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Abstract

Semiclassical methods are some of the most effective for tackling the notorious many-

body problem. We follow up on some inspired work in the field of semiclassical

physics including the Berry random wave conjecture and its connection to statistical

mechanics, and the Thomas-Fermi approximation. The main thrust of the work is

a new semiclassical method based on the Thomas-Fermi approximation that shows

positive results especially for highly correlated systems. A new way of looking at

particle exchange symmetry is central to our new method, and as such we take a

fresh look at permutation symmetry in many-body systems of identical particles.

iii



Contents

Title Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Citations to Previously Published Work . . . . . . . . . . . . . . . . . . . vi
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Introduction 1

2 Quantum Thermalization in Many-Body systems 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Berry’s Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Berry’s conjecture in N dimensions . . . . . . . . . . . . . . . 8
2.3 Quantum Thermalization . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Connection between Microcanonical and Canonical Ensembles . . . . 13

2.4.1 Diagonal (Classical) Green Function . . . . . . . . . . . . . . 18
2.4.2 Asymptotic Bessel Functions and a Link to the Canonical En-

semble . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4.3 Stationary phase canonical limit . . . . . . . . . . . . . . . . . 28

2.5 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.5.1 N particles and a wall . . . . . . . . . . . . . . . . . . . . . . 30
2.5.2 Particle Exchange Symmetries - Fermions and Bosons . . . . . 34
2.5.3 Scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.5.4 Canonical Random Waves . . . . . . . . . . . . . . . . . . . . 38

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Pair Product Approximation 40
3.1 Harmonic Confining Potentials . . . . . . . . . . . . . . . . . . . . . . 43
3.2 Semiclassical Pair Product Approximation . . . . . . . . . . . . . . . 46

3.2.1 Cellular Dynamics . . . . . . . . . . . . . . . . . . . . . . . . 47

iv



Contents v

4 Correlated Thomas-Fermi Method 52
4.1 Review of Thomas-Fermi Theory . . . . . . . . . . . . . . . . . . . . 53
4.2 Correlated Thomas-Fermi . . . . . . . . . . . . . . . . . . . . . . . . 57
4.3 Applicability of CTF . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.4 Behavior of N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.5 Perturbation Theory for N . . . . . . . . . . . . . . . . . . . . . . . . 81
4.6 Harmonic Approximation for N . . . . . . . . . . . . . . . . . . . . . 83
4.7 Finding N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.8 Particles in Higher Dimensions . . . . . . . . . . . . . . . . . . . . . . 86
4.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5 Permutation Symmetry for Many-Body Systems 93
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2 Symmetric Group SN . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3 Symmetrized Bases and Block Diagonal Hamiltonians . . . . . . . . . 109
5.4 Symmetrized FFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

Bibliography 127



Citations to Previously Published Work

Portions of Chapters 2 and 4 have appeared in the following two papers:

“Semiclassical Ground-State Energies of Many-Electron Systems”, B.R.
Landry, A. Wasserman, and E.J. Heller, Phys. Rev. Lett., 103, 066401
(2009);

“Statistical properties of many particle eigenfunctions”, E.J. Heller and
B.R. Landry, J. Phys. A, 40, 9259-9274 (2007).

vi



Acknowledgments

There are several people who I need to express my gratitude towards and without

whom life would not be the same. First and foremost are my parents and brother.

My parents have always believed in everything that I do. They support me in any

way they can think of, and I’m truly lucky to have them. My little brother has always

been supportive as well. Really there’s no one in the world whose company I enjoy

more. We always know how to make each other crack up like no one else.

My family has been in my life since the begining, but in these last five years I’ve

met some great people and I hope those relationships will continue until we’re old.

The Heller group has been extemely supportive and a great place to work. I’ll always

remember the great conversations that I would have with Jamie Walls and Adam

Wasserman. They would always start about some aspect of chemistry or physics, but

would wander through the realms of philosophy and sometimes politics touching on

different areas of science, most fertile areas of research. I also hope to never forget

those late night IHOP trips with Scott Sanders during which we’d often debate who

is the bigger solipsist.

I’m really grateful that I’ve been lucky enough to study some really interesting

problems. I’ve always thought it amazing that two worlds can exist (classical and

quantum) with such different properties, but somewhere in the middle they must

meet. It is this interest that has gotten me involed in one half of the title topic of

this thesis. I’m also grateful for the funding including the Petroleum Research Fund

that has allowed me to do this work.

The department has been a great place to study. From what I’ve seen the faculty is

extremely supportive, especially my comittee, and great to teach with. I’d especially

vii



Acknowledgments viii

like to thank Alán Aspuru-Guzik who I feel goes out of his way to point students in

the right direction. I think of him as almost a second advisor.

Lastly I want to thank my actual advisor Rick Heller. He’s a truly amazing

guy and working for him was a great experience. He has a really unique mind for

physics. It seems like he can sometimes just see the solutions whereas I’ll have to

spend hours scribbling on paper or cursing at Mathematica to obtain the same level

of understanding. He has so many exceptional ideas that at times meeting with him

can feel like you are trying to grab onto one and wrap your mind around it before he

comes up with a better one. But in my eyes it is not his considerable science skill that

makes him a great advisor, it’s that he really truly cares about each of his students.

Sometimes the halls of academia are described as cold and uncaring. If that’s the

case we need more advisors like Rick.



Chapter 1

Introduction

Reductionism has a central place in science. In order to work from a scientific

perspective a researcher must separate on a mental if not physicsal level what is

under study, the system, from everything else, the surroundings. In truth things are

never quite so simple, but this perspective has allowed us to develop most of physics.

This perspective is not without its limitations however. The main problem intro-

duced by a reductionist point of view is punctuated understanding. We understand

an atom, or molecule, or protein, or cell, or organism quite well, but we have a great

deal of difficulty understanding how these individual pieces work together to form a

system of the next level of complexity. For example we are not good at understand-

ing loosely associated atoms forming a molecule or how the primary structure of a

protein results in a folded enzyme. These examples are manifestations of the many

body problem. We understand one or two piece quite well, but we have difficulty

with more than that, and it often takes many pieces at one level to form a system on

the next level.

1
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The main manifestation of the many body problem is that by definition the prob-

lem does not have an analytical solution for the number of particles under considera-

tion. As discussed above, this limit is important because we wish to be able to under-

stand the physics of matter at all scales. As the exact solution becomes intractable for

a certain number of particles it becomes necessary to introduce approximations. This

is how the many-body problem is necessarily dealt with. The most straightforward

way of introducing an approximation and the one that is probably most often used is

mean-field theory.

In a mean-field approximation the explicit interactions between particles are ne-

glected and the particles are considered to be moving in a mean field made up of the

averaged interactions with all the other particles. This greatly simplifies the problem

because all the particles are now only moving in a single external potential and the

problem is now a single particle problem.

Along the same lines as mean-field, it is possible to consider clusters of particles

that interact with each other, but only feel an averaged potential from the rest of the

particles. The pair product approximation (Chapter 3) for the green function of a

many particle system can be thought of in this way. It is built from the combination

of two-particle Green functions. In that way two-particle interactions are taken into

account, but higher order interactions are neglected.

Another way to introduce an approximation is to use a synthetic approach (which

is really going against the standard reductionism) . In a synthetic approach, an ap-

proximation to the structure at the next level of sophistication is assumed and used to

describe the system of interest. An important example of this method is the Laugh-
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lin wavefunction [1]. The Laughlin wavefunction describes the correlated motion of

several electrons and allows strongly interacting electrons to be approximated. Any

approximation that assumes a thermally large number of particles necessarily falls

into this synthetic approach. In the thermal limit, the individual interactions can

become a small correction to the thermal noninteracting ideal system.

