes.

Consider the Schrodinger equation for a d-dimensional system, H (r)i(r) = Et(r),
with H = Hy + V. As is well known, the solution for ¢ (r) is given by

9e) = 9(6) + [ d GE 1)V (¢ (e, (4.3

where ¢(r) solves Hy(r)¢(r) = E¢(r) and G¥ (r,r') is the Green function for Hy. Hereafter,
for notational simplicity, we will suppress the superscript E in GOE .

Now, we introduce a J-type potential

V() = A/Cdsé (r—r(s)), (4.4)
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where the integral is over C, a connected or disconnected surface. r(s) is the vector position
of the point s on C (we will call the set of all such vectors §), and X is the potential’s
strength. Clearly, V(r) =0 forr ¢ S.

In the limit A — oo, the wavefunction will satisfy (4.2) (with a(s) = 1) as shown
below. For finite A, a wave function subject to the potential (4.4) will satisfy a “leaky” form
of the boundary condition.

Inserting the potential (4.4) into (4.3), the volume integral is trivially performed
with the delta function, yielding

$lE) = 9(r) + A [ 4 Gole,r() p(e() = 9lr) + [ d Gole, (&) Tole(s)). (45)

Thus, if Ap(r(s)) = Ty(r(s)) is known for all s, the wave function everywhere is obtained

from (4.5) by a single definite integral. For r = r(s") some point of S

P(r(s")) = ¢(r(s")) + A/CdS' Go(r(s"),r(s")) ¥ (r(s")), (4.6)

which may be abbreviated unambiguously as
B(s") = p(s") + A / ds' Go(s", s") (s (4.7)
We can formally solve this equation, getting
- e - -1 -
p=[1-XGo|] ¢, (4.8)

where 1, ¢ stand for the vectors of 1(s)’s and ¢(s)’s on the boundary, and I for the identity
operator. The tildes remind us that the free Green function operator and the wave-vectors
are evaluated only on the boundary.
We define
T =\ [T—AGO]_I, (4.9)

and then it is easy to see that Ty in (4.5) is given from (4.8)-(4.9) by
Ty(r(s') = / dsT(s', 5) b(s). (4.10)

In order to make contact with the standard t-matrix formalism in scattering the-

ory [35], we note that a T operator for the whole space may be written as

t(re,r;) = /ds" ds'6(ry —r(s")) T(s",s") 6(r; — r(s")). (4.11)
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Finally, we observe that (4.6) can be written as
p=[1+GoT] . (4.12)
L 1-1
For A — oo, the operator T converges to — [GO] . Inserting this into (4.12), we have
~ ~ ~ ~ -1 ~
b= [1 — Gy [Go) } é=0. (4.13)

So, 1 satisfies a Dirichlet boundary condition on the surface C for A = oco.

4.3 Boundary Wall Method II

We can simplify the previous derivation considerably if we assume that there exists

an operator

i(E) = / ds ds' |£(s)) T(s, s'; E) (x(s")] (4.14)
such that the solution of our scattering problem, |4}, may be written
[¥) = [) + Go(E)I(E) |4), (4.15)
or, in position space,
D(x) = $(x) + [ di' de" G, 1 B 15 B)pla”), (4.16)
which we can simplify to
P(r) = ¢(r) +/ ds' ds"G,(r,r(s"); E)T(s',s"; E)p(r(s")). (4.17)
The solution is a bit simpler if we make a notational switch:
tigl(s) = [ ds' T(s, '3 E)p(x(s") (4.18)

Now we enforce the dirichlet boundary condition ¢ (r(s)) = 0. That gives us a Fredholm
integral equation of the first kind:

/ ds' Go(r,r(s'); E)H$](s") = —¢(r(s)) (4.19)
which we may solve for ¢[¢](s) (e.g., using standard numerical methods.) Formally, we can
solve this with

Hidl(s) = = [ d5'G; (5,5 )l (4.20)
where the new notation reminds us that the inverse is calculated only on the boundary.

That is G, (s, s') satisfies

/ ds" G (r(s), v(s"); B)G; (5", s B) = 6(s — ). (4.21)
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4.4 Periodic Boundary Conditions

We can generalize this for other sorts of boundary conditions. In this section, we’ll
deal with periodic boundary conditions. As with Dirichlet/Neumann boundary conditions
we may write the solution in terms of an expansion in free-space solutions to the wave-
equation. However, first we should properly characterize our periodic boundaries. We’ll
consider a kind of generalized periodic boundaries.

Consider two surfaces, C; and Cy both parameterized by functions of a generalized
parameter s. We insist that the surfaces are parameterized such that both parameter
functions have the same domain. We define “periodic boundary conditions” as any set of

conditions of the form

P(ri(s)) = t(ra(s)) (4.22)
On(rr(s)¥(r1(8)) = On(ra(s)¥(r2(s)), (4.23)

where Oy (r(s)) denotes the partial derivative in the direction normal to the curve r(s). We
note that different parameterizations of the surfaces may yield different solutions.
For example, consider the unit square in two-dimensions. Standard periodic

boundary conditions specify that

¥(0,y) = o¥(1l,y) Vy €0,1]
Sb(0,9) = 5-u(Ly) Yy € [0,1]
P(z,0) = (z,1) Vo €0,1]
0 B,
oy (z,0) = a—yz/)(x, 1) Vz € [0, 1]. (4.24)

We choose the surface Cy as the left side and top of the square and Cs as the right side and
bottom of the box. We may choose a real parameter, s € [0, 2], where s € [0, 1] parameterizes
the sides of the box from top to bottom and s € (1,2] parameterizes the top and bottom

from right to left. However, twisted periodic boundaries may also be considered:

$(0,y) = (1,1 —y) Vy €[0,1]
Sp(0,y) = Sob(l1—y) Yy e 0,1]
P(z,0) = (1 —=z,1)Vz €0,1]
9 9
U@ 0) = Su-w 1) Yee 1) (4.25)
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In our language, this simply means choosing a different parameterization of the two pieces
of the box.
To solve this problem, we now expand v in terms of the free-space Green function

on the boundary:
0+ [ (G B)fs) + Gl ra(s); E)fols) ds (4.26)
We insert the expansion (4.26) into equations (4.22-4.23):

5)) +/ [G(ri(s),r1(s"); E) f1(s") + G(ri(s),ro(s"); E) fo(s")] ds’ =
P(ra(s)) +/ [G(ra(s),r1(s"); E) f1(s") + G(ra(s), ra(s); B) fa(s')] ds’

On(r, (s)P(r1(s))+ (4.27)
[an(rl(s))G(rl(S) 1(8"); B) f1(8") 4 Onge (s ))G(rl(s),m(b");E)f2(3')} ds' =

On(ra(s))P(r2(s))+ (4.28)
/[3n(r2(s))G(r2() 1(8"); ) f1(8") 4 Onra(s ))G(rz(s),m(b");E)fz(sl)} ds'  (4.29)

This is a set of coupled Fredholm equations of the first type. To make this clearer

we define:
a(s) = P(rz(s)) — ¢(ri(s))
a'(5) = On(ra(s))P(r1(5)) = On(ry (s))P(r2(5)), (4.30)
Gi(s, 85 E) = Go(ri(s),r1(s'); E) = Go(ra(s), r1(s); E)
Ga(s, s E) = Go(ri(s), ra(s'); E) — Go(ra(s), ra(s); E)
G'i(5,55E) = Ongr (s))Golr1(5),1(5"); E) = On(ry(s))Go(ra(s), r1(s'); E)
Gy(s,85E) = On(ry(s)Go(r1(5),r2(5"); E) = On(ra(s))Golra(s), ra(s'); E).  (4.31)

and then re-write the equations at the boundary:

[ [Gils:) A + ol ) ol)] ds' = als)
/ (G (s, ) f1(s') + Gh(s, ) fo(sH] ds' = d'(s) (4.32)
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which we can write, at least schematically, as a matrix equation

Gi G2 f [ 2 (4.33)

g, G ) a'
where the G’s are linear integral operators in the space of functions on the boundary and
the f’s and a’s are vectors (functions) in that space.
Formally, we can solve this equation:
-1

f _ g1 G a (4.34)

f G G a’
While we cannot usually invert this operator analytically, we can sample our
boundary at a discrete set of points. We then construct and invert this operator in this
finite dimensional space and, using this finite basis, construct an approximate solution to

our scattering problem.

4.5 Green Function Interfaces

In this section we’ll deal with scattering from an arbitrarily shaped potential step.
Though this is not purely a boundary condition, the problem is solved, as in the previous
two cases, if sums of solutions to “free-space” equations satisfy certain conditions on a
boundary.

We consider an object with potenial V,, embedded in free-space (we could consider
an object with one Green function embedded in a space with another Green function as
long as the asymptotic solutions of the wave equation are known in both regions but we’ll
be a bit more specific) where the boundary between the two regions is parameterized by s
via r(s) as the Dirichlet boundary was in section 4.3.

It is immediately clear that an expansion of the form (4.16) cannot work for the
wavefunction inside the dielectric (though it may work for the wavefunction outside) since
the Green function used in the expansion does not solve the wave equation inside. We need
a separate expansion for the inside wavefunction. This is no surprise since at a potential
step boundary we have twice as many boundary conditions: continuity of 1 and it’s first

derivative. We expand the inside and outside solutions separately to get

Yout(r) = ¢out(r) —|—/G’0ut(r,r(s);E) tout[Pin> Poutl(s) ds, (4.35)
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Yin(r) = ¢in(r)+/Gin(rvr(S);E) tin[Pin» Pout!(s) ds, (4.36)

where ¢(r) = out (r) — din (1)-

The incoming wave inside the potential step is puzzling at first. Because the basis
in which we are expanding the solutions is not orthogonal, we have some freedom in choosing
Pin(r) = 0.

i) We can choose ¢;,,(r) = 0 which corresponds to the entire inside wavefunction
being produced at the boundary sources. This is mathematically correct but a little awk-
ward when the potential step is small compared to the incident energy.. When the step is
small, the wavefunction inside and outside will be much like the incoming wave which leads
us to

ii) A more physical but harder to define choice is to choose ¢;;,(r) to be a solution

to the wave equation inside the step and which has the property

Jim, i (x(5)) = dous (£(5))- (4.37)

Though this seems ad hoc, it is mathematically as valid as choice (i) and has the nice
property that

‘}0120 tin,out [¢](3) =0, (4'38)

which is appealing.

Now we write our boundary conditions:

Pout(r(s)) = tin(r(s))
811(8)11[)01113(1‘(5)) = 8n(s)d)in(r(5))v (4'39)

Bout(£(3)) + [ Gout (£(s). 1(): B) tous [#1(s)) d’ = (4.40)

Fin6) + [ Ginlr(s),x(5): B) ty 0](5') s

In(s)Pout (r(s)) + / On(s)Gout (£(s),£(s"); B) tout[4](s) ds” =

On(s)Pin (r(s)) +/8n(s)G’in(r(s),r(s');E) tinlBl(s") ds’, (4.41)

where 0y (s) is the normal derivative at the boundary point r(s).
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The above is a set of coupled Fredholm equations of the first type. To make this

clearer we define:

a(s) = ¢in(r(s)) — ¢out(r(s))
a'(s) = On(s)bin(r(s)) = On(s)Pout (r(s))

v(s) = toutldl(s)

w(s) = tip[gl(s)

Go(s,si E) = Gout(r(s),r(s); )

Gi(s, s, E) = Giy(r(s),r(s"); E)

Go(s,8 5 E) = On(s)Gout(r(s),r(s"); E)

Gi(s,si E) = 0On(s)Gin(r(s),r(s'); E). (4.42)

Now we have the following system of integral equations
/ [Go(s,8"s E)v(s') — Gi(s,s';s B)w(s')] ds' = al(s)
[ (Gt 3 Byols') — Gils, o Byuls)] ds' = al(s) (4.43)

with all the G’s and ¢’s given.

We may schematically represent this as a matrix equation:

Go —Gi v a
= 4.44
(&) ()2 =

which we may formally solve:

1
v go _gz a

- 4.45
(w) (gz —G;> () )

This formal solution is not much use except perhaps in a special geometry. However, it does
lead directly to a numerical scheme. Simply discretize the boundary by breaking it into N
pieces {C;} of length A. Label the center of each piece by s; and change all the integrals in

the integral equations to sums over . Now the schematic matrix equation actually becomes



Chapter 4: Scattering From Arbitrarily Shaped Boundaries 58

a 2N x 2N matrix problem which can be solved by LU decomposition techniques or the
like.

We might also worry about mutliple step edges or different steps inside each other.
All this will work as well but we will get a set of equations for each interface so the problem
may get quite costly. This would not be a sensible way to handle a smoothly varying
potential. However, as noted at the beginning, the formalism here works for any known
Gip and Gy, and so certain smooth potentials may be handled if their Green function’s

are known.

4.6 Numerical Considerations and Analysis

4.6.1 Discretizing The Boundary Wall Equations

As discussed in Section 4.2, the key idea in our method is to calculate 7" and/or T}
on C, and then to perform the integral (4.5). Unfortunately, in the great majority of cases
the analytical treatment is too hard to be applied. In such cases we consider the problem
numerically.

We divide the region C into N parts, {C;};j=1..n~. Then, we approximate

N
pr) = )+ /C ds X Go(r, r(s)) (x(s))
j=17€i

Q

N
() + 3 p(r(s;)) /C ds A Go(r, (), (4.46)
j=1 7

with s; the middle point of C; and r; = r(s;). Now, considering r = r; we write ¢(r;) =
o(ri) + E;VZI AM;jip(rj) (for M, see discussion below). If U = (¢(r1),...,9(rn)), and
® = (¢(r1),...,6(ry)), we have U = @+ AMVU, and thus \¥ = T®, with T = A\(I-AM)~!,

which is the discrete T" matrix. So

AT; = (Td); = A g: [(1 - AM)*I]Z_J_ ®;, (4.47)
7=1
and
N
p(r) = P(r) + Y Go(r,r;) A; (TP)j, (4.48)
7=1

where we have used a mean value approximation to the last integral in (4.46) and defined

A; the volume of C;.
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It follows from (4.46) that
M = / ds Go(ri, r(s)). (4.49)
Cj

We can approximate

Mij ~ Gg(ri, I'j) Aj. (450)

However, G(r;,r;) may diverge for i = j (e.g., the free particle Green functions in two or
more dimensions). We discuss these approximations in detail in Section 4.6.3.

If we consider A — oo, it is easy to show from the above results that
Z Go(r,r;) A; (M), (4.51)

Equation (4.51) is then the approximated wave function of a particle under Hj interacting

with an impenetrable region C.

4.6.2 The Many Scatterer Limit

The boundary wall method is a sort of multiple scattering approach to building
boundaries. In the many scatterer limit, we can make this connection explicit.
Recall that the inverse of the multiple scattering t-matrix for point scatterers has

the form

1/T;(E) if 4=7j,
(Mins); = l L (4.52)
Go(ri,rjs E) if i # .
We assume that the discretization of the boundary wall method is uniform with spacing
d; =1 Vi. If, for the boundary wall M-matrix, we define B = —(1/I)M, we get a simpler

version of the discretized equation:

N
P(r) = ¢(r) + Y Go(r,r;) (B7'®);. (4.53)
j=1

we notice that B has the same off-diagonal elements as M,,;. The diagonal elements of B

have the form (where k& = VE)

l/2 1 [u2 1 kl 1. kI
B;i / G (ri,r(s; +z); E) dm%—/ In(kz)dx = — {ln——l] —In—.
l 1/2 7 Jo 2w
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If we want to identify this with a multiple scattering problem we must have 1/T;(E) =
% In % which is the low energy form of the point interaction t-matrix discussed in section 2.4
for a scatterer of scattering length [/2e.

Thus, in the many scatterer limit (kl << 1), the Dirichlet boundary wall method
becomes the multiple scattering of many pointlike scatterers along the boundaries where

each scatterer has scattering length [/2e.

4.6.3 Quality of the Numerical Method

The numerical solution (4.53) approaches the solution (4.5) as N — oo. In prac-
tice, we choose N to be some finite but large number. In this section we explain how to
choose N for a given problem and how the approximation (4.50) affects this choice.

In order to analyze the performance of the numerical solution, we must define
some measure of the quality of the solution. We measure how well a Dirichlet boundary

blocks the flow of current directed at it. Thus we measure the current,

J=S{" () Vy(r)}, (4.55)

behind a straight wall of length [. To simplify the analysis we integrate j-n over a “detector”
located on one side of a wall with a normally incident plane wave on the other side. We
divide this integrated current by the current which would have been incident on the detector
without the wall present. We call this ratio, 7, the transmission coefficient of the wall.
Instead of 7 as a function of N, we consider 7 vs. p, where p = 27 N/(lk) is the number of
boundary pieces per wavelength.

We consider three methods of constructing the matrix M for each value of p. The

first is the simplest approximation:

Jo, ds Go(rix(s)) i=j
M;; = (4.56)
AGO(rZar]) i 7&]3
which we call the “fully-approximated” M. The next is a more sophisticated approximation
with
fcj ds Go(r;,x(s)) |s; —sj| < %
M;; = (4.57)

AGy(rs,r;) |si —sj] > %,
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which we call the “band-integrated” M because we perform the integrals only inside a band

of k/(2m) wavelengths. Finally, we consider
My = [ dsGolrix(s)) Vi, (4.59)
i

which we call the “integrated” M.

Numerically, the “band-integrated” and “integrated” M require far more compu-
tational work than the “fully-approximated” M which requires the fewest integrals. All
methods of calculating M scale as O (N?). The calculation of T or T® from M scales as
O (N3) and the calculation of 1(r) for a particular r from a given T® scales as O (N).
Which of these various calculations dominates the computation time depends on what sort
of computation is being performed. When computing wavefunctions, computation time is
typically dominated by the large number of O (N) vector multiplications. However, when
calculating ¢ (r) in only a small number of places, e.g., when performing a flux calculation,
computation time is often dominated by the O (N3) construction of T®.

In Figure 4.1 we plot log,;q 7 vs. p for the three methods above and 2 < p < 30.
We see that all three methods block more than 99% of the current for p > 5. However, it is
clear from the Figure that the “integrated” M and to a lesser extent the “band-integrated”

M strongly outperform the “fully-approximated” M for all p plotted.

4.7 From Wavefunctions to Green Functions

We pause in the development of these various boundary conditions to explain how
to get Green functions (which we’ll need to use these boundary conditions in more complex
scattering problems) from the wavefunctions we’ve been computing.

All the above methods compute wavefunctions from given boundary conditions
and incoming waves. In several cases, the idea of an incoming wave is somewhat strange.
For example, what is an incoming wave on a periodic boundary? However, we include
the incoming wave only to allow the computation of Green functions as we outline below.
When we have an eigenstate of the boundary condition, the incoming wave must be become
unimportant and we will show that below.

One simple way to form a Green function from a general solution for wavefunctions
is to recall that G(r,r'; E) is the wavefunction at r given that the incoming wave is a free-

space point-source at r’, ¢(r) = G,(r,r'; E). This yields an expression for the Green function
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Transmission (at normal incidence) through a flat wall via the Boundary Wall
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everywhere as a linear function of G,.

4.7.1 Example I: Dirichlet Boundaries

For Dirichlet boundaries we had
r) + / Go(r, v(s); B)T (s, ') b(x(s")) ds ds’

where T(s,s') = [Go(s,s')] *. So

G(r,r'; E) = Go(r,7'; E) +/Go(r,r(s);E)T(s,s')Go(r(s'),r';E) ds ds'

4.7.2 Example II: Periodic Boundaries

For periodic boundaries we had

)+ [ [Golr,r1 (5 E)o(5) + Golr, 1a(5): E) ()] ds s

where f; and fy are determined from

—1
f _ Gi G2 a
f5 g1 G a'

If we define
Fi(s,x') = fi(s) given ¢(r) = Go(r,x; E)
Fy(s,x') = fa(s) given  ¢(r) = Go(r,x; E)
we have
G(r,v'; E) = Gy(r,r'; E) —|—/ (r,r1(s); B)Fi(s,t') + Go(r,ra(s); E)Fa(s,r')] ds

Though this looks like we have to solve many more equations than just to get the wavefunc-

tion, we note that the operator inverse which we need to get the wavefunction is sufficient to

get the Green function, just as in the Dirichlet case. We simply apply that inverse to more

vectors. Thus for all boundary conditions, the Green function requires extra matrix-vector

multiplication work but the same amount of matrix inversion work.
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4.8 Eigenstates

It is also useful to be able to use the above methods to identify eigenenergies
and eigenstates (if they exist) of the above boundary conditions. This is actually quite
simple. All of the various cases involved inverting some sort of generalized Green function
operator on the boundary. This inverse is a generalized t-matrix and its poles correspond
to eigenstates. Poles of ¢ correspond to linear zeroes of G and so we may use standard
techniques to check for a singular operator. If the operator we are inverting is singular, its
nullspace holds the coefficients required to form the eigenstate. A more concrete explanation

of this can be found in section 9.1.



Chapter 5

Scattering in Wires I: One

Scatterer

In this section we consider the renormalization of the scatterer strength due to
the presence of infinite length boundaries. The picture we have in mind is that of two
dimensional wire (one dimensional free motion) with periodic boundary conditions in the
transverse direction and a single scattering center. This will be our first example of scatterer

renormalization by an external boundary.

5.1 Omne Scatterer in a Wide Wire

It seems intuitively clear that the scattering off a small object in the middle of a
big wire should be much like scattering in free space. After all, if the confining walls are
further away than any other length scale in the problem, they ought to play a small role.
In this section we attempt to make this similarity explicit by computing the transmission
coefficient for a wide wire with one small scatterer in its center. We will simply be making

the connection between cross-section and transmission in the ballistic limit.

65
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Figure 5.1: A Periodic wire with one scatterer and an incident particle.

We begin with a simple classical argument. Suppose a particle in the wire is
incident with angle  with respect to the walls, as in figure 5.1. What is the probability

that such a particle scatters? For a small scatterer, the probability is approximately P(f) =

& x 5. Of course, this must break down before P(f) > 1 but for o << W this will a
small range of 6.

We now need to know how the various incident angles are populated in a particular
scattering process. For this, we must think more carefully about the physical system we
have in mind. In our case, this is a “two probe” conductance measurement on our wire,
as pictured in figure 5.2. Our physical system involves connecting our wire to contacts
which serve as reservoirs of scattering particles (e.g., electrons), running a fixed current,
I, through the system and then measuring the voltage, V. Theoretically, it is the ratio

of current to voltage which is interesting, thus we define the unitless conductance of this

system,g = (h/e?)I/V.
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V)

Figure 5.2: “Experimental” setup for a conductance measurement. The wire is connected
to ideal contacts and the voltage drop at fixed current is measured.

In such a setup all of the transverse quantum channels are populated with equal
probability. Since the quantum channels are uniformly distributed in momentum we have for
the probability density of finding a particular transverse wavenumber, p(k,)dk, = ﬁdky.
We also know that k, = VE sin@ and together these give the density of incoming angles in
the plane of the scatterer. p(6)df = %cos 0. We’'ll also assume the scattering is isotropic;
half of the scattered wave scatters backward. So, we have

1 [m/2 o
— P = . .1
R= / P Op0 a0 = (5.1)

The maximum cross section of a zero range interaction in two dimensions is 4/v E

(see 2.4) and corresponds to scattering all incoming s-waves. If we put this into (5.1), we get

R = —Z—. Interestingly, this is exactly one quantized channel of reflection. The wire has

VEW
*/EW and the reflection coefficient

as many channels as half wavelengths fit across it, N, =
is simply 1/N,, indicating that one channel of reflection in free space (the s-wave channel)
is also one channel of reflection in the wire, though no longer one specific channel.

We can check this conclusion numerically (the numerical techniques will be dis-
cussed later in the chapter) as a check on the renormalization technique and the numerical
method. In figure 5.3 we plot the numerically computed reflection coefficient and the the-
oretical value of 1/N, for wires of varying widths, from 15 half wavelengths to 150 half

wavelengths. The expected behavior is nicely confirmed, although there is a noticeable
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discrete jump at a couple of widths where new channels have just opened.
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Figure 5.3: Reflection coefficient of a single scatterer in a wide periodic wire.

As the wire becomes narrower (at the left of the figure) we see that the agreement
between the measured value and the quasi-classical theory is poorer. This is no surprise
since our quasi-classical argument is bound to break down as the height of the wire becomes
comparable to the wavelength and scatterer size. This is a hint of what we will see in
section 5.6 where the limit of the narrow wire is considered. Before we consider that
problem, we develop some necessary machinery. First we compute the Green function of
the empty periodic wire, we then consider the renormalization of the scattering amplitude
in a wire and the connection between Green functions and transmission coefficients.

It is interesting to watch the transition from wide to narrow in terms of scattering
channels. Above, we saw that the scattering from one scatterer in a wide wire can be
understood classically. As we will see later in the chapter, scattering in the narrow wire
(W < a < )) is much more complex. If we shrink the wire from wide to narrow we can

watch this transition occur. This is shown in figure 5.4.
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Figure 5.4: Number of scattering channels blocked by one scatterer in a periodic wire of
varying width.

5.2 The Green function of an empty periodic wire

We now proceed to do some tedious but necessary mathematical work necessary to
apply the methods of chapter 3 to this system. We begin by computing the Green function
of the wire without the scatterer.

The state |k, a) defined by

(@,yk,a) = " xa(y), (5.2)
where x,(y) satisfies

d2

_ﬁXa(y) = €aXa(¥), (5.3)
Y

Xa(0) = xa(W), (5.4)

d d
da|  _ 55)
dy y=0 dy y=Ww

w
/0 C)dy = 1, (5.6)
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is an eigenstate of the infinite ordered periodic wire. We can write the Green function of

the infinite ordered wire as (see, e.g.,[10], or appendix A)

A+ _ o |kaa> <kaa|

a

In order to perform the diagonal subtraction required to renormalize the single scatterer t-
matrices (see section 3.2) we need to compute the Green function in position representation.

Equations 5.3-5.6 are satisfied by

Xo(y) = % with eg=20
2
X (y) = /7 sin (%Way) with g, = (%Wa) (5.8)

Xz(zl)(y) _ \/%COS (21/7;/_‘13/) with ¢, = (QLWG)Zv

where the cos and sin solutions are degenerate for each a.
Since the eigenbasis of the wire is a product basis (the system is separable) we can

apply the result of appendix A, section A.4 and we have:
Gi(2) =Y la) (a] @ 65 (E — €a) (5.9)
a

or, in the position representation (we will switch between the vector r and the pair x,y

frequently in what follows),
Gh(r,x's B) = Gz, y,2",452) = > XaW)Xa(y )9 (2,2 E — £4), (5.10)

where the one dimensional free Green function is

N , 00 eik(mfx’)
ofwasz) = [ ok

B 275 exp (iv/z |z — z'|) if Im{y/z} >0,Re{z} >0
S P (=Pl =a'l) if z=—]\

When doing the Green function sum, we have to sum over all of the degenerate
states at each energy. Thus, for all but the lowest energy mode (which is non-degenerate),

the y-part of the sum looks like:

2 2 2 2 2 —q
sin %aysin%ay'wtcos %aycos %ay' = cos w, (5.11)
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which is sensible since the Green function of the periodic wire can depend only on y — ¢/'.
So, at this point, we have
Gg(x,y,xl,yl;z) = W W W W2

ig,(f) (z,2';2) + 2 io: cos wg;r (x,x'; z— 47T—202> . (5.12)
a=1
As nice as this form for Gg is, we need to do some more work. To renormalize
free space scattering matrices we need to perform the diagonal subtraction discussed in sec-
tion 3.2.2. In order for that subtraction to yield a finite result, Gp must have a logarithmic
diagonal singularity. The next bit of work is to make this singularity explicit.

It is easy to see where the singularity will come from. Since g} (z,z; —|\|) ~ %

for E real there exists an M such that,

1 &1
G} (2, y,7,y; E) ~ const. + o Z -, (5.13)
T Sa

which diverges. We now proceed to extract the singularity more systematically.

We begin by substituting the definition of g, and explicitly splitting the sum into
two parts. The first part is a finite sum and includes energetically allowed transverse modes
(open channels). For these modes the energy argument to g, is positive and waves can
propagate down the wire. The rest of the sum is over energetically forbidden transverse

modes (closed channels). For these modes, waves in the z direction are evanescent. We

define N, the greatest integer such that E — 47m>N2/W > 0, k, = /E — 4w2a2/W? and

ko = \/4m2a? /W? — E and have

. i\/E|mfx’\ i N 27(0,( - l) eika|mfx’|
Gh(z,y, 2",y E) = e Y cos YY)
1 & omaly —y') e Helo—7l
—— . 5.14
W agv cos W X p, (5.14)

In order to extract the singularity, we add and subtract a simpler infinite sum

(see D.1),

L 2l =) O i)
_— COS
27ra 1 w a

1 exp[27(z — z') /W] }

ar { 2 cosh[27(z — ') /h] — 2 cos[2m(y — y') /W]

(5.15)
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to G'p. This gives

_ o iVE|z—1'| i 2maly — y/)
Ghloy,a' s B) = ————— — =3 cos o2
2WVE |t w
eika|m7$’| W exp (—%Wah? — II|)
X J—
ke, 2ima

Ka 2ma

1 oraly — o) [e—nax—x’ W exp (—ZVT,—“M — :Jc’|)]
—— > cos - X

a>N

1 ln{ exp[2n(z — ') /W] }
4 2cosh2m(z — 2') /W] — 2cos[2n(y — ') /W]~

This is an extremely useful form for numerical work. For = # z’ or y # vy we have

(5.16)

transformed a slowly converging sum into a much more quickly converging sum. This is
dealt with in detail in D.2.2.

In this form, the singular part of the sum is in the logarithm term and the rest
of the expression is convergent for all z — z',y — ¢/. In fact, the remaining infinite sum is
uniformly convergent for all z — z’, as shown in (D.2.2). We can now perform the diagonal

subtraction of G,. We begin by considering the x — z',y — 3/ limit of G:
N

» . 1 W
1. G+ ! /. E — ¢ _ L |:_ —_
:v—)xl’{gr/lﬁy’ ((II, Y@y ) 2W\/E wW 1 ka 2ima
b [i _ E}
Wa>N Ke 2Ta
1 ) exp[2n(z — z") /W] }
N | 1 . 5.17
AT oty { 2 cosh[2m(z — 2') /W] — 2cos2n(y — y') /W] (5.17)
We can use equation D.6 to simplify the limit of the logarithm:
1 ) exp[2n(z — 2') /W]
— lim In
AT ' y—y' 2cosh[2m(z — ') /W] — 2 cos2n(y — y') /W]
- L lim In (2_71')2 [(w — 2"+ (y - y')Q]
47 z—a’ y—y' w
- Ll <2_7r>2 +i1- In (Jr —r'|) (5.18)
= &) |t o i —r). -

Since (from A.5.1)

lim G,(r,r';2) = —
r—r! 4

1 (r 1 1
+ 4Yo (0) + > In(VE)+ 2 In(r—r'|), (5.19)



Chapter 5: Scattering in Wires I: One Scatterer 73

we have

Gl(z,y; B) = lim Gz, y, o',y E) - G (r,1'; E)

- s [l W)
WVE W = k., 2ima
1 1 W 1 2 i1
—— — - — - —-Y(0 5.20
W 2 ke 27ra]+27r n<W,/_E>+4 1700, (5.20)

which is independent of z and y as it must be for a translationally invariant system and
finite, as proved in section 2.3.1.
The case of a Dirichlet bounded wire is very similar and so there’s no need to

repeat the calculation. For the sake of later calculations, we state the results here. We have

Gh(z,y, 2,y E) =

na , eikalz—2'| e — 2 alo—a'|
( y) sin ( y) ke  2ima

Z
zN () ) [ |

y+y 2 m(z—z')
—l—Slnh W]

(5.21)

n2 y y + sinh2 w(:;:Ww)

and

_% isim2 (%y) [kia 22%] Z]:V < > Lia - ﬁ}

1 -ﬂ_y} 1 ( > t o lym
In [sm +27r In +4 4Y0 (0). (5.22)

2WVE
5.3 Renormalization of the ZRI Scattering Strength
Recall that the full Green function may be written
G*(E) = GL(E) + G(BE)T" (E)GE(E) (5.23)

where T (FE) is computed via the techniques in chapter 3, namely renormalization of the

free space t-matrices.
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We begin with a single scatterer in free space at x = y = 0. The t-matrix of that

scatterer is (see section 2.4)
t7(E) = () |0) (0] (5.24)

which is renormalized by scattering from the boundaries of the wire:

T*(E) = ST(E)[0)(0] (5.25)
where

S*(B) = s (B) [1 - s*(B)G} 0,0, )| T [1/57(B) = G(0,0; B)| - (5.26)

Thus, for a periodic wire,
i i L1 w
1/ST(E) = 1/sT(E) + st W; [k— — %a]
1 1 w1 o 1
tir 2 [~ o) 2 (rvm) 00 (5:27)

and in the Dirichlet bounded wire,

1/ST(E) = 1/sT(E)+

e w o () i~

1 2Ty L i Ly m)
+4 In [sm } 5 In (h\/—> + 4Yo (0). (5.28)
So we have

G (z,y, 2",y E) = Gi(z,y,2',y; E) + GE(2,y,0,0; E)ST(E)G5(0,0,2',y; E).  (5.29)

with ST(E) defined above.

5.4 From the Green function to Conductance

Since we now have the full Green function in the position representation, we can
compute it between any two points in the wire. We can use this to compute the unitless

conductance, g, of the wire via the Fisher-Lee relation [16, 40],

— Tr(TTT) (5.30)
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where 7 is the transmission matrix, i. e., (7 ) is the amplitude for transmitting from

channel a in the left lead to channel b in the right lead. 7 is constructed from G (r,r’; E)

via
k
(T)ab = —ivay| k—bG;rb(x, 1'; B) exp|—i(kyz — kqoz')], (5.31)
a
where
G:b((II,II:,;E) = <(L‘,a ‘GH_( (II b /Xa LE yax y E)Xb( ,) dydyla (532)

is the Green function projected onto the channels of the leads. Since the choice of z
and 7’ are arbitrary, we can choose them large enough that all the evanescent modes are
arbitrarily small and thus we can ignore the closed channels. So there are only a finite
number of propagating modes and the trace in the Fisher-Lee relation is a finite sum. We
note that the prefactor v,\/kq /Ky is there simply because we have normalized our channels
via foh IXa(y)| dy = 1 rather than to unit flux. More detail on this is presented in [16] and

even more in the review [40].

5.5 Computing the channel-to-channel Green function

We write the Green function of the infinite ordered wire as (see, e.g.,[10])

G(2) Z/ [k, a) (kral (5.33)

z—aa—kQ—He

50 At , 00 etk(z—a")
<:1:,a GB(z)‘w,b>:5ab/_ooz_€a_k2+i€dk. (5.34)
Since
é+(z) = G’g(z) + G’g(z)fﬂr (z)ég(z), (5.35)
and T'(z) = S(z) |rs) (rs| we have
Gjb(ac,x'; z) = Sags (z,7;2)
94 (@,25;2 — €a) Xa (ys) ST (2)x5 (ys) 95 (25,252 — &) ,

If the t-matrix comes from the multiple scattering of many zero range interactions

the t-matrix can be written:

Z Ir3) (6(2)) (rjl- (5.36)
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In that case we will have a slightly more complicated expression for the channel-to-channel

Green function:

G;’b(x,x';z) = w9l (z,2';2)

+2_ 90 (@232 = 2a) Xa (42) (6(2))5 X0 (47) 95 (2,23 2 = €p) ,(5.37)
ij

5.6 One Scatterer in a Narrow Wire

Whereas the wide wire can be modeled classically, the narrow wire is essentially
quantum mechanical. In fact, what we mean by a narrow wire is a wire with fewer than
one half-wavelength across it.

When the wire becomes narrow, the renormalization of the scattering amplitude
due to the presence of the wire walls becomes significant. This is immediately apparent when
we consider the case of a wire which is narrower than the scattering length of the scatterer.
In essence, we consider reducing a two-dimensional scattering problem to a one-dimensional
one by shrinking the width of the wire.

We’d like to consider the case where the wavelength, A, is much larger than the
width of the wire. This cannot be done for a wire with Dirichlet boundary conditions since
there the lowest energy with one open channel gives a half wavelength across the wire. We
will instead use a wire with periodic boundary conditions to consider this case. If the wide
wire result remains valid, we would expect the transmission coefficient to be zero when
there is only one open channel since, in the wide wire, our scatterer reflected exactly one
channel. However, as we already saw in figure 5.4 this is not the case. As we see in more
detail in figure 5.5, the transmission coefficient has a surprisingly non-trivial behavior when

the width of the wire shrinks below a wavelength.
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Figure 5.5: Transmission coefficient of a single scatterer in a narrow periodic wire.

It is possible to define a sort of cross-section in one dimension, for instance via
the d = 1 optical theorem from section 2.2. In figure 5.6, we plot the cross-section of the

scatterer rather than the transmission coefficient.
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2.2 T T T T

Cross Section (1D)

Cross ISection —

1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
Half Wavelengths Across Wire

0.2

Figure 5.6: Cross-Section of a single scatterer in a narrow periodic wire.

There are various unexpected features of this transmission. In particular, why
should the transmission go to 0 at some finite wire width? Also, why should the transmission
go to 0 for a zero width wire? A less obvious feature, but one which is perhaps more
interesting, is that for very small widths the behavior of the transmission coefficient is
independent of the original scattering strength.