An additional way to introduce an approximation is to interpolate between phys-

ical theories that work on different scales. Semiclassical approximations are a prime

example of this. For systems that require a quantum mechanical description, it is

possible to simplify calculations by considering the system to be approximately clas-

sical. There are many ways to enact this approximation. Most involve some type of

~ expantion since in the limit ~→ 0 the system can be described exactly by classical

mechanics. Another way is to take a classical quantity and introduce the important

quantum mechanical properties that are affecting the system. This is the basis for

the correlated Thomas-Fermi approximation discussed in Chapter 4.

A final way to deal with problems that are difficult to solve such as the many-body

problem is to consider symmetries of the system of interest. Anytime a symmetry

is realized, it should lead to a simplification. Any many-body system of identical

particles has symmetry group SN . We should therefore be able to exploit this in our

work. Usually the required antisymmetry of the wavefuncion is the only place that

particle symmetry comes into play, but our work leads to some unique uses of this

well known symmetry.

This thesis is organized as follows: In the next chapter we deal with the many-

body problem from the perspective of quantum statistical mechanics and use Berry’s
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conjecture to make some new connections. In the third chapter we follow the natural

path of our statistical studies to the pair product approximation. In the fourth

chapter, which is the thrust of our work, we discuss a novel semiclassical method for

calculating the ground states of many-body systems. In the next chapter we discuss

the symmetry group SN and how we use it beneficially in our work and suggest new

ways to use it in general.



Chapter 2

Quantum Thermalization in

Many-Body systems

2.1 Introduction

Quantum statistical mechanics is the study of large numbers of quantum particles.

It is therefore a natural place to start when discussing semiclassical approximations

for many body systems. Quantum statistical mechanics is a relatively well explored

field [2], and the most straightforward extension of classical statistical mechanics is

to replace the classical density of states by the quantum density of states. Statis-

tical mechanics then follows quite directly through the analogous equations. The

determination of the expectation value of some physical property f is

〈f〉 =
Tr fρ

Tr ρ
(2.1)

where the trace is a phase space integral,
∫
dpdq, for classical statistical mechanics

and a quantum trace for quantum statistical mechanics. The functional form of ρ,

5
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which corresponds to the density of systems in an ensemble, is dependent on the

ensemble that one uses. For the microcanonical ensemble

ρ(p, q) ∝ δ(E −H(p, q)) (2.2)

and for the canonical ensemble

ρ(p, q) ∝ exp (−βH(p, q)) (2.3)

where β = 1
kT

. For quantum statistical mechanics these equations still hold with the

density functions being replaced by density operators and the classical Hamiltonian

replaced by the Hamiltonian operator

ρ ∝ δ(E −H) (2.4)

and

ρ ∝ exp (−βH) (2.5)

The well known result from statistical mechanics that all equilibrium thermody-

namic quantities can be calculated from the normalization integrals, ρ(E) = Tr δ(E−

H) and Q(β) = Tr exp(−βH), works for both classical and quantum systems. How-

ever these equations don’t reveal anything about how the system approaches equil-

brium from a nonequilibrium initial condition. At equilibrium, in the microcanonical

ensemble, a system is equally likely to be in any accessible microstate. For equilibrium

to occur therefore it must be true that any cluster of initial points in phase space

must eventually spread out to cover all accessible phase space evenly. This process

is called thermalization, and the hypothesis that this can take place for any initial

cluster of points is the called the ergodic hypothesis.
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Chaos plays an important role in explaining the ergoditic hypothesis. For systems

that are chaotic, any initial ensemble of points in phase space will eventually fill up

phase space evenly. So it is clear chaos plays an important role in classical thermal-

ization. Quantum thermalization is less well studied, but it makes sense to suggest

by analogy that quantum chaos must play some role in quantum thermalization. It

turns out that the Berry conjecture, a major result from quantum chaos that will

be discussed in the next section, plays an important role in quantum thermalization.

Srednicki was the first to suggest that Berry’s conjecture plays a role in the thermal-

ization of quantum systems, and his work will be reviewed in Section 2.3. Our work

builds upon his and is discussed in Section 2.4.

2.2 Berry’s Conjecture

An important result in the study of quantum chaos, that is the study of quantum

systems that are classically chaotic, is Berry’s conjecture (also called the Berry ran-

dom plane wave (RPW) hypothesis). The origin of the Berry conjecture lies in the

study of chaotic billiard systems, and is most easy to understand for these systems. A

billiard is an enclosed area with perfectly reflecting walls (usually in two dimensions).

A chaotic billiard is one that exhibits chaos classically. Colloquially that means that

two trajectories that start near one another in phase space will separate exponetially

with time. For these systems, Berry’s conjecture is the idea that for high enough en-

ergy eigenstates, that is for ~→ 0, the wavefunction would be indistinguishable from

a superpostion of infinitely many plane waves with random direction, amplitude, and

phase but with constant wavelength that corresponds to the energy of the eigenstate.
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This can be generalized to smooth potentials by considering waves that are locally

plane waves with random direction, amplitude, and phase, with a constant (local)

wavelength that corresponds to the local kinetic energy. Intuitively this makes sense

from a semiclassical perpective. If one considers a classical trajectory in a chaotic

billiard, the trajectory will eventually cover phase space. The semiclassical wavefunc-

tion is then built up by putting a phase on this classical backbone. Since any point

is hit by trajectories from random directions it makes sense that the wavefunction

would be made from random waves.

In two dimensions, the Berry conjecture leads to the autocorrelation function

〈ψ∗(~x)ψ(~x+ ~R)〉 = J0(ka) (2.6)

where k is the local wavenumber and |~R| = a.

Another way to look at Berry’s conjecture is that the wavefunction is completely

random subject to contraints (in this case just the constant total energy). The ad-

ditional constraint of a having a nearby wall has been done [3]. It is possible to

imagine the addition of more constraints until the limit of the exact wavefunction at

some eigenenergy is reached. It is this idea that motivates our work with statistical

wavefunctions.

2.2.1 Berry’s conjecture in N dimensions

Berry’s conjecture scales to an arbitrary number of dimensions without trouble

[4]. For N dimensions the Berry conjecture leads to the autocorrelation function

〈ψ(x)ψ∗(x + r)〉 ∝
(
k

r

)d
Jd(kr) (2.7)
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where k is the local wavenumber and d = ND/2− 1, with number of particles N and

number of dimensions D.

The randomness and constant energy that are part of the Berry conjecture is the

same as the underpinnings of the microcanonical ensemble in quantum statistical me-

chanics. In the microcanonical ensemble of quantum statistical mechanics, ensemble

averages are taken over all states at a certain energy. With Berry’s conjecture we have

all waves at a certain energy. For the thermodynamic limit, N >> 1, the microcanon-

ical ensemble gives the same results as the canonical ensemble. We should therefore

see the canonical ensemble emerging as N gets large from the (microcanonical) Berry

conjecture.

2.3 Quantum Thermalization

Srednicki has shown that Berry’s conjecture is sufficient for quantum thermaliza-

tion, and therefore that quatum chaos is is an important factor in quantum thermal-

ization just as classical chaos is important in classical thermalization [5]. He discusses

the case of distinguishable particles in a box ending up with their momenta being well

described by a Maxwell-Boltzmann distribution,

fMB(p, T ) = (2πmkT )−3/2 e−p
2/2mkT (2.8)

independent of initial conditions. The classical case is straightforward, but requires

the assumption that the system is ergotic. It is a well know result from chaos theory

that for fully chaotic systems the motion is indeed ergotic. For partially chaotic sys-

tems things become more complicated, but we, as Srednicki has, limit the discussion
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here to the simple case of hard spheres which is a fully chaotic system.

Srednicki’s main result is that for a system of N hard spheres in a box with

eigenfunction

ψα (X) = Nα

∫
d3NP Aα (P) δ

(
P2 − 2mUα

)
exp (iP ·X/~) (2.9)

where the integral is over the domain defined by the radii of the hard spheres and

Uα is the energy eigenvalue. The the requirements on Aα (P) are A∗α (P) = Aα (−P)

and that they are chosen so that the wavefunctions are zero on the boundaries of the

hard spheres and on the box containing them.