These features are consequences of the renormalization of the scattering amplitude.
To see how this transmission occurs, we compute the full channel-to channel Green function
for one scatterer in the center (z = 0) of a narrow (h — 0) periodic wire. Since the wire is
narrow, there is only one open channel so the channel to channel Green function has only

one term.
1. —+ ! ,'E — + ’.E
VVIEOGOO(:E,y,x’y’ ) 9o (ZE,ZU, )

1 . 1
5 (2,0:) = | fim, ()| —= g (0.0's0).
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The small W limit of ST(E) is straightforward. Using the result (5.27), we have

] o0 -1
S+(E)={m—%1n<%>+%;{%—%” . (5.38)
For small W,
1/kq = ;jr/a <1 + i‘;‘;) (5.39)
and so the closed-channel sum may be approximated
L~ 1 (EW?) _EW? & EW? EW?
2t ~a (87r2a2> 1673 az: a3 1673 ((3) = 1.2 TR (5.40)
So | -
st " [QWZ\/E - % . (%) 12%] : (5.41)

Using the definition of g, and factoring out the large i/2W+/E in ST we have

. + oo, ~ —1 iVE|z—a!|
V%}EOGOU(:anax Y 7E) 2\/@6
LT B L
2VE VW
2W\/E WVE (27ma ES12W3
X - 1+ ———In —1.2———
i w 8im3
1 z\/_|:v|
5.42
W 2\/_ (542)
which, after the dust settles, can be re-written as
. (+) 1o, -~ v iVE|z—d'|
V%/H_I:OGOU ($7y7$7y7E) ~ 2@6
; 3/21173
o VBl |, WVE <27T_“> B Wislis)
WE 1T w 8im3

Since we are interested only in transmission, we can assume z < 0 and 2’ > 0 so |z — 2| =

|z| + |2'|. With this caveat, we have

. m | A 2ma EW?
i G (o1l B o oV ECal ) [ <_>_1.2— . 44

Finally, from (5.31), we have

“ra = (5.45)

3/21173
(T)oo = —i [W;/E In (27m> — I.QL W ] ,
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since, in units where /> [2m =1,v = 2/ E. We have plotted this small W approximation
|(T)oo|* in figure 5.5. We see that there is good quantitative agreement for widths of fewer
than 1/4 wavelength. What is perhaps more surprising is the reasonably good qualitative

agreement for the entire range of one wavelength.



Chapter 6

Scattering in Rectangles I: One

Scatterer

In this section we begin the discussion of closed systems and eigenstates. As with
the scatterer in a wire problem, we have quite a bit of preliminary work to do. We first
compute the Background Green function, Gp and the diagonal difference (r|Gp — G,|r)
for the Dirichlet rectangle.

We then perform a simple numerical check on this result by using it to compute
the ground state energy of a 1 x 1 square with a single zero range interaction at the center.
We compare these energies with those computed by successive-over-relaxation (a standard
lattice technique [33]) for a hard disk of the same effective radius as specified for the scat-
terer. This provides the simplest illustration of the somewhat subtle process of extracting
discrete spectra from scattering theory.

We then compute the background Green function and diagonal difference for the

periodic rectangle (a torus), as we will need that in 9.

6.1 Dirichlet boundaries

6.1.1 The Background Green Function

We consider a rectangular domain, D, in R? defined by

D=[0]]x[0,W]={(z,y)|0<z<,0<y < W} (6.1)

81
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We wish to solve Schrodinger’s equation

h2v2 E|lyp(F) =0 6.2
oVt P(r) =0, (6.2)

in the domain D subject to the boundary condition
7€ ID = ¢(7) =0, (6.3)

where 0D is the boundary of D.

As in the previous chapter we set % = 1. Our equation reads
0? 0?
E =0. 6.4
(W 82+>¢( ) (64)

The eigen-functions of £ = — (% + 83—;2) in the above domain with given boundary con-

b (2,1) = \/ILW sin ("%‘”) sin (%) : (6.5)

dition are

which satisfy

02 2 2,2 2,2

We can thus write down a box Green function in the position representation

4 X sin (T) sin ("7;‘”’) sin (mvgy) sin (%y,)

Gp(z,y,2',y; E) = , (6.7)
W n%; E-np _mo
which satisfies
82 82 ! ! !
R a — | Gp(z,y,2",y';2) = 6(x — 2)d(y — ¢/). (6.8)

6.1.2 Re-summing the Dirichlet Green Function

As in the previous chapter, we’d like to rewrite this double sum as a single sum. We
can do this by rearranging the sum and recognizing a Fourier series. First we re-arrange 6.7

as follows:

nra\ . (nmr'\ 2 < sin(FFY)sin (%y’)
Gp(z,y,',y'; E) Zsm< )SIH<T>WZ (E—@)—mw - (6.9)
m=1 2 w2
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We define

(6.10)
N = H\/E] (6.11)

2.2
Fn = ”lf —E, (6.12)

where [z] is the greatest integer less than equal or equal to z. and then apply a standard

trigonometric identity to the product of sines in the inner sum to yield

m(y—y') mm(y+y')
2 o0 ! 0 oS mi — cos
GB($7ya$layl§ E) = 7 nX::ISin (Tblﬂ> sin (@) E ( w ) ( W )

e m=1 ?r/_;k% —m?
(6.13)
We now need the Fourier series (see, e.g.,[18])
i cosnz 7 cos[a(m — )] 1 (6.14)
“— a? —n? 2 asinma 202’ )

for 0 < z < 27. So we have

2 . (nmz\ . [nnz
Gp(z,y, o',y E) = Tnz:lSHl(T)Sln( 7 >

><lcos [kn (W — (y —¢'))] — cos [kn (W — (y +4))]
2 Ky, sin hky, ’

and, after applying trigonometric identities, we have

2 X /
GB(:E,y,:E,,y,;E) = _7 Z sin (n’;—x> sin (nﬂl—x )
n=1

st By (W = y)]sin [kny
kn sink, W '

We now re-write our expression for Gp yet again:

sin (27%) sin ("7?,) sin(kpy') sin [ky (y — W]
ky, sin (k, W)

>

n=1

Gp(z,y. 2,y E) =

+2 c  sin (%7%) sin ("7;‘”’) sinh(k,y') sinh [k, (y — T/V)l6 15)
Kn, sinh (K, W) e

n=N+1
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6.1.3 Properties of the Re-summed Gp

As we will show below, the sum in (6.15) is not uniformly convergent as y — /.
However, this limit is essential for calculation of renormalized t-matrices. We can, however,
add and subtract something from each term so that we are left with convergent sums and
singular sums with limits we understand.

Since the sum is symmetric under y <> y' (this is obvious from the physical sym-
metry as well as the original double sum, equation 6.7), we may choose y < y'. We define

d =y —y > 0. and re-write the sum (6.15) as follows:

o N sin (%7%) sin nmz’ sin(kny') sin [k, (y — W)]
Gp(z,y, o',y k) = = ) ( l )

L= ky, sin (k, W)
1 o0
+7 > up, (6.16)
n=N+1
where
. (nrz\ . (nmz"\ sinh (k,y)sinh [k,(W —y — 0)]
n =2 — - . 1
“ i ( l > i ( l ) Kp sinh (k, W) (6.17)
We rewrite u, to simplify the following analysis.
—1
. <n7m> . (mrx') (1 - €—2nnW)
U, = —sin|{——sin X
l [ Kn
[e*W e rn(2y40) | gk (2W—0) _ e—nn(2wf2y+6)] _ (6.18)

We define

gn(€) = sin <@> sin (””I> (L G_MW)_I e=rné. (6.19)

l l Kn
We observe that for M < n

[1 — exp(—26,W)]”"

(@) < o)
—1
< [1 - eXP(;AQ;MW)] exp (—£ng)
[1 — exp(—2kpW)] ™ El
< . exp <—T€> exp (ﬁf)
— expl(— -1
- 1—e p(ﬁi[liMW)] exp <2AE4Z7T§> exp <_7T7n§> , (6.20)
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and therefore

> [1—exp (=2kyW)] ! El —Mr¢ 1
3 0 < IR o (e e ( l”)l_exp(_ng), (6.21)

which converges for £ > 0 but not uniformly. Thus we cannot take the & — 0 limit inside

the sum. However, if we can subtract off the diverging part, we may be able to find a

uniformly converging sum as a remainder. With that in mind, we define

hn (&) = sin (mlrw) sin (m;x') nl—ﬁ exp (—?5) (6.22)

We first note that the sum > o2 ; hy,(£) may be performed exactly (see appendix D) yielding:

o 1 sin? [MITJ;“‘J)] + sinh? (%é)
Z hn(§) = Ar In { sin2 [w(mQ—l:v’)] + sinh? (g_lg) } : (6.23)

n=1

We now subtract hy,(§) from g, (€) to get

. <n7rx> . (mrac') l
sin | —— ) Ssin — X
l [ nmw
. -1 B2\ "’ n B n

As we show in appendix D, we can place a rigorous upper bound on > 7% 1/ [gn (&) — hn(€)]

for sufficiently large M.

More precisely, given
[y— 1 EI2\1?

3 l6) = ha(6) < sy (1 35 exn (<I57e). 626)

and Yo% 1/ [gn (&) — hp(€)] is uniformly convergent in & € [0, W].

then

We now have

Gp(z,y, 2,y E) =
N sin (272) sin (mel) sin(kny') sin [k, (y — W)]
2

Z ky, sin (k, W)

n=1
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N

—% S [—ha(8) + ha(2y + 8) — hn(2W — 8) + hn(2W — 2y + 6)]
n=1

+% i [—hn(0) + hn(2y 4+ 0) — hp(2W = 6) + hy(2W — 2y + §)]
n=1

F1Y —[0a(0) — 9]
n=N+1

+% > 902y +6) — hn(2y + 6)]
n=N+1

1Y [on(2h—8) — ha(2h — )]
n=N+1

+% > (g2 2W — 2y + 6) — hy(2W + 2y — 6)] (6.27)
n=N+1

The infinite sums of A’s can be performed (see appendix D) so we have

Gplz,y,2",y" E) =
N sin (%F£) sin (”7;‘”') sin(kyy') sin [k, (y — W)]
2 Z ky sin (k, W)

== [=hn(0) + hn(2y + 6) — hy(2W — 6) + hyy(2W — 2y + 6)]

1 sin® [ ] + sinh? ( 2y+6))
} " 4 . { sin® [W ] + sinh? ( 2y+5))
(m+$ )} + sinh? ( (2W;lZy+6)) }

™ :v+x

+ Z —[gn () — hn ()]

n=N+1

+ i [9n(2y + 0) — hn(2y + 9)]
n= N+1

+ Z [gn(2h — ) — hp(2h — 8)] (6.28)
n=N+1

T i [9n (21 — 2y + 6) — hn(2h + 2y — 0)] . (6.29)
n=N+1

When using these expressions we truncate the infinite sums at some finite M. The analysis

in appendix D allows us to bound the truncation error. With this in mind we define a
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quantity which contains the non-singular part of Gp truncated at the M th term:

Su(z,y, 7',y E) =
N sin (%F£) sin (”7;‘”') sin(kyy') sin [k, (y — W)]

— ky sin (k, W)
N
—% S [ hn(6) + hn(2y + 8) — hn(2W — 8) + hn(2W — 2y + 6)]
n=1
1 | sin? [W il ] + sinh? (7T 2y+9) ) 1 | sin? [ (:Hx )] + sinh? ( m(2 1/2‘;_6))
i | sin? [T sin? (T [ A | i [Lm ]+ sink? (25 20)
1 San |:7r T4z’ ] + sinh2 (7r 2W 2y+5 )
+—1In
4m sin? [W ] + sinh? (7T 2W 2y+6 )
M
+ Z - [gn((s) - hn(g)]
n=N+1
M
+ > lgn(2y +0) = ha(2y +0)]
n=N+1
M
+ D —[9n(2h = 0) = hn(2h - )]
n=N+1
M
+ > lgn(2h — 2y + 8) — hn(2h 4 2y — )] (6.30)
n=N+1

So

1 sin [ (H—x )] + sinh? [ (y;l_y)]
Gp(z,y, ',y E) ~ Sy (z,y,2',y'; E) — yp In { . [”(IZ - )] Y [ (y;;y)] } . (6.31)

We now have an approximate form for G which involves only finite sums and straightfor-

ward function evaluations. This will be analytically useful when we subtract G, from Gp.

It will also prove numerically useful in computing G p.

6.1.4 Explicit Expression for G3(r; k?)

Within the dressed-t formalism, we often need to calculate G(r,r; 2) — Gy (r,1; 2).
This quantity deserves special attention because it involves a very sensitive cancellation of

infinities. Recall that

lim Gy(r,r'; k%) = lim L In (k|r — r'|) + iY(R) (0) — L (6.32)

r—r! r—r’ 27 ° 4’
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where YO(R) is the regular part of Y, as defined in equation A.48 of section A.5.1.

If Gp — G, is to be finite, we need a canceling logarithmic singularity in Gp.
Equation 6.31 makes it apparent that just such a singularity is also present in Gp. The
logarithm term in that equation has a denominator which goes to 0 as r — r’. We carefully

manipulate the logarithms and write an explicitly finite expression for G — G,
Gp(r;E) =

2 rc

sin

(6.33)

SM(xayaxaya )+ Zn 1

5 Ikl =¥ (0) & o (5) = g o sin ) +

6.1.5 Ground State Energies

One nice consequence of equation 3.44 is that it predicts a simple formula for the
ground state energy of one scatterer with a known Green function background. Specifically,
(3.44) implies that poles of T'(E) occur when

1

S(E) = Gp(rs; E) (6.34)
From section 2.4 we have
1 1/, Y, (ka)
=10 7w) (6:35)
for ka < 8 we have
1 7 1 1 7 1 1
_t_ - _ —yv(R) = _
SE) 1 2r In (k0) 4YO (kPB) 1 o In kl o Ing. (6.36)
We define F(E) = S(IE) — Gp(r;E) so
. Yo(ka) 1 1 (R)
F(E) = 1, (ka) + o Inkl + 4Yo (0)

2 mr:v

—Su(X,Y,X,Y) ——Z

1 1
—glnz + ElnsmwX

We can use the ka < 8 expansion of the Neumann function to simplify F' a bit:

F(E) = —%lna/l—i[YO(R)(ka)—YO(R)(O)}
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1 & sin? 272

_SM(xayaxay)_;Z l

n
n=1
1l W—l—ll . T
o 2 T am T

In figure 6.1 we compare the numerical solution of the equation F(E) = 0 with a
numerical simulation performed with a standard method (Successive Over Relaxation [33]).
6.2 Periodic boundaries

6.2.1 The Background Green Function

We consider a rectangular domain, €2, in R? defined by
Q=[0,]x[0,W]={(z,9)|0<z<,0<y < W} (6.37)
We wish to solve Schrodinger’s equation

h2
[—VZ +E| () =0 (6.38)

2m

in the domain € subject to the boundary conditions

p(0,y) = ¥(l,y),
oben)| = govew)|
P(z,0) = ¢z, W),
sben| = geen|
We set % = 1. Our equation reads
(88—;2 + 88—:2 + E> P(x,y) =0. (6.39)
The eigen-functions of £ = — (38—; + 3‘9—;) in the above domain with given boundary con-
dition are
(ﬁg%(x,y) = \/IQW sin <2nl7rx> sin (27;;@) , (6.40)
o2 (z,y) = \/l2W cos <2nl7r:1:> cos (277‘;@) , (6.41)
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Succesive Over-Relaxation and Dressed-t-Matrix: Ground State Energies
I I I I I

120 ©

100 -
®

80 -

40

&

SOR
50 & | | | Dressed-t Matrix
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Scattering Length (radius), £

Numerical Simulation and Dressed-t Theory for Ground State Energy Shifts (small /3)
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28

26

E 24

22 -
Simulation <
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Eg ——
| | | |
0 0.002 0.004 0.006 0.008 0.01

Scattering Length ()

Figure 6.1: Comparison of Dressed-t Theory with Numerical Simulation
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2 2nmx 2mm
3) — : Y
by (z,Y) T sin ( 7 ) cos ( W ) , (6.42)
2 2nmx 2mm
(2) — . Y
Gron(T,Y) iTia cos < i > sin ( W > , (6.43)
(6.44)
all of which satisfy
0? 0? n2m2 m27r2

Note that the m = 0 and n = 0 is permissible but only the cosine state survives so there is

no degeneracy. We can thus write down a box Green function in the position representation

9 4 X cos (m‘xl_x") cos (mﬂélv_y’|)
GB(IL'aya 7y E) ZWE W el B — % — mwz/gz , (646)

where trigonometric identities have been applied to collapse the sines and cosines into just
two cosines. We note that this Green function depends only on |z — z'| and |y — ¢/| as it

must.

6.2.2 Re-summing Gp

As with the Dirichlet case, we’d like to re-sum this Green function to make it a
single sum and to create an easier form for numerical use and the G, — G p subtraction.
We begin by reorganizing G as follows:

mm|z—z'|
COS — 1

o0
W2

and then apply the following Fourier series identity (see, e.g.,[18]) to the inner sum:

>, coskx mcos |a(m — x 1
T [a( )]

= — - — 4
= —k2 2 asinarm 2a?’ (6.48)
for 0 <z < 2.
We define

w
N = {—\/E} (6.49)

2

42?2
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472n?
X = |z—2| (6.52)
Y = |ly—y| (6.53)

where [z] is the greatest integer equal to or less than z. We now have

cos [VE (4 - X)] ZnY ) cos [k (§ - X)]

- B N cos(
Gp(X,Y;E) = 2h\/Es1n(\/_l) W; kznsin(kzn%)
1 & 005(2 ) [ (%_X)]
W n:%;-i—l K Sinh (Klné) ‘ 059

We now follow a similar derivation to the one for Dirichlet boundaries. We choose

an M > N such that we may approximate k, ~ 27r—” We can then approximate Gp by a

finite sum plus a logarithm term arising from the highest energy terms in the sum. That
sum looks like

1 & cos (QT”nY) e~ TnX

)
2 ne M1 n

(6.55)

where X = X (mod %) We can sum this using (see e.g.,[18])

i%:m( ! ) (6.56)

We define

s [VEG-9)] 4

2h/E sin (\/_l)
1 M cos (QW” Y) cosh [nn (% - X)]

___ . 6.57
w n:zN:Jrl Kp, sinh (ﬁn%) ( )

M
SM(X,Y, E)

and write our approximate Gp as

]. T 2 T
Gp(X,Y;E) ~ SM(X,Y,E)+—1In {1 — 2" WX cos WY + eWX}

+o- > - (6.58)
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6.2.3 Explicit Expression for G(r; E)

With this re-summed version of Gp we can write an explicitly finite expression for

Gp(r; E) = Gp(r,r; E) — Go(r,1; E), (6.59)

though both Gp(r,r; E) and G,(r,r; E) are (logarithmically) infinite.
As with the Dirichlet case, all we need to do is carefully manipulate the logarithm

in Gg in the X,Y — 0 limit. Our answer is

Gp(r; E) = S$(0,0, E) — 2— ln— + 5 Z - ) + %X (6.60)
n:l



Chapter 7

Disordered Systems

7.1 Disorder Averages

7.1.1 Averaging

When working with disordered systems we are rarely interested a particular real-
ization of the disorder but instead in average properties. The art in calculating quantities
in such systems is cleverly approximating these averages in ways which are appropriate for
specific questions. In this section we will consider only the average Green function of a dis-
ordered system, (G) (rather than, for instance, higher moments of G). Good treatments of
these approximations and more powerful approximation schemes may be found in [10, 34, 9].

Suppose, at fixed energy, we have N ZRI's with individual t-matrices #;(E) =
si|ri) (r;|. Any property of the system depends, at least in principle, on all the variables
si,r;. We imagine that there are no correlations between different scatterers (location or
strength) and that each has the same distribution of locations and strengths. Thus we can

define the ensemble average of the Green function operator G(FE):

N
(G) = lH / dri ds; pe (v5) ps(si)| G (7.1)
i=1

We will typically use uniformly distributed scatterers and fixed scattering strengths.
In this case py (r;) = % where V is the volume of the system and ps(s;) = 8,0 (8; — $o) where
So 18 the fixed scatterer strength.

We can write G as G, + G, TG, and, since GG, is independent of the disorder,
(G) =G, + G, (T) G,. (7.2)

94
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Thus we must compute (T'). This is such a useful quantity, there is quite a bit of machinery

developed just for this computation.

7.1.2 Self-Energy

The self-energy, ¥, is a sort of average potential (though it is not (V') defined via
(G) =G, + G2 (G), (7.3)

and thus
@ t=gyt -3 (7.4)

This last equation explains why we call ¥(E) the self-energy,

G, -2 =[E-3%]-H,. (7.5)

o

Within the first two approximations we discuss, the self-energy is just proportional to the
identity operator so it can be thought of as just shifting the energy.
We can also use (7.3) to find ¥ in terms of (T):

S =(T)(1+Go ()", (7.6)

or for (T') in terms of X:

(T) =% (1-%G,) . (7.7)

Thus knowledge of either (T') or ¥ is equivalent.

Recall that G = G, + G, TG, = G, + G,VG, + G,VG,VG, + - - - means that the
amplitude for a particle to propagate from one point to another is the sum of the amplitude
for it to propagate from the initial point to the final point without interacting with the
potential and the amplitude for it to propagate from the initial point to the potential,
interact with the potential one or more times and then propagate to the final point. We

can illustrate this diagrammatically:

>:< >§\ I?< l’>‘<\ >§\ >:< I?< >§\ I%< >§\ /)<
G=—— +—4— +-9d |46 +-04d +0%é b + - (738

where solid lines represent free propagation (G,) and a dashed line ending in an “x” in-
dicates an interaction with the impurity potential (V). Each different “x” represents an

interaction with the impurity potential at a different impurity. When multiple lines connect



Chapter 7: Disordered Systems 96

to the same interaction vertex, the particle has interacted with the same impurity multiple
times.

An irreducible diagram is one which cannot be divided into two sub-diagrams just
by cutting a solid line (a free propagator). The self-energy, ¥, is equivalent to a sum over

only irreducible diagrams (with the incoming and outgoing free propagators removed):
I I\ I 1N
+ v oy N A+ (7.9)
I I I [N
é —>b 45 4>

which is enough to evaluate G since we can build all the diagrams from the irreducible ones

Y=

by adding free propagators:
(G) = Gy + GoBGo + GoBGoSGo+ - = Gy (1 — BG,) (7.10)

There are a variety of standard techniques for evaluating the self-energy. The
simplest approximation used is known as the “Virtual Crystal Approximation” (VCA).
This is equivalent to replacing the sum over irreducible diagrams by the first diagram in the
sum, i.e., 3 = (V). Since we don’t use the potential itself, this approximation is actually
more complicated to apply then the more accurate “average t-matrix approximation’ (ATA).
We note that, in a system where the impurity potential is known, (V') is just a real number
and so the VCA just shifts the energy by the average value of the potential.

The ATA is a more sophisticated approximation that replaces the sum (7.9) by a

sum of terms that involve a single impurity,

X X X X
I n m )
| I\ I m
Yo + v oy o ey (7.11)

I I I AR
é —b 45 bbb
but this is, up to averaging, the same as the single scatterer t-matrix, t;. Thus the ATA is

equivalent to ¥ = (3", ¢;). This approximation neglects diagrams like

which involve scattering from two or more impurities. We note that scattering from two
or more impurities is included in G, just not in 3. Of course while scattering from several

impurities is accounted for in GG, interference between scattering from various impurities is
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neglected since diagrams which scatter from one impurity than other impurities and then

the first impurity again are neglected. That is,

is included but % %

is not. At low concentrations, such terms are quite small. However, as the concentration
increases, these diagrams contribute important corrections to G. One such correction comes
from coherent backscattering which we’ll discuss in greater detail in section 7.5.

We will use the ATA below to show that the classical limit of the quantum mean
free path is equal to the classical mean free path. For N uniformly distributed fixed strength

scatterers, the average is straightforward:

500 = [TTL [ s ds otss — 50)| S8 1 — 1) (7.12)
ti = - r; as; 0{S; — So S0 \r; —r). 12
(Z0) =I5/ |z

i=1
For each term in the sum, the r delta function will do one of the volume integrals and the
rest will simply integrate to €2, canceling the factors of 1/V out front. The s delta functions

will do all of the s integrals, leaving

N
Y <Zt}> = %so = ns,. (7.13)
i=1

Thus the self energy is simply proportional to the scattering strength multiplied by the
concentration. We note that s, is in general complex and this will make the poles of the
Green function complex, implying an exponential decay of amplitude as a wave propagates.

We will interpret this decay as the wave-mechanical mean free time.

7.2 Mean Free Path

7.2.1 Classical Mechanics

Consider a domain of volume V in d-dimensions with reflective walls. V' has units

of [length]?. Suppose we place N scattering centers in this domain at random (uniformly

]d—l

distributed), each with classical cross section o. o has units of [length]*~". Now suppose
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we have a point particle that has just scattered off of one of the scattering centers. It now
points in a random direction. What is the probability that it can travel a distance £ without
scattering again?

If the particle travels a distance x without scattering, then there must be a tube
of volume zo which is empty of scattering centers. The probability of that is given by the
product of the chances that each of the NV scatterers (without the reflective walls this would
be N — 1 but since we will take N large and we do have reflective walls, we’ll leave it as N)

is not in the volume xzo. That chance is 1 — %" SO

P = (1-2)" (714)

More precisely 1 — P(gN) (x) is the probability that the free path-length is less than or equal

to z. We define n = N/V, the concentration. So

N
Ton
PN (z) = (1 - ) (7.15)
We take the N — oo while n = const. limit which is valid for infinite systems and
a good approximation when the mean free path is smaller than the system size. We have

P,(z) = lim PN (z) = e "7, (7.16)

N—oo
and thus the quasi-classical mean free path is

14 %2 P, dl - P, dl ! 7.17
aw=@=[ e (Q-P@)d= [ Pd=— (7.17)
Quasi-classical (indicated by the subscript “qc”) here means that the transport between
scattering events is classical but the cross-section of each scatterer is computed from quan-

tum mechanics.

7.2.2 Quantum Mechanics

The mean free path is not so simple to define for a quantum mechanical system.
After all, a particle no longer has a trajectory or a well defined distribution of path lengths.
What then do we mean by the mean free path in a quantum mechanical system?

One possibility is simply to replace the classical cross-section in the expression (7.17)

with the quantum mechanical cross-section, o (we’ll refer to this as the “quasi-classical”
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mean free path). In what follows we’ll show that this is equivalent to the low-density
weak-scattering approximation to the self-energy discussed above.
We begin by noting that the free Green function takes a particularly simple form
in the momentum representation:
5(p—p')
Go(p, P E) = BB, (7.18)

From this and the low-density weak-scattering approximation to ¥ we have

i(p —p')

. _
If we write X = A — iI" we have
6 _ !
(G(p,p'; B)) = —P—F) (7.20)

CE-A+il—Ey
Now we consider the Fourier transform of this Green function with respect to energy which
gives us the time-domain Green function in the momentum representation (we are ignoring
the energy dependence of ¥ only for simplicity):

G.pst) = [ BTGP E)

e i i(p —p')
_ dE Bt
/,oo ¢ E—A+il-E,
Yo iEpt A Tt

= —ié(p—p

which implies an exponential attenuation of the wave if —I" = Im{3} is negative.

For the ATA, we have > = ns, which, for a two dimensional ZRI with scattering

—4iJ,(VEa)

o/ Ba) and thus

length a, is n
(7.21)

which is manifestly negative.
We can associate the damping with a mean free time, 7 via I' = 1/27. Since, at
fixed energy, the velocity (in units where h?/2m = 1 is v = 2y/E) we have for the mean

free path, /¢

2
(o= VE 7oV - (7.22)

reproducing the quasi-classical result.
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7.3 Properties of Randomly Placed ZRI’s as a Disordered
Potential
In this section we will be concerned with averages of T in the momentum rep-

resentation. As in 7.2.2 we will assume the validity of the low-density weak-scattering

approximation to 7" N
T~ Z si |rs) (vl - (7.23)
In momentum space, this can be erittenh1
(k|T|K') = T(k,K') ~ Zsl ik ri (7.24)
Using the average (7.1), we have
(T(k,X')) = N (s) f(k — k), (7.25)

where

=3 / DT (7.26)

The function f, has a two important properties. Firstly, f(0) = 1 which implies, as we saw

in 7.1.1, that (T') = N (s). Also, when the bounding region, €2, is all of space we have

flaq) = %5@) = dq0 (7.27)

Together, these properties imply that the average ATA t-matrix cannot change the momen-
tum of a scattered particle except insofar as the system is finite. A finite system will give a
region of low momentum where momentum transfer can occur but for momenta larger than
1/L,, momentum transfer will still be suppressed.

We now consider the second moment of 71" or, more specifically,

(1T, = (T, K))[). (7.28)
Since
N !
T (kk') Zsse il k)rs ik —k)rj (7.29)
i,j=1
we have

N N
> (JsP) + 2 s 1 (e — K

=1 i#j

= N(IsP) + (N? = N) () | £ (k = K)*. (7.30)

(T, 1))

&

.
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Thus
(|70, k) [* = (T, K)) ) = N [(Is]7) = [(s)[ | £ (k = K)|7] (7.31)
We note that if s; = s, Vi we have
(|70, k) [* = (T (1, ))& Nlso|* [1 = | £(k = K] . (7.32)
In this case,
(170, 10> = [(T(k, K))[*) = 0 (7.33)

At this point it is worth considering our geometry and computing f explicitly.
We’ll assume we are placing scatterers in a rectangle with length (x-direction) a and width

(y-direction) b. Then we have, up to an arbitrary phase,

f(q) = sinc % sinc % (7.34)
where _
ﬁmwzsix. (7.35)

Thus 1 — |f(k — k')|2 is zero for k = k’ and then grows to 1 for larger momentum transfer.
The zero momentum transfer “hole” in the second moment of T is an artifact of a potential
made up of a fixed number of fixed size scatterers. To make contact with the standard
condensed matter theory of disordered potentials, we should allow those fixed numbers to
vary, thus making a more nearly constant second moment of T'. We can do this easily enough
by allowing the size of the scatterers to vary as well. Then < |s|?2 > —| < s > |2 # 0. In fact
we should choose a distribution of scatterer sizes such that < |s|> > —| < 5 > |? =< |s|2 >

Of course, the scatterer strength, s, is not directly proportional to the scattering
length. For example, if the scattering length varies uniformly over a small range da. It is

straightforward to show that, for small da,

<|sPP>—|<s> P~ (7.36)

7.4 Eigenstate Intensities and the Porter-Thomas Distribu-
tion

One interesting quantity in a bounded quantum system with discrete spectrum

(e.g., a Dirichlet square with random scatterers inside) is the distribution of wavefunction
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intensities, ¢, at fixed energy F,

P(t) = A <Z 6 (1= I(xo)*) 6 (B~ Ea>> (7.37)

where A is the mean level spacing and r, is a specific point in the system. Since P(t) is a
probability distribution, we have [5° P(t)dt = 1 and since the integrated square wavefunc-
tion is normalized to 1, we also have [;°tP(t)dt = 1/Q.

Though computing this quantity in general is quite hard, we can, as a baseline,
compute it in one special case. As a naive guess at the form of the wavefunction in a
disordered system, we conjecture that the wavefunction is a Gaussian random variable at

each point in the system. That is, we assume that the distribution of values of ¥, p(¢) is
p(1h) = ae VI, (7.38)

where ¢ and b are constants to be determined. We note that in a bounded system, we can
make all the wavefunctions real. We proceed to determine the constants a and b. First, we
use the fact that p is a probability distribution so [*°_ p(z) dz = 1 which gives

o0
1= a/ e " dr =a % (7.39)

implying b = a?m. We also know that the normalization of ¢ implies [*_ 2?p(z) dz = 1/

which implies

1 R WY S 1
5201/700I6 armr dI:W, (740)

implying a = /§2/27. So we have

p(yp) = @e—w. (7.41)

From this, we can compute P(t) via

P(t) = / 6 (t- 1) ple) du = / ® oV @t VY g (7.42)

o —o 2|z|

We use the delta functions to do the integral and have
P(t) = —=. (7.43)

After substituting our previous result for p, we have

lQ
P(t) =/ 5—e /2 (7.44)



Chapter 7: Disordered Systems 103

which is known as the “Porter-Thomas” distribution.
If time-reversal symmetry is broken, e.g., by a magnetic field, the wavefunction
will, in general, be complex. In that case we can use the same argument where the real part

and imaginary part of i are each Gaussian random variables. In that case we get
P(t) = e, (7.45)

This difference between time-reversal symmetric systems and their non-symmetric counter-
parts is a recurring motif in disordered quantum systems.

A derivation of the above results from Random Matrix Theory (using the as-
sumption that the Hamiltonian is a random matrix with the symmetries of the system) is
available many places, for example [14]. In this language, the Hamiltonian of time-reversal
invariant systems are part of the “Gaussian Orthogonal Ensemble” (GOE) whereas Hamil-
tonians for systems without time-reversal symmetry are part of the “Gaussian Unitary
Ensemble” (GUE). We will adopt this bit of terminology in what follows.

Of course, most systems do not behave exactly as the appropriate random matrix
ensemble would indicate. These differences manifest themselves in a variety of properties
of the system. In the numerical simulations which follow in chapters 8 and 9 we will see
these departures quite clearly.

For disordered systems, GOE behavior is expected when there are many weak
scattering events in every path which traverses the disordered region, guaranteeing diffusive
transport without significant quantum effects from scattering phases. More precisely, to see
GOE behavior, we expect to need a mean free path which is much smaller than the system
size (¢ << L) but much larger than the wavelength (¢ >> X\). We will see this limit emerge

in wavefunction statistics in chapter 9.

7.5 Weak Localization

In the previous section, we discussed one consequence of the assumption of a
random wavefunction. Of course, the wavefunction is not random, it shows the consequences
of the underlying classical dynamics. In the next few sections we explore some consequences
of the underlying dynamics for the quantum properties.

Weak localization is a generic name for enhanced probability of finding a particle

in a given region due to short time classical return probability. In quantized classically
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chaotic (but not disordered) systems, wavefunction scarring [20] is the best known form
of weak localization. In disordered systems, the most important consequence of of weak
localization is the reduction of conductance due to coherent back-scattering.

It is not difficult to estimate the coherent back-scattering correction to the con-
ductance. We begin by noting the conductance we expect for a wire with no coherent
backscattering. Specifically, when L >> ¢ >> )\ we expect the DC conductivity of a

disordered wire to satisfy the Einstein relation
I = e’yyD, (7.46)

where I' is the conductivity, e is the charge of the electron, v is the d-dimensional density
of states per unit volume and D is the classical diffusion constant.

The DC conductivity, I is proportional to P(ry,ry), the probability that a particle
starting at point r; on one side of the system reaches ro on the other side. Quantum

mechanically, this quantity can be evaluated semiclassically by a sum over classical paths,

b, .
P(ri,ry) = ZAp ) (7.47)
P
where A, = |Ap|e"®? and S, is the integral of the classical action over the path. The
quantum probability differs from the classical in the interference terms:
P(I‘l, 1‘2) = P(I‘l, r2)classical + Z ApA;;/. (748)

p#£p’

Typically, disorder averaging washes out the interference term. However, when
r| = ry, the terms arising from paths which are time-reversed partners will have strong
interference even after averaging since they will always have canceling phases. Since every

path has a time reversed partner, we have

(P(r,r)) = 2(P(r,r) (7.49)

classical> .

But this enhanced return probability implies a suppressed conductance since [ P(r,r')dr’ =

1 by conservation of probability. Thus ‘%F must be smaller by a factor of — (P(r,r).]1ssical)

due to this interference effect.

But (P(r, 1) ]assical) 15 Something we can compute straightforwardly. If we define

R(t) to be the probability that a particle which left the point r at time ¢ = 0 returns at
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time ¢, we have
te

(P(r,r) = R(t)dt. (7.50)

classical>

The lower cutoff, 7 = v/£ is there since our particle must scatter at least once to return and
that takes a time of order the mean free time. The upper cutoff is present since we have
only a finite disordered region and so, after a time t, = L2/D the particle has diffused out
and will not return. For a square sample, L, is ambiguous up to a factor of v/2. The upper
cutoff can also be provided by a phase coherence time 74. If particles lose phase coherence,
for instance by interaction with a finite temperature heat bath, only paths which take less
time than 74 will interfere. In this case the expression for the classical return probability is
slightly modified:

(P(r, r)classical>

- / et R(t)dt, (7.51)
.

The return probability, R(t)dt, can be estimated for a diffusive system. Of all the
trajectories that scatter, only those that pass within a volume owv dt of the origin contribute.
The probability that a scattered particle falls within that volume is just the ratio of it
to the total volume of diffusing trajectories, (Dt)%2Vy where d is the effective number of
dimensions (the number of dimensions of the disordered sample >> ) and Vy = %2 /(d/2)!

is the volume of the unit sphere in d-dimensions (this is easily calculated using products of

Gaussian integrals, see e.g., [32] pp. 501-2) and D = v¢/d. So

ovdt
tdt = ———~—. .52

With this expression for R(t)dt in hand, we can do the integral (7.50) and get

ov
<P(rar)classical> = D2V, In(t./) d=2, (7.53)
~1
(1-9) % a>2

For future reference we state the specific results for one and two dimensions.
Rather than state the result of the estimation above, we give the correct leading order
results (computed by diagrammatic perturbation theory, see, e.g., [4, 12]). These results
have the same dependence on ¢ and L, but slightly different prefactors than our estimate.
e2 { 2(VaL,—¢) d=1

P

- (7.54)

2p¥2le g =2
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7.6 Strong Localization

Strong localization, characterized by the exponential decay of the wavefunction
around some localization site, has dramatic consequences for both transport and wavefunc-
tion statistics. Strong enough disorder can always exponentially localize the wavefunction.
Weak disorder can sometimes localize the wavefunction but this depends on the strength
of the disorder and the dimensionality of the system. Below, we sketch out an argument,
originally due to Thouless, which clarifies how strong localization occurs as well as its di-
mensional dependence.