But the Berry conjecture for this system is equivalent to taking Aα (P) to be

Gaussian random with

〈Aα (P)Aβ (P′)〉 = δαβ δ
3N(P + P′) /δ

(
P2 −P′

2
)

(2.10)

That is the coefficients for different eigenstates are uncorrelated as are the same

coefficients at different momenta. The expectation value is taken over an eigenstate

ensemble. Individual eigenfunctions are thought of to be taken at random from this

ensemble.

For high energy the requirement on Aα (P) that the wavefunctions go to zero

on the boundary, the surface of the hard spheres, is not too strict. As discussed in

Section 2.2 for billiards, at high energies the wavefunction is highly oscillatory and

so the behavior near the boundaries is not important.

The wavefunction in momentum space is

ψα (P) = h−3N/2

∫
D

d3NX ψα (X) exp (iP ·X/~) (2.11)

= h−3N/2Nα

∫ ∞
−∞

d3NK Aα (K) δ
(
K2 − 2mUα

)
δ3N
D (K − P ) (2.12)
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where

δ3N
D (K) = h−3N

∫
D

d3NX exp (iK ·X/~) (2.13)

and D is the domain that the wavefunction is defined, that is outside the hard spheres,

but inside the box. If D were all space δ3N
D (K) would be a true delta function. As it

is, in the low density limit, which we consider, it is a function highly peaked around

zero.

Berry’s conjecture holds if the thermal wavelength λα =
√

2π~2/mkTα defined by

Uα = 3
2
NkTα is less than the radii of the hard spheres a. This is necessary because

for Berry’s conjecture to hold the average wavelength must be less than the features

of the boundary. If this is not the case the boundary will become important even far

from it and the assumption that the Aα (P) can produce a wavefunction that is zero

on the boundary does not hold.

It is also necessary to consider the low density regime, Na3 << L3. With these

two requirements, Na3 << L3 and λα < a it is possible to make the following

approximations. First since it is a low density box
∫
D
d3NX ≈ L3N . Since the volume

of the spheres is small relative to the box volume, it is possible to neglect the spheres’

volume in the integral. With this approximation we have

δ3N
D (0) = h−3N

∫
D

d3NX = (L/h)3N (2.14)

Again because λα < a, the regime at the boundaries is not important in the integral∫
D
d3NX exp (iK ·X/~) so it is possible to make the substitution

δ3N
D (P ) = δ3N(P ) (2.15)

That is δ3N
D (P ) is sharply peaked enough to consider it an actual delta function.
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Combining these two approximations it is possible to say

(
δ3N
D (P )

)2
= (L/h)3N δ3N(P ) (2.16)

Using these approximations it is possible to show that

〈ψ∗α (P)ψβ (P′)〉 = δαβ δ
(
P2 − 2mUα

)
δ3N
D (P−P′) (2.17)

Now the fraction of atoms within d3p of p is fQM(p, t)d3p with

fQM(p, t) =

∫
d3p2 · · · d3pN |ψ (P, t)| (2.18)

For the simplest case of the initial condition being a single energy eigenstate we have

fQM(p, t) =

∫
d3p2 · · · d3pN |ψα (P, t)| (2.19)

Taking the ensemble average over the eigenstate ensemble the result is〈∫
d3p2 · · · d3pN |ψ (P, t)|

〉
= Nα

2L3N

∫
d3p2 · · · d3pNδ

(
P2 − 2mUα

)
(2.20)

Using the proper normalization gives〈∫
d3p2 · · · d3pN |ψ (P, t)|

〉
=

Γ (3N/2)

Γ ((3N − 3)/2)
(2πmUα)−3/2

(
1− p2

1

2mUα

)(3N−5)/2

(2.21)

Setting Uα = 3
2
NkTα and taking the large N limit gives〈∫

d3p2 · · · d3pN |ψ (P, t)|
〉

= (2πmkTα)−3/2 e−p1
2/2mkTα (2.22)

which is the correct Maxwell-Boltzmann distribution.

Srednicki shows therefore that the Berry conjecture is sufficient for quantum ther-

malization to occur. We continue this work on the connection between the Berry
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conjecture and quantum statistical mechanics. The Berry conjecture is really equiva-

lent to a quantum microcanonical ensemble since it is a superposition of states of the

same energy. It is no surprise therefore that it can be used in the same way that the

classical microcanonical ensemble can to derive the Maxwell-Boltzmann distribution.

We continue the investigation of the Berry conjecture in a quantum statistical me-

chanics context and show that it leads to a connection between the microcanonical

ensemble, which is the native form of the Berry conjecture and the canonical ensemble

through a novel asymptotic form.

2.4 Connection between Microcanonical and Canon-

ical Ensembles

The way that we approach the Berry conjecture is through the central equation

〈ψ∗(~x)ψ(~x′)〉 = Tr [δ(E −H)|~x〉〈~x′| ] , (2.23)

Here we are assuming a continuumn in energy, which holds for example in enclosures

with walls that are far away. Since the trace is independent of the basis that you

are using the basis can be taken to be a complete set of random waves, as the Berry

conjecture is usually written, or any other basis such as local plane waves. The result

is the same.

In fact if we use the coordinate space basis for the trace, we can show that

〈ψ∗(~x)ψ(~x′)〉 = Tr [δ(E −H)|~x〉〈~x′| ] (2.24)

=

∫
dx′′〈x′′|δ(E −H)|x〉〈x′|x′′〉 (2.25)
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=

∫
dx′′〈x′′|δ(E −H)|x〉δ (x′ − x′′) (2.26)

= 〈x′|δ(E −H)|x〉 (2.27)

This shows that the spatial correlation function 〈ψ∗(~x)ψ(~x′)〉 is equivalent to the

microcanonical density matrix written in a coordinate space basis, ρ(x, x′, E) =

〈x′|δ(E −H)|x〉. The microcanonical density matrix δ(E −H) is therefore central to

our work. We use the fact that the imaginary part of the retarded Green function is

equivalent to this delta function, − 1
π
Im [G+(E)] = δ(E −H). The route we take to

investigate the Berry conjecture for a large number of particle uses this relation and

the imaginary part of the retarded Green function is the primary tool that we use.

Before continuing it is necessary to review well known formalism to establish con-

text and notation. The Green function completely characterizes a quantum system,

whether it is interacting or not, or has few or many degrees of freedom. The retarded

Green function G+, i.e.

G+ = P 1

E −H
− iπδ(E −H), (2.28)

where P stands for the principal value of the integral, is the basis for wavefunction

statistics and density matrix information, through the follow relations:

〈ψ(x)ψ∗(x′)〉 = − 1

π
Im〈x|G+|x′〉/ρ(E) (2.29)

= 〈x|δ(E −H)|x′〉/ρ(E) (2.30)

where

ρ(E) = Tr[δ(E −H)] (2.31)

We have chosen the normalization so that the spatial correlation function is equal to
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the coordinate space representation of the density matrix rather than just propor-

tional to it.

There are several different equivalent interpretations of the ensemble average in

2.30. The most straightforward is to take 〈· · ·〉 as an average over degeneracies. It is

always possible to do this, since for a system with no degeneracies, we can artificially

open the system up to a continuum. For example, a two dimensional closed billiard

does not have a degeneracy, but it acquires one if we open a hole in it and let it

communicate with the outside unbounded 2D space. Of course this changes the

billiard properties, and the size of the hole might be problematic, but in fact we shall

never really have to open a system up in this way. The quantity δ(E − H) then

implies the average over all scattering wavefunctions at fixed energy E.

Another equivalent interpretation is as an average over an ensemble of potentials.

There may be an infinite number of potentials that have an eigenstate at energy E.

The average can be taken to be over the ensemble of these different potentials.

Yet another way to do the average is to average over energies. If for example there

are no degeneracies instead of opening up the system to create artificial degeneracies

it is actually equivalent to take an average over states in a small energy range ∆E.

In the limit of ∆E being very small this is again a microcanonical average, and is the

same as the other interpretations [6].

As discussed above, the wavefunction correlations is equal to the matrix element

in coordinate space of the constant energy density matrix:

〈ψ(x)ψ∗(x′)〉 = 〈x|δ(E −H)|x′〉/ρ(E) = ρ(x,x′, E) (2.32)
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Reduced matrices can also be derived from wavefunction correlations; e.g.

ρ̃(~x1, ~x
′
1, E) =

∫
d~x2d~x3 · · · d~xN ρ(~x1, ~x2, · · · ; ~x′1, ~x2, · · · ;E), (2.33)

the one particle reduced density matrix.

We can approach the propagator via the time domain:

δ(E −H) =
1

2π~

∞∫
−∞

eiEt/~e−iHt/~ dt (2.34)

where we have used the integral definition of the delta function. We can also write

〈ψ(x)ψ∗(x′)〉 =
1

ρ(E) 2π~

∞∫
−∞

eiEt/~K(x,x′, t) dt. (2.35)

This makes clear that the statistics, density matrices and correlations are derivable

without further averaging by knowing the time propagator. It is very rewarding to

expand the propagator in semiclassical terms, involving short time (zero length) and

longer trajectories.

We take Kst(x,x + r, t), the very short time semiclassical propagator, which for

an N particles each in D dimensions reads

Kst(x,x + r, t) ≈
( m

2πi~t

)ND/2
eimr

2/2~t−iV (x+ r
2

)t/~ (2.36)

where r2 = |r|2.

It is not difficult to cast the Fourier transform of this short time version to fit the

definition of a Hankel function, i.e.

G+
cl(x,x + r, E) =

−i
~

∞∫
0

( m

2πi~t

)ND/2
eimr

2/2~t−iV (x+ r
2

)t/~eiEt/~ dt (2.37)

= − im
2~2

(
k2

2πkr

)d
H

(1)
d (kr) (2.38)
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where d = ND/2− 1, k = k(E, ~x + r/2) and H
(1)
d = Jd(kr) + iNd(kr) is the Hankel

function of order d, and Jd is the regular Bessel function of order d. We have simply

used the integral definition of the Hankel function

H
(1)
d (z) =

1

iπ

∫ ∞
0

e(z/2)(t−1/t)

td+1
dt (2.39)

The wavevector k varies with the local potential, i.e. ~2k(E, ~x)2/2m = E − V (~x).

Here, using only the extreme short time version of the propagator, we must suppose

r is not large compared to significant changes in the potential, but this restriction

can be removed by using the full semiclassical propagator rather than the short time

version. For the case of one particle in two dimensions, d = 0, and we recover Berry’s

original result for one particle in 2D, 〈ψ∗(~x)ψ(~x+ ~r)〉 = J0(kr).

According to the short time approximation, for any N ,

〈ψ(x)ψ∗(x + r)〉 ≈ − 1

π

Im
[
G+
st(x,x + r, E)

]
ρ(E)

=
1

ρ(E)

m

2π~2

(
k2

2πkr

)d
Jd(kr) (2.40)

where k = k(x, E). This result includes interparticle correlations through the po-

tential V (x) and the spatial dependence of k = k(x, E); the diagonal r = 0 limit

(following section) is equivalent to classical statistical mechanics. The implications

of this for the nondiagonal short time Green function are intriguing. The way r is

defined, it does not matter whether one particle is off diagonal (xi 6= xi′) or several

or all of them. For given r, the Green function will be the same, apart from changes

in the potential V (x + r/2).

It is interesting that although the short time Green function is manifestly semi-

classical, the energy form, e.g. Eq. 2.40 is obtained by exact Fourier transform, rather

than stationary phase. In fact there is no real time stationary phase point, for the rea-
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son that classical trajectories do not simultaneously remain in place and have kinetic

energy E.

Now we consider the diagonal Green function which can yield the diagonal density

matrix in the coordinate space representation through Eq 2.32. Interestingly although

there are quantum mechanical effects included in the short time Green function, the

diagonal short time Green function gives purely classical results.

2.4.1 Diagonal (Classical) Green Function

The diagonal (r → 0) N body Green function is obtained using the asymptotic

form

lim
r→0

Jd(kr) =
1

Γ(d+ 1)

(
kr

2

)d
≈ 1√

2πd

(
ekr

2d

)d
. (2.41)

We obtain

− 1

π
Im
[
G+
cl(x,x, E)

]
≈ m

2π~2

1

Γ(d+ 1)

(
k2

4π

)d
≈ m

2π~2

1√
2πd

(
ek2

4πd

)d
(2.42)

where the second form uses Stirling’s approximation, n! ∼ nne−n
√

2πn, and is appro-

priate below when we consider large N . Again as discussed above this result is pro-

portional to the wavefunction correlation or equivalently the microcanonical density

matrix. So with the short time propagator we have an approximation for the diagonal

microcanonical density matrix. We note that this behaves as k2d ∼ (E−V (~x))d. This

factor is familiar from the computation of the classical density of states; tracing over

all ~x results in∫
dx

m

2π~2

1

Γ(d+ 1)

(
k2

4π

)d
=

∫
dxdp

hND
δ(E −Hcl(p,x)) = ρcl(E) (2.43)
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i.e. the classical density of states. The association of the short time propagator with

the classical Hamiltonian and classical density of states is well known. The Berry

RPW hypothesis, the short time propagator, and the classical or Weyl (sometimes

called Thomas-Fermi) term in the quantum density of states are all closely related.

For the reader that is paying especially close attention (anyone?) it may be

perplexing that the integral in 2.43 is over all coordinate space. For a classical system

the integral should be over only classically allowed positions. This would be included

explicitly in the integral limits for a classical system. Here we have the same thing

because of a special property of the Hankle function. For forbidden positions, k is

imaginary and can be written as say iκ. The identity for Hankel functions that can

then be used is in+1H
(1)
n (ix) = 2

π
Kn(x). This means that for imaginary k the Hankel

function is purely real so the imaginary part is zero. Therefore the integrand is zero

for forbidden postions. This explains why the integral is only over classically allowed

positions.

As long as r = 0 (i.e. diagonal Green function) the results obtained within the

short time propagator approximation for any quantity in the presence of a poten-

tial (including interparticle potentials such as atom-atom interactions) will be purely

classical.

Since we will be discussing the equivalence of the results from the different en-

sembles for r 6= 0, it is useful to recall how the classical coordinate space densities in

the different ensembles can be shown to coincide since this corresponds to the r = 0

case.

Classically the normalized phase space density in the microcanonical ensemble
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and the phase space density in the canonical ensemble are given by

ρcl(p,x, E) =
1

ρcl(E)
δ(E −Hcl(p,x)) (2.44)

and

ρcl(p,x, β) =
1

Qcl(β)
e−βHcl(p,x) (2.45)

respectively. The density of states and partition function are of course the normal-

ization factors so that

ρcl(E) =

∫
dxdp δ(E −Hcl(p,x)) (2.46)

Qcl(β) =

∫
dxdp e−βHcl(p,x) (2.47)

Integrating each phase space density over momentum space allows us to compare the

coordinate space densities:

ρcl(x, E) =
p2d∫
dx p2d

(2.48)

ρcl(x, β) =
e−βV (x)∫
dx e−βV (x)

(2.49)

with p =
√

2m(E − V (x)).

The equipartion theorem for this system can be written as E − 〈V 〉 = ND
2β

, where

where 〈V 〉 is the ensemble average of the potential in one of the statistical ensembles.