The idea is simple. As a wavepacket diffuses we consider, at each instant of time,
a d-dimensional box of volume Q = Cr¢ = (Dt)% which surrounds it. At each moment
we can project the wavepacket onto the eigenstates of the surrounding box. The average

energy level spacing in that box is

1

= o = (Dt) SE'%. (7.55)

0FE

However, the wavepacket has been diffusing for a time ¢ and so we can use its autocorrelation

function, A(t), defined by
A(t) = ((0) [ (1)) = D_ ((0) [n) e, (7.56)

to look at the spectrum of the wavepacket. If we can completely resolve the spectrum, no
more dynamics occurs except the phase evolution of the eigenstates of the box. Thus the
wavepacket has localized. After a time ¢, we can resolve levels with spacing AE = % We

define the “Thouless Conductance” g via

g= % = hD¥2Es 1451, (7.57)

If g < 1 we can resolve the levels of the wavepacket and it localizes. Conversely, if g > 1,
we cannot resolve the eigenstates making up the wavepacket and diffusion continues.

The first conclusion we can draw from this argument is the dimensional dependence
of the t — 0o limit of g. In one dimension, it is apparent that lim; ,,, g = 0 and thus all
states in a weakly disordered one dimensional system localize. In two dimensions, this
argument is inconclusive and seems to depend on the strength of the disorder. In fact, it is

believed that all states in weakly disordered two dimensional systems localize as well but
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with exponentially large localization lengths. For d > 2, lim;_, ., g = oo and we expect the
states to be extended.

When measuring conductance, the difference between localized and extended states
in the disordered region is dramatic. If the state is exponentially localized in the disordered
region, it will not couple well to the leads and the conductance will be suppressed. We can
look for this effect by looking at the conductance of a disordered wire as a function of the
length of the disordered region. If the states are extended, we expect the conductance to
vary as 1/L whereas if the states are localized we expect the conductance to vary as e L/t
where £ is the localization length.

The effect of exponential localization on wavefuntion statistics is equally dramatic.

For instance, in two dimensions, since we know that

2 —|r—r
i) = e Irrol/e, (7.58)
we can compute

20
_ 2 2\ _ 27 20 o\ _ w2 Ingey

In figure 7.1 we plot the Porter-Thomas distribution and the exponential localization dis-
tribution for a localization length & = v/Q /10 and ¢ = VQ /100 so we can see just how stark
this effect is.

7.7 Anomalous Wavefunctions in Two Dimensions

The description above does not explain much about how strong localization oc-
curs, either in the time-domain or as a function of disorder. This transition is particularly
interesting in two dimensions since even the existence of strongly localized states in weakly
disordered systems is subtle.

While it is not at all obvious that large fluctuations in wavefunction intensity in
extended states is related to strong localization, it seems an interesting place to look. While
this was perhaps the original reason these large fluctuations were studied, they have spawned
an independent set of questions. The simplest of those questions is the one answered by
P(t), namely, how often do these large fluctuations occur?

Various field-theoretic techniques have been brought to bear on this problem [39,

15, 29]. All predict the same qualitative behavior of P(t). Namely, that for large values of
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t, P(t) has a log-normal form:

P(t) ~ e~ G2t (7.60)

Various workers have argued for different forms for Cs which depends on the energy E, the
mean free path, £, the system size, L, and the symmetry class of the system (existence of
time-reversal symmetry). The log-normal distribution looks strikingly different from either
the Porter-Thomas distribution or the strong localization distribution. In figure 7.2 we plot
all of these distributions for an example choice of pu for t > 20. We only consider large
values of ¢ because for small values of ¢, P(t) will have a different form. For small enough
values of ¢ these calculations predict that P(t) has the Porter-Thomas form. This allows
them to be trivially distinguished from the strong-localization form which is very different
from Porter-Thomas for small ¢.

We will focus in particular on two different calculations. The first, appearing
in [39], uses the direct optimal fluctuation method (DOFM) and predicts

wkl

(1) _
¢ =g In(FikL,)

(7.61)

where D is an O(1) constant. Another calculation, appearing in [15] and using the super-
symmetric sigma model (SSSM) predicts

(2) Okl

o = LG (7.62)

where 8 = 1 for time-reversal invariant systems and 8 = 2 for systems without time-reversal
symmetry and Dj is an O(1) constant.

In order to see the differences between C§1’2)

, in figure 7.3 we plot both of these

coefficients versus both wavelength and mean free path for various values of D; and D».

7.8 Conclusions

In this chapter we reviewed material on quenched disorder in open and closed
metallic systems. In the chapters that follow we will often compare to these results or try

to verify them with numerical calculations.
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Chapter 8

Quenched Disorder in 2D Wires

We consider an infinite wire of width W with a disordered segment of length L as
in Fig. 8.1. This wire will be taken to have periodic boundary conditions in the transverse

(y) direction.

Leads Disordered Region

Figure 8.1: The wire used in open system scattering calculations.

To connect with the language of mesoscopic systems, we may think of the dis-
ordered region as a mesoscopic sample and the semi-infinite ordered regions on each side
as perfectly conducting leads. For example, one can imagine realizing this system with an
AlGaAs “quantum dot.” [27].

We can measure many properties of this system. For instance, we have used renor-

malized scattering techniques to model a particular quantum dot [23]. Typical quantum

112
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dot experiments involve measuring the conductance of the quantum dot as a function of
various system parameters (e.g., magnetic field, dot shape or temperature). Thus we should
consider how to extract conductance from a Green function.

In this section we discuss numerically computed transport coefficients. This allows
us to verify that our disorder potential has the properties that we expect classically. Since
we are interested in intensity statistics and how they depend on transport properties, it is
important to compute these properties in the same model we use to gather statistics. For
instance, as discussed in the previous chapter, the ATA breaks down when coherent back-
scattering contributes a significant weak localization correction to the diffusion coefficient.
In this regime it is useful to verify that the corrections to the transport are still small enough
to use an expansion in A/¢. When the disorder is strong enough, strong localization occurs
and a different approximation is appropriate.

Of course, transport in disordered systems is interesting in its own right. Our
method allows a direct exploration of the theory of weak localization in a disordered two

dimensional systems.

8.1 Transport in Disordered Systems

8.1.1 Diffusion from Conductance

Computing the conductance of a disordered wire is not much different than com-
puting the conductance of the one scatterer system. We use (5.37) to compute the channel-
to-channel Green function, G, from the multiple scattering t-matrix, find the transmission
matrix Ty, from (5.31) and compute the conductance, I' = (e?/h)y using the Fisher-Lee
relation (5.30).

In chapter 5, we assumed the (classical) transport to and from the scatterer was
ballistic and derived an expression which related the intensity reflection coefficient (which
can be trivially related to the observed conductance) to the scattering cross section of an
obstacle in the wire. When many scatterers are placed randomly in the wire, this assumption
is no longer valid. Most scattering events occur after other scattering events and thus the
probability of various incident angles is uniform rather than determined by the channels
of the wire. Also, there will typically be many scattering events. So, when we have many

randomly placed scatterers, we will assume that the transport is diffusive. This will give
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us a different relationship between the reflection coeflicient and the cross-section of each
obstacle.

It is instructive to compute the expected reflection coefficient as a function of the
concentration and cross-section under the diffusion assumption and compare that result,
Rp, to Rp = fjr computed under the ballistic assumption.

We begin from the relation between the intensity transmission coefficient, Tp, I'

and the number of open channels, N.:
2

Tp = %, (8.1)
i.e., the transmission coefficient is just the unitless conductance per channel. From this we
see that I' does not go to co for an empty wire as we might expect. Only a finite amount of
flux can be carried in a wire with a finite number of open channels and this gives rise to a
so-called “contact resistance” [8]. We thus split the unitless conductance into a disordered
region dependent part (I's) and a contact part:

-1
h e?/h 1
T = - 2
= (Fs +Nc> ) (8:2)

where the contact part is chosen so that limp_,; I'y = oc.

At this point we invoke the assumption of diffusive transport. This allows us to
use the Einstein relation [8] to relate the conductivity of the sample %Fs to the diffusion
constant via

L

Wrs = e?vD, (8.3)

where v is the density of states per unit volume; v = 1/(47) in two dimensions. The L/W
in front of ['y relates conductivity to conductance in two dimensions.

We now have

h L 1\7! hWvDN,
e? hWvD = N, LN.+ hWvD
If we substitute this into (8.1) we have
hWvD
T — —— —— . 8.5
DT LN, + hWvD (8:5)

As in the previous chapters, we choose units where i = 1 and m = 1/2, so h?/(2m) = 1.
We also choose units where the electron charge, e = 1. We now use D = vf/d = k¢ [37] and

N, =~ kW/rm and get

~

ys

_ 2
Tp =2 (8.6)

)
2

+
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and
Rp=1-T L (8.7)
D = — D = 7" .
L+ %
Finally, we use [ = LW/(No) to get
Rp=—1 (8.9)
P '
For very few scatterers we usually have No << 7W/2 and thus
20
Rp=N—. 8.9
b Wmn (8.9)

Compare this to the ballistic result and we see that they are related by Rg/Rp = n%/8. This
factor arises from the different distributions of the incoming angles. In practice, there can
be a large crossover region between these two behaviors, when the non-uniform distribution
of the incoming angles can make a significant difference in the observed conductance.

We note that (8.7) can be rearranged to yield:

2L 1 2 (Tp
()= (22 1
¢ v (RD ) 7T<RD>’ (8.10)

which we will use as a way to compare numerical results with the assumption of quasi-

classical diffusion.

8.1.2 Numerical Results

As our first numerical calculation we look at the mean free path as a function of
scatterer concentration at fixed energy. In figure 8.2 we plot £ vs. n for a periodic wire of
width 1 with a length 1 disordered region. There are about 35 wavelengths across the wire
is and thus the wire has 71 open channels. We use scatterers with maximum s-wave cross
section of %)\. We consider concentrations from 50 to 700 scatterers per unit area. At each
concentration we compute the conductance of 20 realizations of the scatterers and average
them. This range of concentrations corresponds to a range of quasi-classical mean free path
from 1.1 to .069. We plot both the quasi-classical mean free path and the numerical result
computed via (8.10).

From the figure, we see that the numerical result is noticeably smaller than the
quasi-classical result, though it differs by at most 20% over the range of concentrations
studied. This difference is partially explained by two things. At low concentrations, the

numerically observed mean free path is smaller than the quasi-classical because the transport
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Figure 8.2: Numerically observed mean free path and the classical expectation.
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is not completely diffusive. As we saw at the beginning of this chapter, ballistic scattering
leads to a larger reflection coefficient than diffusive ones. This leads to an apparently smaller
mean free path. More interestingly, there is coherent back-scattering at all concentrations
(see section 7.5), though its effect is larger at higher concentration since the change in
conductance due to weak localization is proportional to A/£. We correct the conductance,
via (7.54), to first order in A/¢ and then plot the corrected mean free path and the classical
expectation in figure 8.3. The agreement is clearly better, though there is clearly some
other source of reduced conductance. At the lowest concentrations there is still a ballistic
correction as noted above but this cannot account for the lower than expected conductance
at thigher concentrations where the motion is clearly diffusive.

As \/¢ increases, the difference between the classical and quantum behavior does
as well. For large enough A/¢ this will lead to localization. In order to verify that the
transport is still not localized, we compute the transmission coefficient vs. the length of
the disordered region for fixed concentration. If the transport is diffusive, T" will satisfy
(8.5) which predicts T' ~ 1/L for large L. If instead the wavefunctions in the disordered
region are exponentially localized, T' will fall exponentially with distance, i.e., T ~ e~ L/E,
In figure 8.4 we plot T" versus L for two different concentrations and energies. In both plots,
5 realizations of the disorder potential are averaged at each point. In figure 8.4a there are
35 wavelengths across the width of the wire, as in the previous plot, and the concentration
is 250 scatterers per unit area. T is clearly more consistent with the diffusive expectation
than the strong localization prediction.

We compare this to figure 8.4b where the wavelength and mean free path are
comparable and the wire is only a few wavelengths wide. What we see is probably quasi-
one dimensional strong localization. Consequently, T does not satisfy (8.5) but rather has
an exponential form. We note that the data in figure 8.4b is rather erratic but still much
more strongly consistent with strong localization than diffusion. Numerical observation of
exponential localization in a true two dimensional system would be very difficult since the

two dimensional localization length is exponentially long in the mean free path.

8.1.3 Numerical Considerations

Numerical computation using the techniques outlined in chapters 3 and 5 is quite

simple. For each set of parameters computation proceeds as follows:
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1. Compute the random locations of N scatterers.

2. Compute the renormalized t-matrix of each scatterer.

3. Compute the scatterer-scatterer Green functions for all pairs of scatterers.
4. Construct the inverse multiple scattering matrix, 7.

5. Invert T~ giving T, using the Singular Value Decomposition.

6. Use formula (5.37) to compute the channel-to-channel Green function.

7. Use (5.31) and the Fisher-Lee formula to find the conductance T

8. Repeat for as many realizations as required to get (I').

The bottleneck in this computation can be either the O(N?) SVD or the O(N2N?2)
application of (5.37) depending the concentration and the energy. The computations ap-
pearing above were done in one to four hours on a fast desktop workstation (DEC Alpha
500/500).

There are faster matrix inversion techniques than the SVD but few are as stable
when operating on near-singular matrices. Though that is crucial for the finite system
eigenstate calculations of the next chapter, it is non-essential here. If one were to switch
to an LU decomposition or a QR decomposition (see appendix C) we could speed up the
inversion stage by a factor of four or two respectively. For most of the calculations we
performed, the computation of the channel-to-channel Green function computation was

more time consuming and so such a switch was never warranted.



Chapter 9

Quenched Disorder in 2D
Rectangles

While analytic approaches to disordered quantum systems abound, certain types
of experimental or numerical data is difficult to come by. There is a particular dearth of
wavefunction intensity statistics for 2D disordered systems.

Experimentally, wavefunctions are difficult quantities to measure. The application
of atomic force microscopy to quantum dot systems is a promising technique [11]. An
atomic force microscope (AFM) can be capacitively coupled to a quantum dot in such a
way that the at the point in the two-dimensional electron gas below the tip, electrons are
effectively excluded. The size of the excluded region depends on a variety of factors but is
typically of the order of one wavelength square. One scenario for measuring the wavefunction
involves moving the tip around and measuring the shift in conductance of the dot due to
the location of the tip. For a small enough excluded region, this conductance shift should
be proportional to the square of the wavefunction. Even for a wavelength sized excluded
region, this technique should be capable of resolving most of the nodal structure of the
wavefunction from which the wavefunction could be reconstructed. Preliminary numerical
calculations suggest that this technique could work and at least one experimental group is
working on this scheme or a near variant.

One successful experimental approach has been using microwave cavities as an
analog computer to solve the Helmholtz equation in disordered and chaotic geometries [24].

This technique has led to some of the only data available on disordered 2D systems. How-

121
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ever, experimental limitations make it difficult to consider enough ensembles to do proper
averaging. Instead, the statistics are gathered from states at several different energies.
Since the mean free path and wavelength both depend on the energy, the mixing of differ-
ent distributions makes analysis of the data difficult. Still, the data does suggest that large
fluctuations in wavefunction intensities are possible in two dimensional weakly disordered
systems.

Numerical methods, which would seem a natural way to do rapid ensemble av-
eraging, have not been applied or, at least, not been successful at reaching the necessary
parameter regimes and speed requirements to consider the tails of the intensity distribution.
There are some results for the tight-binding Anderson model [30]. However, the nature of
the computations required for the Anderson model makes it similarly difficult to gather
sufficient intensity statistics to fit the tails of the distribution. It is the purpose of the
section to illustrate how the techniques discussed in this thesis can provide the data which
is so sorely needed to move the theory (see section 7.7) forward.

We begin with an abstract treatment of the extraction of discrete eigen-energies
and corresponding eigenstates from t-matrices. This is a topic worth considering carefully
since it is the basis for all the calculations which follow. The t-matrix has a pole at the
eigenenergies so the inverse of the t-matrix is nearly singular.

Once the preliminaries are out of the way, we discuss the difficulties of studying
intensity statistics in the parameter regime and with the methods of [24]. In particular,
we consider the impact of Dirichlet boundaries on systems of this size. We consider the
possibility that dynamics in the sides and corners of a Dirichlet rectangle can have a strong
effect on the intensity statistics and perhaps mask the effects predicted by the Field-Theory.

We also discuss eigenstate intensity statistics for a periodic rectangle (a torus)
with various choices of disorder potential (i.e. various £ and \). We’ll briefly discuss the
fitting procedure used to show that the distributions are well described by a log-normal
form and extract coefficients. We’ll then compare these coefficients to the predictions of
field theory. The computation of intensity statistics in the diffusive weak disorder regime is
the most difficult numerical work in this thesis. It also produces results which are at odds
with existing theory. Thus we spend some time exploring the stability of the numerics and
possible explanations for the differences between the results and existing theory.

Finally, as in the last chapter, we’ll discuss the numerical techniques more specifi-

cally and outline the algorithm. Here, some less than obvious ideas are necessary to gather
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statistics at the highest possible speed.

9.1 Extracting eigenstates from t-matrices

We want to apply the results of Chapter 3 to finite systems, i. e., systems with
discrete spectrum. In some sense this is very similar to section 6.1.5 but in this case we
have many scatterers instead of one; what was simply root finding becomes linear algebra.

Suppose ¢ 1(z) has a non-trivial null-space when z = E,. Define Py and Py as
projectors onto the null-space and range of £~ 1(F,,) respectively. Since we know that E, is

a pole of T(z), we know that, for 0 < |e| << 1 and ¥Yv € S we have
T (B + ) [o) = TN (Ba) P o) + 5P o) (9.1)
We define a pseudo-inverse (on the range of T~') B, via
t'(En)BrPr |v) = Pr|v), (9.2)

which exists since ~'(E,) is explicitly non-null on Pg [v). We can now invert £~'(z) in the

neighborhood of z = E,:
. PN C .
t(Eyn +€) |v) = BrPg |v) + ?PN |v) . (9.3)

Thus, the residue of £(z) at z = E,, projects any vector onto the null-space of t~*(E,).

Recall that the full wavefunction is written
. . O
[9)16) + Gt 16) - o lim G~ Py |g) (9.4)

Since the t-matrix term has a pole, the incident wave term is irrelevant and the wavefunction
is (up to a constant) GgPy |¢).
When the state at E,, is non-degenerate (which is generic in disordered systems),

there exists a vector |o) the projector may be written Py = |a) (a| and thus
|1/)n> = NGB(ETL) |a> ’ (95)
where A is a normalization constant. In position representation,

dn(r) = N /S Gp(r,t's By)a(r') dr'. (9.6)
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If the state is m-fold degenerate, Py = > =1 laj) (aj| and we have the solutions
N;G|a)

Thus, the task of finding eigenenergies of a multiple scattering system is equivalent

) -

to finding E, such that £ 1(F,) has a non-trivial null space. Finding the corresponding
eigenstates is done by finding a basis for that null space.

Suppose that our t-matrix is generated by the multiple scattering of N zero range
scatterers (see 3.1). In this case, the procedure outlined above can be done numerically
using the Singular Value Decomposition (SVD). We have

70 =2 Iri) (A)ij (] (9.7)
ij
We can decompose A via A = UXV?T where U and V are orthogonal and X is diagonal.
The elements of X are called the “singular values” of A. We can detect rank deficiency
(the existence of a null-space) in A by looking for zero singular values. Far more detail on
numerical detection of rank-deficiency is available in [17].

Once zero singular values are found, the vector, « (where |alpha) = >, = oy |r;)),
needed to apply (9.5), sits in the corresponding column of V. It is important to note
that we have extracted the eigenstate without ever actually inverting A which would incur

tremendous numerical error. Thus our wavefunction is written
P(r) =N Gp(r,ri; B, (9.8)
i

We normalize the wavefunction by sampling at many points and determining N numerically.

In practice, we may use this procedure in a variety of ways. Perhaps the simplest
is looking at parts of the spectra of specific configurations of scatterers. We define Sy (E)
as the smallest singular value of #~!(E) (standard numerical techniques for computing the
SVD give the smallest singular value as (X)yy). Computing Sy (E) is O(N?). Then we
use standard numerical techniques (e.g., Brent’s method, see [33]) to minimize S% (E). We
then check that minimum found is actually zero (within our numerical tolerance of zero,
to be precise). These standard numerical techniques are more efficient when the minima
are quadratic which is why we square the smallest singular value. We have to be careful to
consider Sy (F) at many energies per average level spacing so we catch all the levels in the
spectrum. Since we know the average level spacing (see 2.27) is

L _#
Voo(E) 2m V'’

(9.9)



Chapter 9: Quenched Disorder in 2D Rectangles 125

we know approximately how densely to search in energy. The generic level repulsion in

disordered systems [14] helps here, since the possibility of nearby levels is smaller.

9.2 Intensity Statistics in Small Disordered Dirichlet Bounded
Rectangles

Our first attempt to gather intensity statistics will be performed on systems with
relatively few scatterers (72) and thus large mean free paths. This regime is chosen for
comparison with the experimental results of [24].

When gathering intensity statistics we need to find eigenstates near a particular
energy. This is most simply done by choosing an energy and then hunting for a zero
singular value in some window about that energy. For windows smaller than the average
level spacing, we will frequently get no eigenstate at all. This method works but is very
inefficient since we frequently perform the time-consuming SVD on matrices which will not
yield a state. However, for this number of scatterers, this inefficiency is tolerable. In the
next section we will consider improvements on this technique.

In figure 9.1 we plot |1|?> on a gray-scale (black for high intensity and white for
low) in a 72 scatterer system along with the scatterers plotted as black dots for a set of
typical low energy wavefunctions in order to give the reader a picture of the sort of scatterer
density and wavelength of the system we are considering.

In the experiments of [24], higher energies than those depicted in figure 9.1 are
used. Some sample wavefunctions in the relevant energy range are shown in figure 9.2. In
the original work, this energy range was chosen because A must be significantly smaller than
the system size for various field-theoretic techniques to be applicable. Unfortunately, there
are not enough scatterers in the system to make the motion diffusive. This is clear from the
large mean free paths in the states in 9.2, where ¢/ L, varies from 1/4 to 1/2. This problem
was overlooked in the original work due to a confusion about the relevant mean free path.

So, rather than A <« ¢ < L,, we have A < £ < L,. This means that we expect
the boundaries to play a large role in the dynamics of the system. In figure 9.3 we plot the
intensity statistics for a 1 x 1 square with Dirichlet boundaries, £ = .31 and A = .07. In
these and subsequent intensity statistics plots, we find P(¢) by computing wavefunctions,

accumulating a histogram of values of |¢)|? and then dividing the number of counts in each
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Figure 9.1: Typical low energy wavefunctions (|+|? is plotted) for 72 scatterers in a 1 x 1
Dirichlet bounded square. Black is high intensity, white is low. The scatterers are shown as
black dots.For the top left wavefunction ¢ = .12, A = .57 whereas £ = .23, A = .11 for the
bottom wavefunction. ¢ increases from left to right and top to bottom whereas A decreases
in the same order.
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Figure 9.2: Typical medium energy wavefunctions (|i|? is plotted) for 72 scatterers ina 1x 1
Dirichlet bounded square. Black is high intensity, white is low. The scatterers are shown as
black dots. For the top left wavefunction £ = .25, A = .09 whereas £ = .48, A = .051 for the
bottom wavefunction. ¢ increases from left to right and top to bottom whereas A decreases
in the same order.
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bin by the total number of counts and the width of each bin.

As is clear from the figure, anomalous peaks are more likely near the sides and
most likely near the corners. This large boundary effect makes it unlikely that existing

theory can be fit to data which is, effectively, an average over all regions of the rectangle.

9.3 Intensity Statistics in Disordered Periodic Rectangle

In order to minimize the effect of boundary conditions, we change to periodic
boundary conditions and decrease ¢/ L, while holding \/L, constant. While periodic bound-
ary conditions won’t eliminate finite size system effects they do remove the enhanced local-
ization near the Dirichlet boundary.

Decreasing ¢/ L, at constant A\/L, comes at a cost. Since the number of scatterers
required to hold the concentration constant scales as the volume of the system, a larger
system means more scatterers and a larger multiple scattering matrix. The method used in
the previous section will not work quickly enough to be of practical use here (at least not
on a workstation). This leads us to some very specific numerical considerations which we

address below.

9.3.1 Numerical Considerations

The most serious inefficiency in computing wavefunctions are all the wasted SVD’s
which do not result in a state. However, we can overcome this bottleneck by looking more
closely at the small singular values. We will see that small singular values correspond to
states of a system with slightly different size scatterers.

First, we recall that the renormalized scattering strength of a ZRI in a periodic
rectangle is independent of position and thus the scattering strengths of all the scatterers are
the same, just as they were in free-space. This means that the denominator of the multiple
scattering t-matrix, 1 — S(F)Gp, is symmetric since S(E), the real scalar renormalized
scattering strength, is the same for all scatterers.

If there is an eigenstate at energy E, there exists some vector, w, such that
(1-S(E)Gp)w =0. (9.10)

If we have no zero eigenvalue but instead a small one, € < 1, then there exists
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vector w such that

(1 - S(E)Gp)w = ew, (9.11)
which implies
_ 1—c¢
Gpw = S(E)W’ (9.12)
and so
(1 — f(E) GB> w = 0. (9.13)
—€

Thus there exists a nearby S(E) = S(E)/(1 — €) such that we do have an eigenstate at E.
Since S(E) parameterizes the renormalized scatterer strength, S(E) corresponds to a nearby
scatterer strength. Thus, in order to include states corresponding to small eigenvalues « we
must choose an initial scattering strength such that S(E)/(1—«) is still a possible scattering
strength.

As discussed in section C.3, for a symmetric matrix, the singular values are, up to
a sign, the eigenvalues. Thus we may use the columns of V corresponding to small singular
values to compute eigenstates.

This provides a huge gain in efficiency. We pick a particular energy, choose a
realization of the potential, find the SVD of the t-matrix and then compute a state from
every vector corresponding to a small singular value. Small here means small enough that
the resultant scatterer strength is in some specified range. We frequently get more than one
state per realization.

With this technique in place, there is little we can do to further optimize each use
of the SVD. The other bottleneck in state production is the computation of the background
Green function. Each Green function requires performing a large sum of trigonometric
and hyperbolic trigonometric functions. Thus for moderate size systems (e.g., 500 scatter-
ers), filling the inverse multiple scattering matrix takes far longer than inverting it. Green
function computation time is also a bottleneck when computing the wavefunction from the
multiple scattering t-matrix.

We could try to improve the convergence of the sums and thus require fewer terms
per Green function. That would bring a marginal improvement in performance. Of course,
when function computation time is a bottleneck a frequent approach is to tabulate function
values and then use lookups into the table to get function values later. A naive application
of this is of no use here since our scatterers move in every realization and thus tabulated

Green functions for one realization are useless for the next. There is a simple way to get
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the advantages of tabulated functions and changing realizations. Instead of tabulating the
Green functions for one realization of scatterers, we tabulate them for a larger number of
scatterers and then choose realizations from the large number of precomputed locations.
For example, if we need 500 scatterers per realization, we pre-compute the Green functions
for 1000 scatterers and choose 500 of them at a time for each realization.

In order to check that this doesn’t lead to any significant probability of getting
physically similar ensembles, we sketch here an argument from [4]. Consider a random
potential of size L with mean free path £. A particle diffusing through this system typically
undergoes L2/¢? collisions. The probability that a particular scatterer is involved in one
of these collisions is roughly this number divided by the total number of scatterers, nL¢,
where n is the concentration and d is the dimension of the system. Thus a shift of one
scatterer can, e.g., shift an energy level by about a level spacing when

OF IL\? 1 1
N (?) nLd ~ pl2Ld-2 (9-14)

is of order one. That is, we must move n¢?L% 2 scatterers. In particular, in two dimensions

we must move n, = nf? scatterers to completely change a level.

M
There are ( ) ways to choose N scatterers from M possible locations and
N

M
( ) ways to independently choose two sets. Of those pairs of sets
N

L)
) (9.15)
N —n, o

have N —n, or more scatterers in common. The first factor is the number of ways to choose
the common N — n, scatterers and the second is the number of ways to choose the rest
independently. Thus the probability, po, that two independently chosen sets of scatterers

have N — n, or more in common is

2
M M — N+ n,
N —n, o

p2 = : (9.16)

(%)
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We will be looking at thousands or millions of realizations. The probability that no pair

among R realizations shares as many as n, scatterers is
pr=1—(1—py)E=1), (9.17)

For large M and N, this probability is extremely small. For example, the fewest scatterers
we use will be 500 which we’ll choose from 1000 possible locations. Our simulations are in
a 1 x 1 square and the mean free path is .08 implying that n, < 4. The chance that all
but 4 scatterers are common between any of one million realizations 500 scatterers chosen
from a pool of 1000 is less than 107268, Thus we need not really concern ourselves with the
possibility of oversampling a particular configuration of the disorder potential.

The combination of getting one or more states from nearly very realization and
pre-computing the Green functions, leads to an improvement of more than three orders of
magnitude over the method used for the smaller systems of 9.2. This allows us to consider
systems with more scatterers and thus get closer to the limit A < £ < L,.

With this improvement we can proceed to look at the distribution of scatterer

intensities for various values of £ and X in a L, = 1 square.

9.3.2 Observed Intensity Statistics

In figure 9.4 we plot the numerically observed P(t) for various A with ¢/ = .081 in
a 1 x 1 square (L, = 1). Tt is clear that large values of |¢)|> are more likely at larger \/Z.

In order to compare these distributions with theoretical calculations we must fit
them to various functional forms. Since we are counting independent events, the expected
distribution of events in each bin is Poisson. This needs to be taken into account when
fitting the numerically computed P(t) to various analytic forms.

While there may be many forms of P(¢) which the data could fit, among the
various ones motivated by existing theory only some product of log-normal and power-law

fit reasonably well. That is, we will fit P(¢) to
670076’1 Int—Co lnzt, (918)
where C, is just a normalization constant, C'; is the power in the power-law and C5 is the

log-normal coefficient. We note that the expectation is that log-normal behavior will occur

in the tail of the distribution. In order to account for this we fit each numerically computed
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Figure 9.4: Intensity statistics gathered in various parts of a Periodic square (torus). Larger
fluctuations are more likely for larger A\/£. The erratic nature of the smallest wavelength
data is due to poor statistics.
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Figure 9.5: Illustrations of the fitting procedure. We look at the reduced x? as a function
of the starting value of ¢ in the fit (top, notice the log-scale on the y-axis) then choose the
Cy with smallest confidence interval (bottom) and stable reduced x2. In this case we would
choose the C5 from the fit starting at ¢t = 10.
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P(t) beginning at various values of . We then look at the reduced x2, 2 = (x2 — D)/Ny
(where there are D fitting parameters and Ny data points) for each fit. A plot of a typical
sequence of %2 values is plotted in figure 9.5 (top). Once x? settles down to a near constant
value, we choose the fit with the smallest confidence interval for the fitted Cy. A typical
sequence of Cy’s and confidence intervals for one fit is plotted in figure 9.5 (bottom). The
behavior of x? is consistent with the assumption that P(¢) does not have the form (9.18)
until we reach the tail of the distribution.

As discussed in section 7.7 there are two field theoretic computations which give

two different forms for Cs:

1 wkl
©2 = TniF kL) (9.19)
and
@) Bkl
G = 41n(FyLy/t) (9:20)

We can attempt to fit our observed Cs’s to these two forms. We find that neither
form works very well at all. In figure 9.6 we compare these fits to the observed values of Cy
as we vary k at fixed £ = .081 (top) and vary £ at fixed £ = 200 (A = .031).

Thus, while the numerically computed intensity statistics are well fitted by a log-
normal distribution as predicted by theory, the coefficients of the log-normal do not seem

to be explained by existing theory.

9.3.3 Anomalous Wavefunctions

It is interesting to look at the anomalous wavefunctions themselves. In figures 9.7
we plot two typical wavefunctions and in 9.8 we plot two anomalously peaked wavefunctions.
For each we show a contour plot of 9 and a density plot of |)|2. The scale is different on each
wavefunction so that each is shown with maximum visual dynamic range. This necessarily
obscures the fact that the typical wavefunction have a maximum [+/?| of 20 as opposed to
40 or 60 for the anomalous states.

It is difficult to determine much information from the entire wavefunction. In
order to simplify things a bit we look at the average scaled intensity at various distances

from the peak, r,, via

1 1

B = e

27
/ |4 (o + r[Z cos @ + ¢ sin 4]) |2 db. (9.21)
0
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Figure 9.7: Typical wavefunctions (|i|? is plotted) for 500 scatterers in a 1 x 1 periodic
square (torus) with £ =.081, A = .061. The density of ||? is shown.
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Figure 9.8: Anomalous wavefunctions (|t/|? is plotted) for 500 scatterers in a 1 x 1 periodic
square (torus) with £ = .081, A = .061. The density of |/|? is shown. We note that the
scale here is different from the typical states plotted previously.
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In figure 9.9 we plot R(r) for two typical peaks (one from each wavefunction in figure 9.7)
and the two anomalous peaks from the wavefunctions in figure 9.8. Here we see that each set
of peaks have a very similar behavior in their average decay and oscillation. The anomalous
peaks have a more quickly decaying envelope as they must to reach the same Gaussian
random background value. This is predicted in [39], although we have not yet confirmed

the quantitative prediction of those authors. Again we note

9.3.4 Numerical Stability

Throughout this work we have checked the accuracy and stability of our numerics
in several ways. In chapter 5 we checked that the numerical procedure we use gives the
correct classical limit cross-section for one scatterer. In chapter 8 we checked that for an
appropriate choice of parameters, many scatterers in a wire give the classically expected
mean free path.

In chapter 6, we checked that the analytic structure of renormalized t-matrices
correctly predicts ground state energies in Dirichlet bounded squares. However, we do not
have a direct way to check higher energy eigenenergies or eigenstates. Thus we do the
next best thing and check the stability of the numerical procedure which produces them.
That is, we check that small perturbations of the input to the method (scatterer locations,
scatterer strengths, Green functions, etc.) do not result in large changes to the computed
wavefunction.

As a simple perturbation we will consider random changes in scatterer location.
We consider one realization of the scattering potential, compute the wavefunction, 1, and
then proceed to move the scatterers each by some small amount in a random direction. We
then compute the new wavefunction, 1/;, and compare the two wavefunctions. We repeat this
for ever larger perturbations of the scatterers until we have completely de-correlated the

wavefunctions. We consider two measures for comparison. We define §¢(r) = t(r) — 4 (r)

SV s @)PR), (9.22)

max{(d¢)*}
max{[¢|*}

The former is a standard measure of the difference of functions and the latter we expect to

and we consider both

where we average over r and

(9.23)

be more sensitive to changes in anomalously large peaks.
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In order to see if a small perturbation in scatterer locations produces a small
change in the wavefunction, we need an appropriate scale for the scatterer perturbation. If
Random Matrix Theory applies, we know that a single state can be shifted by one level (and
thus completely de-correlated) by moving one scatterer with cross-section approximately the
wavelength by one wavelength. From that argument and that the fact that the motion of
each scatterer is uncorrelated with the motion of the others, we can see that the appropriate

parameter is approximately
0x
7 )

where dz is average distance moved by a single scatterer. That is, if the error in the

e=VN (9.24)

wavefunction is comparable to € we can assume it comes from physical changes in the
wavefunction not numerical error.

In figure 9.10 we plot our two measures of wavefunction deviation against € (on a
log-log scale) for several € between 3.6 x 10~7 and 3 for a state with an anomalously large
peak. Since our deviations are no larger then expected from Random Matrix Theory, we
can assume that the numerical stability is sufficiently high for our purposes.

Though not exactly a source of numerical error, we might worry that including
states that result from small but non-zero singular values has an influence on the statistics.
If this were the case, we would need to carefully choose our singular value cutoff in order to
match the field theory. However, the influence on the statistics is minimal as summarized

in table 9.1.

Maximum Singular Value 1 .01
Ci —205+.03 | —2.2+ .1
Cs 1.335 £.006 | 1.38 .03

Table 9.1: Comparison of log-normal tails of P(t) for different maximum allowed singular
value.

9.3.5 Conclusions

In contrast to the well understood phenomena observed in disordered wires, we
have observed some rather more surprising things in disordered squares. While the various
theoretical computations of the expected intensity distribution appear to correctly predict
the shape of the tail of the distribution, none of them seem to correctly predict the depen-

dence of that shape on wavelength or mean free path.
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We have considered a variety of explanations for the discrepancies between the
field theory and our numerical observations. There is one way in which our potential differs
drastically from the potential which the field theory assumes. We have a finite number
of discrete scatterers whereas the field theory takes the concentration to infinity while
taking the scatterer strength to zero while holding the mean free path constant. Thus it
seems possible that there are processes which can cause large fluctuations in |+|?> which
depend on there being finite size scatterers. In order to explore this possibility we consider
the dependence of P(t) on the scatterer strength at constant wavelength and mean free
path. Specifically, at two different wavelengths (A = .06 and A = .03) and fixed ¢ = .08
we double the concentration and halve the cross-section of the scatterers. The results are
summarized in table 9.2. While changes in concentration and scatterer strength do influence
the coefficients of the distribution, they do not do so enough to explain the discrepancy with

the field theory.

Strong Scatterers | Weak Scatterers
A =.061
Ch —2.05£.03 —1.96 £.09
Cy 1.335 £ .006 1.27 £ .01
A =.031
Cy —41+.1 —4.14+.34
Co 1.84 £ .02 1.83 +.066

Table 9.2: Comparison of log-normal tails of P(t) for strong and weak scatterers at fixed \
and /.