It is possible to use this relation to show the connection between the ensembles. Using

this equipartition relation and the definition of momentum, p =
√

2m(E − V (x)), the

coordinate space density becomes

p2d = (2m(d+ 1)/β)d
(

1 +
(〈V 〉 − V (x)) β

d+ 1

)d
(2.50)
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In the limit N →∞ ( d→∞) this is

p2d = (2m(d+ 1)/β)de(〈V 〉−V (x))β (2.51)

p2d∫
dx p2d

=
e−V (x)β∫
dx e−V (x)β

(2.52)

where we have used the well known limit ex = lim
m→∞

(
1 +

x

m

)m
. This is one of the

standard ways of establishing a connection between the ensembles [7].

Since the diagonal Green function gives classical results we can use it to study

classical properties. For example, we can inquire about the average two particle

spacing distribution ρE(r12) or the probability density for a single particle PE(~x1)

starting with the short time semiclassical Green function and the results will coincide

with classical microcanonical statistical mechanics. This statement holds for all N .

Similarly, in the large N limit the canonical ensemble results for these quantities

must emerge. This point becomes more interesting for the non-diagonal case, which

we consider next.

2.4.2 Asymptotic Bessel Functions and a Link to the Canon-

ical Ensemble

As yet we have found nothing too surprising or useful beyond standard classi-

cal statistical mechanics. This changes when we consider the large N limit for the

non-diagonal Green function, r 6= 0. Taking the large N limit of Eq. 2.40, we are

confronted with a new question about Bessel functions. The large d limit of Jd(x) is

indeed well known, but this is not yet sufficient for our purposes. It reads

lim
d→∞

Jd(kr)

(kr)d
=

1

2d Γ(d+ 1)
≈ 1√

2πd

( e
2d

)d
(2.53)
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This is the standard formula given in the usual references. Eq. 2.53 should be the

first term in a power series for Jd(kr) in kr. Another standard result is the power

series expansion, valid for all d and kr:

Jd(kr) =
∞∑
m=0

(−1)m

m!Γ(m+ d+ 1)

(
kr

2

)2m+d

(2.54)

We actually require a different asymptotic result. What makes our demands unusual is

that, assuming we want the energy to increase in proportion to the number of particles

(appropriate to many applications of the large N limit), then k ∼
√
E ∼

√
N ∼

√
d;

this means that for fixed r the combination (kr) is increasing as
√
d as d→∞. If the

argument of the Bessel function increases without bound along with its order, some

new considerations come into play. We find the desired form using Eq. 2.54, after

summing a series recognized as that of a Gaussian Taylor expansion,

lim
d→∞

1

(kr)d
Jd(kr) =

1

2d d!

∞∑
m=0

1

m!

(
−k2r2

4(d+ 1)

)m
=

1

2d d!
e−k

2r2/(4(d+1)), (2.55)

where again ~2k2/2m = E−V (x). Note that as d→∞, the argument of the Gaussian

holds fixed because of the factor of d + 1 in the denominator of that argument.

Figure 2.1 illustrates the convergence to the Gaussian as N increases. The asymptotic

limit in Equation 2.55 is not in the usual references, although related results have been

given for N-bead polymer random chain end-to-end distributions [8]. The connection

between the path integral for the propagator and polymer chains is well known [9].

It is interesting that a Gaussian emerges from Bessel functions in the large N

limit. We can put Eq. 2.55 together with Eq. 2.40 and Eq. 2.32, and express the

result, as N →∞,

〈ψ(x)ψ∗(x + r)〉 = ρ(x,x′, E) → 1

ρ(E)

m

2π~2d!

(
k2

4π

)d
e−k

2r2/4(d+1). (2.56)
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Figure 2.1: AsN increases, the combination 1
xd
Jd(x), where d = ND/2−1, approaches

a Gaussian. This is the key link between the quantum microcanonical and canonical
ensembles.

For noninteracting particles moving in zero potential but confined to volume V the

short time approximation becomes exact and k is constant. For this system the

wavefunction correlation becomes

〈ψ(x)ψ∗(x + r)〉 = ρ(x,x′, E) → 1

V N
e−k

2r2/4(d+1). (2.57)

Something familiar is emerging, here derived in the unfamiliar context of fixed energy

(microcanonical ensemble). For comparison we recall the standard result for the ideal

gas at temperature T [2]:

〈x|e−βH |x + r〉
Tr[e−βH ]

= ρ(x,x′, β) =
1

V N
e−πr

2/λ2 (2.58)

where λ = h/
√

2πmκT is the thermal wavelength. Indeed for the free particle case,

k is fixed by E and 〈K〉 = (D/2)NκT = ~2k2/2m, where K is the kinetic energy and

κ is Boltzmann’s constant,

e−k
2r2/4(d+1) = e−πr

2/λ2 . (2.59)
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The canonical ensemble result for the propagator has “dropped out” of the asymp-

totic large N limit of a microcanonical Green function, at least for noninteracting

particles, and an unusual asymptotic form for the Bessel function has emerged as the

link. With some caveats, the statement

δ(E −H) ∼ e−βH (2.60)

has meaning in the large N limit, where it is understood E grows as N , and a

temperature extracted. In other words for large enough systems the canonical and

microcanonical density matrices are equivalent. This is a necessary result of statistical

mechanics, but we have shown an new way to express this qualitative result through

Berry’s conjecture. This means that the density matrix for a many-body quantum

system that is held at a fixed energy (microcanonical) is essentially equal to the density

matrix of the same system that is in contact with a bath at the proper temperature.

In the case of an interaction potential, the relation between E and temperature is of

course problematical.

We can say more about interacting particles using only the short time propagator

introduced above. Longer time events will be discussed in Sec. 2.5.3. The short-

time approximation to the correlation function for large N , which is equal to the

matrix elements of the density operator in coordinate space using our normalization,

(Eq. 2.56) is given by

ρcl(x,x
′, E) =

1

ρ(E)

m

2π~2d!

(
k2

4π

)d
e−k

2r2/4(d+1) (2.61)

with ~k =
√

2m(E − V (x+x′

2
)) and r = |x − x′|. Again, the Gaussian form of this

expression arises from the asymptotic limit of the Bessel function. In the interacting
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case this can again be brought into the same form as the equivalent expression at

constant temperature:

ρcl(x,x
′, β) =

1

Z(β)

(
m

2πβ~2

)d+1

e
− mr2

2~2β+V (x+x′
2

)β
(2.62)

In order to make the connection we must identify the energy with a certain temper-

ature. This relationship between E and β is

E − 〈V 〉 =
ND

2β
(2.63)

where 〈V 〉 is the ensemble average of the potential in one of the statistical ensembles.

Using this relationship in Eq. 2.61 gives

ρcl(x,x
′, E) =

1

ρ(E)

m

2π~2d!

(
k2

4π

)d
e
− mr2

2~2β e
−m(〈V 〉−V )r2

2~2(d+1) (2.64)

In order for Eq. 2.64 to be equivalent to Eq. 2.62 the term with 〈V 〉 − V must be

negligible. This is true for configurations of particles which possess the typical (and

vastly most probable) total kinetic energy. Since the typical total kinetic energy is by

far the most probable, nearly all points in configuration space lead to small values of

〈V 〉− V , and that term is negligible almost always. The remaining terms in Eq. 2.64

and Eq. 2.62 are shown to be the same by the equivalence of the classical ensembles

as shown in Sec. 2.4.1.

This is an interesting result however. It suggests that the for interacting systems

the density matrix written in the coordinate space representation may differ for the

microcanonical and canonical ensembles at least at some points. It is possible to

imagine a potential with a large variation in V at some point so that 〈V 〉 and V

differ by a large amount at that point. However, for such a system the short time
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approximation will not be valid. The short time approximation is only valid for

slowly varying potentials. Therefore it is possible to say that 〈V 〉 − V can always be

neglected for the regimes that we are considering implicitly with the use of the short

time approximation. It is very likely that even these not so nice systems, if treated

exactly, will also lead to the standard equivalence of the ensembles, but we really

can’t say anything about them using the short time approximation.