9.4 Algorithms

We have used several different algorithms in different parts of this chapter. We
have gathered spectral information about particular realizations of scatterers, gathered
statistics in small systems where we only used realizations with a state in a particular
energy window, gathered statistics from nearly every realization by allowing the scatterer
size to change and computed wavefunctions for particular realizations and energies. Below,
we sketch the algorithms used to perform these various tasks.

We will frequently use the smallest singular value of a particular realization at a
particular energy which we denote S](\? (E) where i labels the realization. When only one

realization is involved, the 7 will be suppressed. To compute S](\?(E) we do the following:
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1. Compute the renormalized t-matrix of each scatterer.
2. Compute the scatterer-scatterer Green functions for all pairs of scatterers.

3. Construct the inverse multiple scattering matrix, 7.

(2)

4. Find the singular value decomposition of 7-1 and assign Sy’ (E) the smallest singular

value.
In order to find spectra from E; to E; for a particular realization of scatterers
1. Load the scatterer locations and sizes.
2. choose a §F less than the average level spacing.
3. Set £ = E;

(a) If E < Ey find Sy(F), Sn(E + 0F) and Sy(E + 26E), otherwise end.

(b) If the smallest singular value at E + JE is not smaller than for £ and E = 26F,
increase E by JF and repeat from (a).

(c) Otherwise, apply a minimization algorithm to Sy (E) in the region near E + 0E.
Typically, minimization algorithms will begin from a triplet as we have calculated

above.
(d) If the minimum is not near zero, increment E and repeat from (a).

(e) If the minimum coincides with an energy where the renormalized t-matrices are
extremely small, it is probably a spurious zero brought on by a state of the empty

background. Increment E and repeat from (a).

(f) The energy E, at which the minimum was found is an eigenenergy. Save it,

increment E by JF and repeat from (a).

The bottleneck in this computation is the filling of the inverse multiple scattering
matrix and computation of the O(N?3) SVD. Performance can be improved by a clever
choice of 0 F but too large a § E can lead to states being missed altogether. The optimal 6 E
can only be chosen by experience or by understanding the width of the minima in S, (E).
The origin of the width of these minima is not clear.

The simpler method for computing intensity statistics by looking for states in an

energy window of size 20 about an energy E goes as follows:
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. Choose a realization of scatterer locations.

. Use the method above to check if there is an eigenstate in the desired energy window

about . If not, choose a new realization and repeat.

. If there is an eigenstate, use the singular vector corresponding to the small singular

value to compute the eigenstate. Make a histogram of the values of [¢|> sampled
on a grid in position space with spacing approximately one half-wavelength in each

direction.

. Combine this histogram with previously collected data and repeat with a new real-

1zation.

The bottlenecks in this computation are the same as the previous computation.

In this case, a clever choice of window size can improve performance.

The more complex method for computing intensity statistics by looking only at

energy F is a bit different:

1.

Randomly choose a number of locations (approximately twice the number of scatter-

ers).

. Compute and store all renormalized t-matrices and the Green functions from each

scatterer to each other scatterer.

. Choose a grid on which to compute the wavefunction.

. Compute and store the Green function from each scatterer to each location on the

wavefunction grid.

. Choose a subset of the precomputed locations, construct the inverse multiple scatter-

ing matrix, 7! and find the SVD of 71,

. For each singular value smaller than some cutoff (we’ve tried both .1 and .01), compute

the associated eigenstate on the grid, count the values of |¢)|> and combine with

previous data. Choose a new subset and repeat.

For this computation the bottlenecks are somewhat different. The O(N?) SVD is

one bottleneck as is computation of individual wavefunctions which is O(SN?) where S is

the number of points on the wavefunction grid.
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For all of these methods, near singular matrices are either sought, frequently en-
countered or both. This requires a numerical decomposition which is stable in the presence
of small eigenvalues. The SVD is an ideal choice. The SVD is usually computed via
transformation to a symmetric form and then a symmetric eigendecomposition. Since the
matrix we are decomposing can be chosen to be symmetric, we could use the symmetric
eigendecomposition directly. We imagine some marginal improvement might result by the

substitution of such a decomposition for the SVD.



Chapter 10

Conclusions

Scattering theory can be applied to some unusual problems and in some unexpected
ways. Several ideas of this sort have been developed and applied in this work. All the
methods developed here are related to the fundamental idea of scattering theory, namely the
separation between propagation and collision. The applications range from the disarmingly
simple single scatterer in a wire to the obviously complex problem of intensity statistics in
weakly disordered two dimensional systems.

These ideas allow calculation of some quantities which are difficult to compute
other ways, for example the scattering strength of a scatterer in a narrow two dimensional
wire as discussed in section 5.6. It also allows simpler calculation of some quantities which
have been computed other ways, e.g., the eigen-states of one zero range interaction in a
rectangle, also known as the “Seba. billiard.”

The methods developed here also lead to vast numerical improvements in calcu-
lations which are possible but difficult other ways, for example the calculation of intensity
statistics in closed weakly disordered two dimensional systems as demonstrated in sec-
tion 9.3.

The results of these intensity statistics calculations are themselves quite interest-
ing. They appear to contradict previous theoretical predictions about the likelihood of
large fluctuations in the wavefunctions in such systems. At the same time some qualitative
features of these theoretical predictions have been verified for the first time.

There are a variety of foreseeable applications of these techniques. One of the
most exciting, is the possible application to superconductor normal-metal junctions. For

instance, a disordered normal metal region with a superconducting wall will have different
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dynamics because of the Andre’ev reflection from the superconductor. The superconductor
energy gap can be used to probe various features of the dynamics in the normal metal.
Also, the field of quantum chaos has, so far, been focused on systems with an obvious
chaotic classical limit. Systems with purely quantum features very likely have different
and interesting behavior. A particle-hole system like the superconductor is only one such
example.

A different sort of application is to renormalized scattering in atomic traps. The
zero range interaction is a frequently used model for atom-atom interactions in such traps.
The trap itself renormalizes the scattering strengths as does the presence of other scatterers.
Some of this can be handled, at least in an average sense, with the techniques developed
here.

We would also like to extend some of the successes with point scatterers to other
shapes. There is an obvious simplicity to the zero range interaction which will not be
shared with any extended shape. However, other shapes, e.g., finite length line segments,
have simple scattering properties which can be combined in much the way we have combined

single scatterers in this work.
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Appendix A

Green Functions

A.1 Definitions

Green functions are solutions to a particular class of inhomogeneous differential
equations of the form

[z — L(r)]G (r,r';2) =6 (r —1'). (A.1)

G is determined by (A.1) and boundary conditions for r and r’ lying on the surface S of

the domain Q. Here z is a complex variable while £(r) is a differential operator which is

time-independent, linear and Hermitian. £(r) has a complete set of eigenfunctions {1, (r)}

which satisfy
L(r)thn(r) = Anthn(r). (A.2)
Each of the v, (r) satisfy the same boundary conditions as G (r,r’; z). The functions {1, (r)}

are orthonormal,

JRACTACE (A3)
and complete,

> a(r)y (') = d(r — ). (A4)

In Dirac notation we C&:l write
(z—L)G(z) = 1 (A.5)
Llpn) = Anlon) (A.6)
(n[pm) = Onm (A.7)
(A.8)
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In all of the above, sums over n may be integrals in continuous parts of the spectrum.

For z # X\, we can formally solve equation A.5 to get

G(z) = = (A.9)

Multiplying by A.8 we get

) (] =

)l = 3 2Ll 1)

n - n n

We recover the r-representation by multiplying on the left by (r| and on the right by |r')
(r,r'; 2) Zd)n z/)" ) (A.11)

In order to find (A.11) we had to assume that z # X\,. When z = )\, we can write

a limiting form for G(z):

A 1
Gt(z) = ———, A.12
(=) z— L +ie ( )
and it’s corresponding form in position space,
+ /. 1/)71 )
=1 Al
G=(r,152) 65%2 )\ T (A.13)

where G (2) is called the “retarded” or “causal” Green function and G~ (z) is called the
“advanced” Green function.
These names are reflections of properties of the corresponding time-domain Green

functions. Consider the Fourier transform of (A. 13) with respect to z:

1
+ T A —zE‘t/h
Go(r,rst=t—1t) = !gr[l] o / E E )\ :l: P dE. (A.14)
We switch the order of the energy sums (integrals) and have
1 Pn( 1/) (r)* -
+ /. _ Fn\t)Pnt ) o iET/h
G*(r,r';7) = o 6~>0 E E — X\, Liee dE. (A.15)

—o0
We can perform the inner integral with contour integration by closing the contour in either
the upper or lower half plane. We are forced to choose the upper or lower half plane by
the sign of 7. For 7 > 0 we must close the contour in the lower half-plane so that the
exponential forces the integrand to zero on the part of the contour not in the original
integral. However, if the contour is closed in the lower half plane, only poles in the lower
half plane will be picked up by the integral. Thus G*(r,r’;7) is zero for tau < 0 and
therefore corresponds only to propagation forward in time. G~ (r,r’;7), on the other hand,
is zero for 7 > 0 and corresponds to propagation backwards in time. G is frequently useful

in formal calculations.
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A.2 Scaling £

We will find it useful to relate the Green function of the operator al to the Green
function of £ where « is a complex constant.

Suppose
[z - aﬁ] Galz) =1 (A.16)

We note that £ and ol have the same eigenfunctions but different eigenvalues. i.e.,

a‘é W)n) = O‘)‘n W)n) (A17)
S0
! 1
Z |z - a)\ Z Wi - aGl (g) (A.18)
So we have
N 1 »
Gal2) = G (2) (A.19)

A.3 Integration of Energy Green functions

Claim:
/G(rl,r; 2)G(r,ro;z) dr = —di;G(rl,rg;z). (A.20)

Proof:
I:/G(rl,r;z)G(r,rg;z) dr:/ (r1] G(2) £} (¢ G(2) |ra) dr, (A.21)
I=(r|G(2) [/| (x| dr} 2) |ra), (A.22)

but

/ i) (x| dr =1, (A.23)
= (r1| G(2)G(2) |ra) . (A.24)

We expand the Green functions:

Gz =Y In) (] (A.25)
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r= ey L s By (426
But, since (n|m) = dnm,
ST wan

which is very like the Green function except that the denominator is squared. We can get
around this by taking a derivative:
o0

Y- LI . (A.28)

dzz — E

We move the derivative outside the sum and matrix element to get
d - d -
I=——(r1|G(2)[r2) = ——G(r1,r2;2), (A.29)
dz dz

as desired.

A.4 Green functions of separable systems

Suppose we have a system which is separable. That is, the eigenstates are products
of functions in each of the domains into which the system can separated. For example, a
system in which an electron can move freely in the x-direction but is confined to the region
ly| < h/2 has eigenfunctions which are products of plane waves in z and quantized modes

in y. The Green function of such a system is written

z—ea—eﬂj:ze

We can move either of the sums inside to get

=Y |y (] ® Y 15) (Bl —, (A.31)

Z—€Eq —Eg L€

but now the inner sum is just another Green function (albeit of lower dimension), so we

have

=" o) (o ® G5V (2 —ea) = Y. 18) (Bl © G (= — ep) (A.32)
a B
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Consider the example mentioned at the beginning of this section. We’ll label the
eigenstates in the x-direction by their wavenumber, k£ and label the transverse modes by a
channel index, n. So we have

A oo A
GH(z) = / k) (k| ® Go(E — e(k)) £ie)dk =Y |n) (n| @ g§P(E —e,)  (A.33)
oo -

where g((,i) (z) is the one dimensional free Green function. In the position representation

this latter equality is rewritten as

GH(z,y,2",y2) = xaW)xn(¥)gH (2,2 E — &y). (A.34)
n

A.5 Examples

Below we examine two examples of the explicit computation of Green functions.
We begin with the mundane but useful free space Green function in two dimensions. Then
we consider the more esoteric Gor’kov Green function; the Green function of a single electron

in a superconductor.

A.5.1 The Free-Space Green Function in Two Dimensions

In two-dimensions, we can derive the free-space Green function of the operator
L = —V? (corresponding to 2D free quantum mechanics with 42/2m = 1) using symmetry

and limiting properties. See, e.g., [10]. The Green function, G, satisfies
(z + VZ) Go(r,r';2) =0 (r—1'). (A.35)

By translational symmetry of £, G,(r,r';2) is a function only of p = |r —r'|. For p # 0,

G(p; z) satisfies the homogeneous differential equation
(z + VZ) G(p;z) =0. (A.36)
Recall that

S(r—r') = %5(,0), (A.37)

so we may re-write (A.35) as

p p
27rz/ Gop' dp' +/ 2mp'V2G,(p' 2) dp’ = 1. (A.38)
0 0
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In radial polar coordinates (p, )

210 0 1 9?

T TRrY 2 (A.39)
SO
010 = 5 (05 (A.40)
Thus
/p 2mp'V2Go(ps 2) dp' = 2m /p 9 (K'Golp';2)) dp’ = 27Tp%, (A.41)
0 o Op op

where the last equality follows from Gauss’ Theorem (in this case, the fundamental theorem

of calculus). So we have

o
27rz/ Gop'dp' + 271',0% =1, (A.42)
0 dp
which, as p — 0, gives
; 1
27r,0M =1= G,(p;z) = — In(p) + const. (A.43)
dp 2r
Also,
Jim Go(p;z) =0 (A.44)

General solutions of (A.35) are linear combinations of Hankel functions of the first

and second kind of the form (See e.g., [1]).

[4nHO (vZp) + By HP (vzp) | €57 (A.45)

Since we are looking for a 6 independent solution we must have n = 0. Since
HSZ)(\/Ep) blows up as p — oo, By = 0. The boundary condition (A.43) fixes Ay = %. So
we have

Golr,¥'s2) =~ H{V (v/2lr — ¥, (A.46)
where Hél) is the Hankel function of zero order of the first kind:
HW () = [Jo(x) + iV, ()] (A.47)

where J,(z) is the zero order Bessel function and Y,(z) is the Neumann function of zero
order.
It will be useful to identify some properties of Y,(xz) for use elsewhere. We will

often be interested in Y,(z) for small z. As z — 0

V() = Vi (@) + = J,(x) In(a) (A.48)
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v (x) is called the “regular” part of Y,(z). We note that v (0) # 0. Ordinarily,
the specific value of this constant is irrelevant since it is overwhelmed by the logarithm.
However, we will have occasion to subtract the singular part of G, and the constant, YO(R) (0),

will be important.

A.6 The Gor’kov (bulk superconductor) Green Function

In this appendix we will derive the Green Function for particles and holes in
a superconductor. We plan to use this Green function to simulate Andre’ev scattering
systems. We will find an explicit solution in the case of a uniform bulk superconductor.

Andre’ev scattering takes place at normal-metal superconductor boundaries (NS).
When an electron in the normal metal hits the superconductor boundary it can scatter as
a hole with the time-reversed momentum of the electron. That is, the electron disappears
at the boundary and a hole appears which goes back along the electron’s path at the
same speed as the electron came in. This type of scattering leads to a class of trajectories
which interfere strongly (even in chaotic/disordered systems) and produce weak-localization
effects.

The simplest way to deal with the co-existence of particles and holes is to solve a

set of coupled Schrédinger-like equations known as the Bogoliubov equations (see, e.g., [5]):

o 1p) = [ -1+ Al (A.49)
gy = —[H, -] lg) + ATIF). (A.50)
(A.51)

where H, is the single particle Hamiltonian, 4 = [|r) u(r) (r| is the (possibly position
dependent) chemical potential and A = [ |r) A(r) (r| is the (possibly position dependent)

superconductor energy gap. In the A = 0 case, we have the Schrodinger equation for |f)

(the electron state) and the time-reversed Schrédinger equation for |g) (the hole state).

) = ( ) ) : (A.52)
|9)

If we form the spinor
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we can write the Bogoliubov equations as

~

9 H, — j A
inL o) = ( ° i) ) W) = H |¥). (A.53)
ot Af — (Ho — ﬂ)
In order to compute the Green function operator, G (2), for this system we form
. . z— (H,— fi -A
Gl 2)=2—H= ( N ”) . : (A.54)
_At o+ (H, — )

which, at first, looks difficult to invert. However, there are some nice techniques we can
apply to a matrix with this form. To understand this, we need a brief review of 2 x 2

quantum mechanics.

Recall the Pauli spin matrices are defined

01

o1 = )
1 0
0 —1

02 = )
;0
1 0

g3 = )
0 -1

and that the set {Z,01,09,03} is a basis for the vector space of complex 2 x 2 matrices.

~

The Pauli matrices satisfy

[0i,0;] =00 —0j0; = €10} (A.55)
{(Ti,(Tj} = 004 +O'j(7i = I(Sij (A56)
where €5, is the € three-symbol (e, is 1 if 45k is a cyclic permutation of 123, -1 if ijk is a

non-cyclic permutation of 123 and 0 otherwise) and 6;; is the Kronecker delta.

To simplify the later manipulations we rewrite G L

GH2) = 57 (2)o3 = G(2) = 03 '3(2) (A.57)

where

g (=) = ( T (Ho ) AA ) ) . (A.58)
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We now write
i (2) =aZ +ib o, (A.59)

where

>
Il
|
oY
anf
)
=
N———"

Im(A), Re(A), —iz) ,

o
Il
amnY

01,02, 03) .

Q
|

Let’s make the additional assumptions that

S

[&, ,] - 0Vi,
b ] = 0VYi,j

[ia]

For our problem, as long as A=1Tx const, we satisfy these assumptions. That is, we are

[N

in a uniform superconductor.
So
o a—ibg (b —iby)
it = . (A.60)
i(b1 +1ba) G +ibs
Since all the operators commute, we can invert this like a 2 x 2 matrix of scalars:

. 1 a+iby  —i(by — iby) 1 .
g(z): 2 9 D = o - R R :ﬁ(aI—Zb-O').
a® +b5 4+ by +b5 \ —i(by + ib2) a — ibs 4’ +b
(A.61)

We clarify this by explicit multiplication

T N N A 2
a 51 ] A —q . A ) . ] 52 .
9(2)g7 (2) = TR (aI ib 0’) (aI—i—zb 0’) BT {a 7+ (b a) } . (A.62)
Now we use the relation (A.56) to simplify b - o
X 3. 3 o R
b-o= 3 bobjoj= 3  bibj{oi,o;} =bL. (A.63)
i,j=1 .
1,7 =1
i <
So we have
A N 2 i N
AN a—1 _ ~2 . — 52 27) —
0207 () = {aIwL(b U)}_auﬁ (@22 +571) = 1. (A.64)
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At this point we have an expression for g(z) but it’s not obvious how we evaluate

&241_62. We use another trick, and factor §(z) as follows (defining b = |b|):
7 . | . T+she
() = —— (aT—ib-0) =5 3 —L. (A.65)
a? + b? 2 & a+ish

Why does this help? We’ve replaced the problem of inverting a2 + b? with the problem of

inverting @ + ib. We recall that a = —(H, — 1) and b = /b? + b3 + b3 = /JA[? — 22. So
o+ ib=— [ﬁo—gw\/mp—z?}, (A.66)

which means

(a+ib)~"' =G, (iw|A|2 - z2> , (A.67)

where

(A.68)

We note that if i = Fg,.; = const., Gu(z) = Gof + z). We define

E fermi

IR EINE

fr(z,A) = %<1iﬁ>
A

222 — |Al?

and then write

g(z):<éﬂ< M) (2, A) + (n)f( A) 5t [Guln) — Gu(—n)] )

6 [Gutn) = Gu(=n) Gu(=n)f+(2,8) + Gu(m)f-(2,4)
(A.69)
So, finally, we have a simple closed form expression for G(z)
E() = 015(2) = ( W) F+ (2 8) + G (2, 4) ot [Gun) = Cu(—n)] ) |
’ =3 [Goln) = G(=n)] —Gu(=n)f1(z8) = Gun)f - (,4)
(A.70)

Various Limits

e A=0
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When A = 0 we have

and thus

G(z) = ( Guln) 0 ) . (A.71)

as we would expect for a normal metal.