It is also telling to trace over the coordinates of all but one of the interacting par-

ticles, given by a coordinate ~y. We thus seek the reduced density matrix, diagonal or

off diagonal in ~y. The trace will over many coordinates be overwhelmingly dominated

(in the large N limit) by the most probable total kinetic energy for all the particles.

Then we find

G(~y, ~y′, β) ∼ λ−3N−2e−πr
2/λ2 (2.65)

where r2 = |~y − ~y′|2 and λ = h/
√

2πmκT . Thus the quantum mechanical single

particle Green function and density matrix make sense as their imaginary time coun-

terparts in the N →∞ limit, in accordance with well known results for the canonical

ensemble.

Even though it is a necessary consequence of the equivalence of the ensembles,

it is interesting to establish the generality of the Boltzmann average over the energy

of a noninteracting subsystem in the following way. Suppose N −M particles are

no longer interacting with the remaining M particles, but their states are correlated

by having been in contact in the past with the total energy fixed at E. In the time

domain and in an obvious notation we have

G+
N(y, z; y′, z′, t) = i~ G+

N−M(y,y′, t)G+
M(z, z′, t) (2.66)
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Then the Fourier convolution theorem can be applied to the Fourier transform into

the energy domain, i.e.

G+
N(y, z; y′, z′, E) =

i~
2π

∞∫
−∞

G+
N−M(y,y′, E − E ′)G+

M(z, z′, E ′) dE ′ (2.67)

which incidentally leads to some rather unlikely looking identities for Bessel functions;

the reader may easily generate them. Our purpose is served if, focussing on the

subsystem of M particles, we trace over the N −M y coordinates. This gives

Try[G+
N−M(E − E ′)] ∼

limy′→y− m
2~2

(
1

Γ(dN−M+1)

(
kN−M

2

4π

)dN−M
+ i Γ(dN−M )

πdN−M+1|y′−y|2dN−M

) (2.68)

times a volume factor, in the case of an ideal gas. The second term is not a function

of E ′. Therefore the integral of it times GM(z, z′, E) is proportional to δ(z′ − z).

So long as z 6= z′ that term is zero. Neglecting all unimportant (for this argument)

factors this leaves

Try[G+
N−M(E−E ′)] ∝ (E−E ′)dN−M = EdN−M

(
1− E ′

E

)dN−M
∼ EdN−M e−βE

′
(2.69)

with of course β = 1/κT . In arriving at Eq. 2.69 we used E = D
2
NκT for the case of

particles embedded in D dimensions. Finally we arrive at

Try[G+
N(E)] ∝

∞∫
−∞

e−βE
′
G+
M(z, z′, E ′) dE ′ = G+

M(z, z′, β) (2.70)

in the large N limit. This establishes the generality of the Boltzmann average over

the subsystem energy for large N . This discussion establishes again the connection

between the canonical and microcanonical ensembles, however in a way not involving

the Bessel functions and their asymptotic form, so it is less general than other results

valid for any N .
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2.4.3 Stationary phase canonical limit

It is also possible to recover the Gaussian form in Eq. 2.56 by carrying out the

integral in Eq. 2.38 by stationary phase, provided the real factor involving t in the

denominator is taken into the exponent, as −ND/2 log t i.e.

G+
cl(x,x + r, E) =

−i
~

∞∫
0

( m

2πi~

)ND/2
eimr

2/2~t−iV (x+ r
2

)t/~+iEt/~−ND/2 log t dt. (2.71)

The complex stationary phase point t∗ in the largeN limit becomes t∗ = −iND~/(2(E−

V )) , yielding the same result as in Eq. 2.56, with ~2k(x, E)2/2m = E − V (x), and

making this another route between the quantum microcanonical and canonical en-

sembles. Since the positions are arbitrary we cannot however identify the average

kinetic energy with E − V , and thus without further averaging we cannot associate

t∗ with any inverse temperature. It is interesting nonetheless that there is a com-

plex time t∗ appropriate to every position x, even if that time is not related to the

temperature. For an ideal gas the stationary phase time is t∗ = −i~/κT = −iβ~,

after making the identification E = D
2
NkT . A discussion about traces over most of

the coordinates and the recovery of the usual temperature through 〈K〉 = D
2
NkT

proceeds as in Sec. 2.4.1.

2.5 Constraints

In the large N limit the ergodic hypothesis is strongly motivated, but statistical

mechanics does not pre-suppose that ergodicity is unchecked; rather constraints are

always present, such as walls and boundaries which control volume. Ergodicity is

then defined with respect to these constraints. The guiding idea in this paper, i.e. the
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extended Berry RPW hypothesis, is that eigenstates of the full system are “as random

as possible, subject to prior constraints”. In this way thermodynamic constraints arise

naturally. The real time, real energy (microcanonical) semiclassical Green function

approach not only automatically generates the averages required to get appropriate

wavefunction statistics, it also provides a natural way to include many constraints

such as walls, symmetries, and even the existence of collisions between particles by

going beyond the short time limit term to include returning (not necessarily periodic)

trajectories. The semiclassical Ansatz for these extended problems in the presence of

constraints is

G(x,x′, t) ≈ Gdirect(x,x
′, t) +

∑
j

Gj(x,x
′, t) (2.72)

where Gj(x,x+r, t) is a semiclassical (Van Vleck-Morette-Gutzwiller) Green function,

Gj(x,x
′; t) =

(
1

2πi~

)ND/2 ∣∣∣Det
(
∂2Sj(x,x

′;t)
∂x∂x′

)∣∣∣1/2
× exp

(
iSj(x,x

′; t)/~− iπνj
2

) (2.73)

corresponding to the jth trajectory contributing to the path from x to x + r, and

Gdirect(x,x + r, t) is given by Eq. 2.36. The short time term Gdirect(x,x + r, t), is

singled out as the shortest contributing trajectory: supposing r to be small compared

to distances to walls etc., we still have a short time, ballistic trajectory as quite distinct

from trajectories which have traveled some distance away and come back. There

are cases where this separation is not clean; for such cases we can adjust notation

accordingly. Note that since a trace over all position is not being taken, there is

no appearance semiclassically of periodic orbits as the only surviving contributors.

“Closed” orbits however can play a large role semiclassically, a fact recognized long

ago by Delos [10].
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2.5.1 N particles and a wall

A very useful example is provided by a plane Dirichlet wall felt by all the particles

(e.g. ψ(~x1, ~x2, · · · ~xN) = 0 for yi = 0, i = 1, · · ·N), as in a gas confined by a rigid

container. The Green function and eigenfunctions must vanish if one or more particles

approaches this wall. We can use the method of images, generalized to N particles,

if the particles are noninteracting. (The interacting case can in principle be handled

by semiclassical trajectory techniques which we bring up in the next section.)