Appendix B

Generalization of the Boundary

Wall Method

Handling the general boundary condition

a(s) (r(s))|

requires a more complex potential,

V(r) = /Cds A(s) 8 (r —r(s)) {a(s) —[1— a(s)] an(s)} : (B.2)

and thus is somewhat more difficult than the case of Dirichlet boundary conditions con-

+[1 = als)] Buga) $(x(s)| , =0, (B.1)

c c

sidered in section 4.2. First, we assume n(s) a unit vector normal to C at each point s,

and
On(s) [ (r(s)) = n(s) - Vf(r(s)). (B-3)
Second, we insert (B.2) into (4.3) to get
9) = 4(6) + [ d5' M) Goe,r() {als)) = [1 = a6 g } (e, (B

which then we consider at a point r(s”) on C (with the same notational abbreviation used

in Section 4.2)

P = ") + [ ds' A Gols” ) {als) + [1 = ol du (). (BD)

As it stands, (B.5) is not a linear equation in . To fix this, we multiply both sides by
{a(s”) +[1 —a(s")] an(s,,)} and define

PP(s") = {a(s") + [1 = als")] Ougen } (5")
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pP(s") = {als") + [1 = a(s")] O } (")
GE(s"s) = {a(s")+ [1 = a(s")] Ou(er) | Gols", ). (B.6)
This yields
PE") = () + [N GRS P (), B.7)
a linear equation in 4?, and solved by
38 =[i-GPA] 4", (B.8)
where again the tildes emphasize that the equation is defined only on C. The diagonal

operator A is

(AF) (s) = Als) £ (5)- (B.9)
We define
TP =R [i-GPA] T, (B.10)
that solves the original problem
P(r) = ¢(r) + / ds' Go(r,v(s')) Tfs (r(s), (B.11)
for
TB, (r(s')) = /ds TB (S, 5) 4B (s). (B.12)

.|
As in Section 4.2, in the limit A\(s) = A — oo, T? converges to — [G(])B] which,

when inserted into (B.7), gives

- aprap1-1] -
{a(s) +11 = a(s)] ()} 9(s) = 9P (s) = ({I - Gf |G ] ¢B> (5)=0,  (B.13)
the desired boundary condition (B.1).
For completeness, we expand T'? in a power series
O N U
TP =A+A (Y [G{?A] , (B.14)
j=1
S0

TB(s",s") = A(s") 6(s" — ") + A(s") (Z[TB]@(S", s')) : (B.15)

=1

where
[TB10) (5" s :/dsl...dsj- GP(s",5;) A(sj) ... GB(s2,51) A(s1) (51 —5'),  (B.16)

allowing one, at least in principle, to compute T2 (s”, s'), and thus the wavefunction every-

where.



Appendix C

Linear Algebra and Null-Space
Hunting

In this appendix we deal with the linear algebra involved in implementing various
methods discussed above. We begin with the standard techniques for solving Ax = v type
equations when A is of full rank. We do this mostly to establish notation.

In many of the techniques above, we had a matrix which was a function of a real
parameter (usually a scaled energy), A(¢) and we wanted to look for t such that A(t)x =0
has non-trivial solutions (x # 0). The standard technique for handling this sort of problem
is the Singular Value Decomposition (SVD). We’ll discuss this in (C.3).

There are other methods to extract null-space information from a matrix and they
are typically faster than the SVD. We’ll discuss one such method, the QR Decomposition
(QRD). [17] is a wonderful reference for all that follows.

C.1 Standard Linear Solvers

A system of N linear equations in N unknowns:

N
Zaijxi = bj fOI‘j € {1N} (Cl)
i=1

may be written as the matrix equation

Ax = Db, (C.2)
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where (A);; = a;;. This implies that a formal solution is available if the matrix inverse 4~
exists. Namely,

x =A"'b. (C.3)

Most techniques for solving (C.2) do not actually invert A but rather “decompose”
A in a form where we can compute A ~'b efficiently for a given b. One such form is the
LU decomposition,

A=LU, (C.4)

where L is a lower triangular matrix and U is an upper-triangular matrix. Since it is simple
to solve a triangular system (see [17], section 3.1) we can solve our original equations with
a two step process. We find a y which solves Uy = b and then find x which solves Lx =y.
This is an abstract picture of the familiar process of Gaussian elimination. Essentially,
there exists a product of (unit diagonal) lower triangular matrices which will make A upper-
triangular. Each of these lower triangular matrices is a gauss transformation which zeroes all
the elements below the diagonal in A one column at a time. The LU factorization returns
the inverse of the product of the lower triangular matrices as L.and the resulting upper
triangular matrix in U. It is easy to show that the product of a lower(upper) triangular
matrices is lower(upper) triangular and the same for the inverse. That is, L represents a
sequence of gauss transformations and U represents the result of those transformations. For
large matrices, the LUD requires approximately 2N3/2 flops (floating point operations) to
compute.

The LUD has several drawbacks. The computation of the gauss transformations
involves division by a;; as the i} column is zeroed. This means that if a;; is zero for any i
the computation will fail. This can happen two ways. If the “leading principal submatrix”
of A is singular, i.e., det(A(l : 4,1 :4)) = 0 then a;; will be zero when the i}, column is
zeroed. If A is non-singular, pivoting techniques can successfully find an LUD of a row-
permuted version of A. Row permutation of A is harmless in terms of finding the solution.
However, if A is singular then we can only chase the small pivots of A down r columns
where r = rank (A). At this point we will encounter small pivots and numerical errors will
destroy the solution. Thus we are led to look for methods which are stable even when A is

singular.
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C.2 Orthogonalization and the QR Decomposition

Suppose we wanted to keep the basic idea of the LU decomposition, zeroing the
columns of A but avoid the pivot problem. We have to be careful because the inverse of the
transformation matrix (the L in LU) has to be easy to invert or the decomposition won’t be
much help. One class of transformations which might work are orthogonal transformations.
Orthogonal transformations include reflections and rotations. Orthogonal transformations
do not re-scale (so they are stable in the presence of small pivots) and they are easy to
invert (the inverse of an orthogonal transformation is its transpose). The simplest such
method is the QR decomposition,

A =QR (C.5)

where Q is orthogonal and R is upper-triangular. Performing this decomposition is straight-
forward. Consider the first column of A. A rotation (or reflection about a correctly chosen
plane) will zero all but the first element (simply rotate a basis vector into the first column
of A and then invert that rotation). Now go to the second column. To zero everything
below the diagonal it is sufficient to consider a problem of 1 dimension smaller and rotate
in that smaller space. This leaves the previously zeroed elements alone (since those vectors
are null in the smaller space). We do this one column at a time and accomplish our goal.

A wonderful consequence of the QRD is that the eigenvalues of A are the diagonal
elements of R. Since Q is orthogonal, it does not change eigenvalues, it just rotates the
eigenvectors. This makes it ideal for null-space hunting since we can do QRDs and look for
small eigenvalues. Typically the eigenvalues in a QRD are in generated in order of their
absolute value as a side effect of the transformation.

If A is singular with rank N-1, a typical QRD algorithm will leave the zero eigen-
value in the last row of R. That is, the last row of R is all zeroes. A modified back-
substitution algorithm will immediately return a vector in the null space. Since the null
space is one dimensional, this vector spans it. A similar approach will work with multi-
dimensional null-spaces but requires a bit more work.

The QRD is not magic. It does not provide a solution where none-exists. While
the algorithm is stable, the attempt to solve the Ax = b will still fail for singular A
and non-zero b, it will simply do so in the back-substitution phase rather than during
decomposition.

There is a fix for this back-substitution problem. We can pivot the columns of
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A as we do the QRD and then, though we still cannot solve an ill-posed problem we can
extract a least squares solution from this column pivoted QRD (QRD_CP).

For large N, the QRD requires approximately 4N?/3 flops (twice as many as LU)
and QRD_CP requires 4N?3 flops to compute.

C.3 The Singular Value Decomposition

It is possible to further reduce R by post-multiplying it by a sequence of orthogonal
transformations. The SVD is one such “complete orthogonalization” It reduces R to a

diagonal matrix with positive entries. That is, the SVD gives
A=UxvT (C.6)

where U and V are orthogonal and ¥ = diag(oy,...,on). In this formulation, zero singular
values correspond to zero eigenvalues and the corresponding vectors may be extracted from
V. Since the SVD is computed entirely with orthogonal transformations, it is stable even
when applied to singular matrices.

The SVD of a symmetric matrix is an eigendecomposition. That is, the singular
values of a symmetric matrix are the absolute values of the eigenvalues and the singular
vectors are the eigenvectors. If a symmetric matrix has two eigenvalues with the same
absolute value but opposite sign, the SVD cannot distinguish these eigenvalues and may
mix them. For non-degenerate eigenvalues, the sign information is encoded in UV which
is a diagonal matrix made up of £1. All of this follows from a careful treatment of the
uniqueness of the decomposition.

The SVD can be applied to computing only the singular values (SVD_S), the
singular values and the matrix V (SVD_SV) and the singular values, the matrix V, and the
matrix U (SVD_USV). The flop count is different for these three versions (we include LUD

and QRD for comparison) and we summarize this in table C.3.
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Algorithm | flops | seconds
SVD_USV | 20N3 13.51
SVD.SV | 12N3 9.55
SVD_S 4N3 2.13
QRD_CP | 4N? 1.73
QRD 4N3/3 43
LUD 2N3/3 N/A

Table C.1: Comparison of flop counts and timing for various matrix decompositions.
The timing test was the decomposition of a 500 x 500 matrix on a DEC Alpha 500/500
workstation.

We include this table to point out that choice of algorithm can have a dramatic
effect on computation time. For instance, when looking for a t such that A(¢) is singular,
we may use either the SVD_S or the QRD to examine the rank of A(¢). However, using the
QRD will be at least 4 times faster than using the SVD_S.



Appendix D

Some important infinite sums

D.1 Identites from %

Recall that

n
Zx—:ln< ! >f0r|x|<1 (D.1)
n 1-—
n=1
Thus
o0 einae—nﬁ 1
=In < ) for a, @ real, 5 > 0. (D.2)
n 1 ia—f
n=1
So
X, cos(na)e ™8 1 1 e
712::1 n e{n<1—exp(z’a—ﬁ)>} g 2coshB —2cosar )’ (D-3)
and
g —np 1 B
> e T gy fn )} = e (£ ) D)
— n 1 —exp(ia — ) 1—ePcosa
Since
sinna sinna’ = 3 [cosn(a — a') — cosn(a+ )], (D.5)
we find
— sinna sinnd’ 5, 1 e? e
Z ——e¢ = —<ln —1In
— n 4 2cosh 8 — 2cos(a — o) 2cosh f —2cos(a+ )

= -In

i {coshﬁ — cos(a + Oz')}

cosh 3 — cos(a — o)
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1l {coshﬁ—l—l—l—cos(a—i—a’)]
—In
4 [coshf—14+1—cos(a— o)

1. [sinh? 5 + sin? oo
= -In -
4 sinh? g + sin? a5

We also note that for o, << 1

6/6
In
2cosh B —2cos«

—In (1 + e —glah e_m_ﬁ)
~ In (ﬁ2 + a2) , (D.6)

since, in the small argument expansion of the exponentials, the constant and linear terms

cancel. Similarly, for 8, |a — /| << 1

inh?2 B s 2 ata! /
In SIh” 3 +sIn” ~ In |sin® m —1In
sinh? g + sin? O‘_TO‘, 2

(D.7)

B2+ (a—a)?
4

D.2 Convergence of Green Function Sums

D.2.1 Dirichlet Boundary Green Function Sums

Consider

an (&) = sin(nz) sin(nz') (1 — exp (—2k,h)) " (n27r2/12 - E)_l/2 exp (—knf), (D.8)

2.2
where Kk, = /"7~ — E, and

by () = sin(nz) sm(m;')nl—7r exp (-?g) , (D.9)

In this case, we may perform Y>>, b, (&) for & > 0 using the identities above (section D.1).
We need to show that Y02, an(£) —by(€) converges and that it converges uniformly

with respect to £ for all £ > 0. Since |sin(nz) sin(nz')| < 1, we have

|lan (&) —bn(§)] =

For z < 1, ﬁ < 1 and exp(—y/7a) < exp(—za) so

|an(§) - bn(§)| <
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-1
nl_7r [(1 - e—2nnh)*1 (1 — ng—i{i) exp (—nl_ﬁé‘> exp (%5) — exp <—¥€>]
-1
<[ (1 )] [y (1) ()

Since

1. n> % 2F implies

exp

nmw El?
BRAP- I TOh
l 5( n27r2>

2. and, since x < % = ﬁ <1+42x,n> %\/2E implies
-1
EI? 2E[?
(1 — —n27r2> < (1 + —n27r2> , (D.11)

2
3. n> % (l;l—hQ) + E implies

< exp (—H§> , (D.10)

(1- e—%nh)_1 < (1+2e7200) (D.12)

4. z>0=e*>1—z,

V2E, L (1“2%5’)2 + E}
2B El
—2Kknh _ _
(1 +2Ce2h) (1 + n27r2> (1 mg)] . (D.13)

2
Further, for n > %\/E + {ﬁ In (E—lzz) :|7

we have, for n > max{

l nm
an(6) = tn(©)] < - exp |~ 5¢]

l nm | |El,  5EI?
0n() = tnl@)] < ——exp | 3] [ e+ 271 (D.14)
nmw 21 nmw n4m
2\ 2
Therefore, for M > max {% 2F, %\/E + [ﬁ In (]fr—lzz) ] }a
oo Mr | | 2E3 5 5EI3
() — b, — 2 . D.1
Z an(§) (§) <exp [ 21 6] lW3M2 1 —exp (—Z¢) + MZWZ] (D.15)
n=M 2l
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But ;—’= is a monotonically increasing function of x so —on(—Z¢) “on(—Zh) and
thus
— M EI? h 5EI3

an (&) — bp(&)] < exp {— f] — + D.16
3 (an(€) = bule) o | T e 2 B (.16)

Thus Y72 1 [an(§) — bp(€)] converges for all £ > 0.

Further, since ZL¢ exp [-27¢] < izE—;i,
TE3

|an(§) — bn (&) < e s (D.17)

and > 0% fn converges. Therefore Y 77 1 [an (&) — by (€)] converges uniformly with respect
to & for £ >0
D.2.2 Periodic Boundary Green Function Sums
Consider
M (22 172 —1/2
an(€) = cos(nlz — o) (n*r?/1* = B) " exp (—knf) , (D.18)

2.2
where k, = /"*7~ — E, and

b () = cos(n|z — x,|)n_l7r exp (-?g) , (D.19)

In this case, we may perform Y ;2 b,(£) for &€ > 0 using the identities above (section D.1).
We need to show that Y >°; an(£) —by(€) converges and that it converges uniformly

with respect to ¢ for all £ > 0. Since | cos(n|z — z'|)| < 1, we have

lan(§) —bn(§)] =

N ORI S G N A A O (-
nm n2n? xp l 72n2 xp l )

For z <1, 7= < L and exp(—+/ra) < exp(—za) so

x

Since
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1. n > LV2E implies

exp

nmw Eil?
ALY L
l 5( n27r2>

2. and, since z < % = ﬁ <142x,n> % 2F implies

—1
Eil? 2E1?
(1 - m) < (1 + m) : (D-21)

3. z>0=e¢*>1-—uzx, (proof?)

< exp (—”2—%) : (D.20)

we have, for n > % 2F

(1 - Zf;) - (1 - %5)] . (D.22)

l [ Bl 2E1?
o) = (01 < o0 [ 5¢] | o+ 220 . (0.23)

l nm ]
00(6) = bul)] < - exp | ~5r¢]

So

Therefore, for M > % 2F

3 Mr ] [ 2E8 ¢ 2
-0 - 2 . D.24
2, O e [ 21 ] [waMz [—exp (-3 M7 (D.24)
X . . . . . %g %h
But == is a monotonically increasing function of x so o —ry e Ty and
thus
.- M El? h EI3
b - D.25
n§4 nl8) =IO < exp { 2l 4 [WQMQ 1 —exp (—4;h) " M27r3] (D.25)
Thus 3272 37 [@n(§) — b, (§)] converges for all £ > 0.
Further, since %gexp [—2r¢] < 2ZE—7Sv
AEI3

and > 0%, frn converges. Therefore Y >° 1 [an (&) — by (€)] converges uniformly with respect

to & for £ >0



Appendix E

Mathematical Miscellany for Two

Dimensions

E.1 Polar Coordinates

\Y

VZ

E.2 Bessel Expansions

ezkr
ezky — ezkr sin @
ezlm: — ezkr cos

sin ky = sin (krsin @)

sin kz = sin (kr cos 6)

> @) Jilkr)
i": Jy(kr)et

Z (i)' Jy(kr) coslf

[=—00

i JQH,l(k’l") sm([2l + 1]9)

[=—00
o0

> (=1)! Jopga (k) cos ([21 + 1]6)

[=—00
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(E.1)

(E.2)

(E.4)

(E.5)

(E.6)

(E.7)

(E.8)
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E.3 Asymptotics as kr — o

2
Jn(kr) =~ 4/ o €08 (kr - n_27r - %) (E.9)

2 . nToT
Yn(k'l") ~ % S1n (k?" — 7 — Z) (EIO)
2 N nm i
Hél)(kr) ~ - ei(kr—5—%) (E.11)

X
7|
IR
3

Q\

~

>
7
NS
|
w3

N

—~
=
ot

[\

SN—

HW (kr)* = H? (kr)

n

(E.13)
E.4 Limiting Form for Small Arguments (kr — 0)

T (kr) (%kr)n f 1,-2,-3-- (E.14)

n(kr) ~ () orn # —1,—-2,— .
Yo(kr) ~ (2/m)Inkr (E.15)
HW(kr) ~ (2i/7)Inkr (E.16)

1 kr\~"

Y, (kr) ~ —;F(n) <?> for Re{n} >0 (E.17)

HW (kr) ~ —ir(n) <%>n for Re{n} > 0 (E.18)
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