The Green function Gwall(x,x
′) will consist of the shortest distance contribution

for which all particles take a direct path from x to x′, plus paths where one particle

has bounced off the wall, paths where two particles have, etc. These histories are

included automatically if we apply the symmetrization operator which imposes the

image reflections. This operator can be written

R =
N∏
i

(1−Ri) = 1−
∑
i

Ri +
∑
i<j

RiRj − · · · (2.74)

where Ri is the operator for reflection about the y = 0 axis for the ith particle. Applied

to the Green function G(x,x + r, t), considered as a function of the coordinates in x

in the absence of the wall, R yields the series

Gwall(x,x
′, t) = Gdirect(x,x

′, t)−
∑
i

Gi(x,x
′, t) +

∑
i<j

Gij(x,x
′, t)− · · · (2.75)

where Gi(x,x
′, t) corresponds to the ith particle getting from ~xi to ~x′i by bouncing

off the wall while the others take direct paths, etc. The Fourier transform gives an

analogous equation for Gwall(x,x
′, E). The effect of the symmetrization is to create

Green function sources reflected across the wall and given proper sign, in the manner

familiar from the method of images. The short time path is shown by the direct
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wall

Figure 2.2: A short and a bouncing path for a particle propagating near a wall. The
bounce contribution, if viewed by the image method, is equivalent to a contribution
of opposite sign coming from the reflected point ~xR with the wall removed.

path solid line in Fig 2.2, corresponding to the term Gst(x,x
′, t). The bounce path is

equivalent to a source reflected across the wall with an opposite sign, i.e. the method

of images. Define

− 1

π
Im
[
G+
st(x,x + r, E)

]
=

m

2π~2

(
k2

2π

)d
Jd(kr)

(kr)d
≡ a(k)Fd(kr) (2.76)

Then

− 1

π
Im
[
G+
wall(x,x

′, E)
]

= a(k)

(
Fd(kr)−

∑
i

Fd(kri) +
∑
i<j

Fd(krij)− · · ·

)
. (2.77)

This is the general result for any N . It would appear to be difficult to take it

further, since all the distances, e.g.

rij =

√∑
m6=i,j

|~xm − ~x′m|2 + |~xRi − ~x′i|2 + |~xRj − ~x′j|2, (2.78)

where ~xRj is the reflected jth particle coordinates, involve square roots. However if we

use the large N asymptotic form, we find, using Fd(kr)→ exp[−k2r2/4(d+ 1)]/2dd!,
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− 1

π
Im [Gwall(x,x

′, E)] =
a(k)

2dd!

N∏
i

(
e−γr

2
i − e−γ(rRi )2

)
=
a(k)

2dd!
e−γr

2
N∏
i

(
1− e−γ∆2

i

)
(2.79)

where γ = k2/4(d+ 1) = π/λ2 and ∆2
i = (rRi )2 − r2

i . Since ri is the “direct” distance

from ~xi to ~x′i, (see Fig 2.2), ∆2
i records the distance change upon reflection of the

ith particle. We note that ∆2
i (and thus the Green function) vanishes as any particle

approaches a wall in either x or x′. It is also simple to see that the single particle

density ρ(~x) in this noninteracting case becomes, for large N ,

ρ(~x) = ρ0(1− e−4γx2) (2.80)

where x is the distance to the wall and ρ0 is the density far from the wall.

The formulas Eq. 2.77 and Eq. 2.79 generalize Berry’s result [11] for the wave-

function squared of one particle in two dimensions near a wall, namely

〈|ψ(~x)|2〉 =

(
1− J0(k|~xR − ~x|)

)∫
d~x (1− J0(k|~xR − ~x|))

. (2.81)

The Gaussian we get for large N has a very simple interpretation. First we note that

for noninteracting systems in the canonical ensemble we can write the total density

matrix as a product of one particle density matrices. This is essentially the form of

Eq. 2.79, since we can write each one particle density matrix as

ρ(~x, ~x′, β) = e−γ|~x−~x
′|2/N

(
1− e−γ(|~xR−~x′|2−|~x−~x′|2)

)
∫
d~x
(
1− e−γ|~xR−~x|2

) →

(
1− e−γ|~xR−~x|2

)
∫
d~x
(
1− e−γ|~xR−~x|2

) (2.82)

where the second form is the diagonal element.

However Eq. 2.82 also arises as the density matrix obtained from the Boltzmann

average of Berry’s result; i.e. averaging the fixed energy results over a canonical
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Figure 2.3: The particle symmetry or antisymmetry condition is equivalent to re-
quiring mirror symmetry or antisymmetry across the ~xi = ~xj (hyper)plane. This
corresponds to having additional contributions from the images of the particles re-
flected over the symmetry planes.

distribution of energies, as can be seen from the integral

∞∫
0

k
(
1− J0(k|~xR − ~x|)

)
e−β~

2k2/2mdk

∞∫
0

k e−β~2k2/2mdk

=
(

1− e−m|~xR−~x|2/2β~2
)

(2.83)

For D = 2 and N = 1 a Boltzmann average yields the Gaussian. Indeed this neces-

sarily holds in any number of dimensions; i.e. the appropriate Boltzmann average of

Jd(kr)/(kr)
d must yield a Gaussian for any d. In the thermodynamic N → ∞ limit

for noninteracting particles, each particle separately is Boltzmann distributed over

energy, so the result must be the same as a Boltzmann average of the one particle

results for any dimension D and for any constraints.
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2.5.2 Particle Exchange Symmetries - Fermions and Bosons

Particle symmetry is an essential part of the many body problem. It’s effect, like

other symmetries, is to generate permutations where the distances have changed due

to particle exchange. Figure 2.3 shows this effect graphically. It is gratifying to see

directly that permutations which induce large new distances (coming from remote

pairs of particles, where “remote” is a relative term depending on the temperature)

make little contribution. Consider N noninteracting Fermions or Bosons; we wish

to compute the reduced density matrix for two Fermions or Bosons. This is a well

known result for N →∞ [2]. The symmetric or antisymmetric Green function is

GS/A(x,x + r, E) =
1

N !

∑
n

εn
−im
2π~2

(
k2

2π

)d
Hd(krn)

(kr)d
(2.84)

where rn =
√
| ~x1 − ~xp1

′|2 + · · ·+ | ~xN − ~xpN
′|2, {p1, · · · , pN} is the nth permutation

of {1, · · · , N}, and εn = 1 if the parity of the permutation is even and εn = ±1 if the

parity of the permutation is odd (with the upper sign for bosons and the lower sign

for fermions).

〈ψ∗( ~x1 · · · ~xN)ψ( ~x1 · · · ~xN)〉 = − 1

π

Im
(
GS/A(x,x + r, E)

)
ρ(E)

=
1

ρ(E)N !

∑
n

εn
m

2π~2

(
k2

2π

)d
Jd(krn)

(kr)d
(2.85)

In the limit that N is large, this becomes

〈ψ∗( ~x1 · · · ~xN)ψ( ~x1 · · · ~xN)〉 =
1

ρ(E)N !

N !∑
n

εn
m

2π~2d!

(
k2

4π

)d
e−k

2r2n/4(d+1) (2.86)
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The diagonal component of this with the rn’s written out explicitly is

〈ψ∗( ~x1 · · · ~xN)ψ( ~x1 · · · ~xN)〉 =

m

2ρ(E)N !π~2d!

(
k2

4π

)d N !∑
n

εn e
−k2(~x1−~xp1)2/4(d+1) · · · e−k2(~xN−~xpN )2/4(d+1)

(2.87)

It is important to note here that because particle symmetry is included in this result,

this is not the same as for classical particles as when the diagonal limit was taken for

distinguishable particles above. Up to the normalization constant this is the constant

temperature density matrix for N noninteracting fermions or bosons:

〈ψ∗( ~x1 · · · ~xN)ψ( ~x1 · · · ~xN)〉 =

m

2ρ(E)N !π~2d!

(
k2

4π

)d N !∑
n

εn e
−m(~x1−~xp1)2/2β~2 · · · e−m(~xN−~xpN )2/2β~2

(2.88)

Again the identification E = D
2
NκT was used. This can be rewritten as an integral

over wavevectors:

〈|ψ(x)|2〉 = A
N !∑
n

εn

∫
d~k1 · · · d~kN e−β~

2k1
2/2m+i~k1·(~x1−~xp1) · · ·

×e−β~2kN 2/2m+i~kN ·(~xN−~xpN )

(2.89)

where A = m
2ρ(E)N !π~2d!

(
k2

4π

)d (
β~2
2πm

)d+1

is the normalization constant. Rearranging

gives

〈|ψ(x)|2〉 = A
N !∑
n

εn

∫
d~k1 · · · d~kN e−β~

2(k1
2+···+kN 2)/mei(

~k1−~kp1)·~x1 · · ·

×ei(~kN−~kpN )·~xN

(2.90)

If the volume that the particles are confined to is large but finite,∫
〈|ψ(x)|2〉d~x3...d~xN =

AV N−2

N !∑
n

εn

∫
d~k e−β~

2k2/2mei(
~k1−~kp1)·~x1ei(

~k2−~kp2)·~x2δ~k3,~kp3 · · · δ~kN ,~kpN
(2.91)
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For fermions if the wavevector of any two particles are the same the term is killed by

the term with the wavevectors reversed in accordance with the Pauli principle. This

leaves only two terms∫
〈|ψ(x)|2〉d~x3 · · · d~xN = AV N−2

N !∑
n

εn

∫
dk e−β~

2k2/2mei(
~k1−~kp1)·~x1ei(

~k2−~kp2)·~x2 (2.92)

For bosons there are also only two types of terms, but each is multiplied by the same

factor since like terms are added together. Either way, carrying out the integral over

k, ∫
〈|ψ(x)|2〉d~x3 · · · d~xN =

(
1± e−m( ~x1− ~x2)2/β~2

)
∫
d~x1d~x2 (1± e−m( ~x1− ~x2)2/β~2)

(2.93)

This is the well known result for the density of two noninteracting fermions or bosons.

2.5.3 Scattering

A hard wall is a potential energy feature which induces a boundary condition,

requiring the wavefunction or Green function to vanish as the wall is approached.

Softer potentials do not induce fixed boundary conditions and require a different

treatment. A potential may still however be thought of as a constraint: we consider

waves as random as possible subject to the existence of a potential, be it fixed or

interparticle. In practice this means we return to the Green function formulation

used throughout.

Consider a soft repulsive or attractive potential somewhere in a noninteracting gas.

Assuming no boundaries, mutually noninteracting particles can interact with the po-

tential 0 or 1 times. (We assume for simplicity that the potential is short ranged.

Because of the ergodicity assumption inherent to the random wave hypothesis, the
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presence of remote walls would actually make no difference.) This circumstance de-

velops along lines very similar to the wall, except that we cannot use the method of

images. It illustrates the use of the full semiclassical propagator within this formalism.

Eq. 2.74 and Eq. 2.75 both hold, with the effect of Ri changed to mean “the ith

particle takes the path from initial to final coordinates in which it deflects from the

potential, if such a path exists classically”. For N particles, there is a “direct” term

in Eq. 2.75 where no particle interacts with the potential, N terms where one of them

does, etc. We have, in the simple case shown in Fig. 2.4, and in analogy with Eq. 2.75,

G(x,x′, t) = Gdirect(x,x
′, t)+

∑
i

Gbounce,i(x,x
′, t)+

∑
i,j

Gbounce,i,j(x,x
′, t)+· · · (2.94)

with Gdirect(x,x
′, t) given by Eq. 2.36, and e.g.

Gbounce,i(z,yi, z + r,y′i, t) ≈
(
m
t

) (N−1)D
2

(
1

2πi~

)ND
2

∣∣∣∂2Si(yi,y′i;t)∂yi∂y′i

∣∣∣ 12
×eimr2/2~t−iV (z+ r

2
)t/~+iSi(yi,y

′
i;t)/~−

iπνi
2

(2.95)

Considering this term where only the ith particle with coordinate yi interacts with

the potential, we have N − 1 “spectator” z particles, and the propagator becomes a

product of the noninteracting Green function for N − 1 particles and a more com-

plicated Van Vleck semiclassical term for the colliding particle. The noninteracting

part contributes a term (N − 1)D/2 log t in the exponent along with the one particle

classical action of the ith particle. For sufficiently large N , and tracing over the z

particles, this factor leads again to the usual time condition t∗ = −iβ~ and a thermal

average of the one particle energy Green function under the Fourier transform from
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Figure 2.4: A short ballistic and a colliding path both lead to the same final point for
a particle propagating near a localized repulsive potential. The colliding path cannot
be treated by the short time approximation; rather, a Van Vleck Green function is
required. In this term, all but the ith particle remain in place.

time to energy, as in Equation 2.70:

G(y,y′, E) ≈ G(y,y′, β) = Gdirect(y,y
′, β) +

∑
i

Gbounce,i(y,y
′, β)

+
∑
i,j

Gbounce,i,j(y,y
′, β) + · · ·

(2.96)

t∗ = −iβ~ becomes the imaginary time over which the action for the y coordinates

are evaluated.

2.5.4 Canonical Random Waves

Based on our understanding of the Berry conjecture, through

〈ψ∗(~x)ψ(~x′)〉 = Tr [δ(E −H)|~x〉〈~x′| ] , (2.97)

and the connection that we have made between

δ(E −H) ∼ e−βH (2.98)
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through the both the equivalence of the ensembles and the asymptotic form of the

Bessel function, it would make some sense to think of an analogous conjecture to

Berry’s conjecture for the canonical ensemble. Namely:

〈ψ∗(~x)ψ(~x′)〉 = Tr
[
e−βH |~x〉〈~x′|

]
, (2.99)

If the trace is taken over random waves as with the Berry conjecture you have a

superposition of random plane waves with the probability of having any plane wave

as e(−β~2k2/2). In the limit of N →∞ this will be equivalent to the Berry conjecture.

The Berry conjecture is a useful way to look at high lying wavefunctions, namely that

their statistics look like random plane waves. This would be a slightly different way

of looking at things. This is just a preliminary idea, and it is not clear if it will yield

fruit.

2.6 Conclusion

In this chapter we have made the semiclassical idea of Berry’s conjecture the

central focus, but we have gone beyond what is normally done by considering very

large number of particles. Our main result is a novel way of showing the connection

between the quantum statistical microcanonical and canonical ensembles. In other

results we look at how constraints affect statistical properties. We continue this line

of thinking into the next chapter as we study the pair product approximation.



Chapter 3

Pair Product Approximation

One interpretation of the Berry Conjecture as discussed in Chapter 2 is the idea

that a wavefunction can be thought of as being as random as possible subject to

constraints. This idea led us to think about the form of approximate wavefunctions.

The idea is that having some functional form can be thought to be a constraint

on the wavefunction. For example, information about two particle collisions can

be considered while higher order collisions are ignored. This chapter explores this

idea. Having the correct two particle collisions would be a type of contraint. This

thinking led us to study the pair product approximation, which is essentially how an

approximation to the N body Green function can be built up from exact two body

Green functions.

The pair product approximation (PPA) has been used for a wide variety of systems

in order to make calculations for a large number of systems tractable. It has been

used for liquid parahydrogen, for liquid helium, and for bosons in a harmonic trap

with contact interactions [12],[13]. The thermodynamics of these systems are of great

40
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interest and the pair product approximation has allowed simulations to come closer

to the thermodynamic limit without leaving out too much detail. The key factor

in this improvement is that the pair product approximation takes into account only

two-body interactions neglecting three-body and higher order interactions. These

interactions are less important because they occur less often and therefore contribute

less to the properties of the system overall.

The formulation of the pair product approximation includes only two body in-

teractions by building up the full propagator from a combination of two-body and

single-body propagators. Our disscussion must therefore start with the simplest sys-

tem that is not trivial: two interacting particles without an external potential. It

is important to note here that the only requirement on the external potential in the

pair product approximation is that it be separable, although nearly all applications

of PPA have used no external potential. This section discusses that standard for-

mulation. In the next section we discuss how a harmonic external potential can be

added.

We start from the Hamiltonian for two interacting particles without a confining

potential:

Ĥ2 = T̂1 + T̂2 + V̂12(|r′1 − r′2|) (3.1)

In this case the propagator is

K2(r1, r2, r
′
1, r
′
2; t) = 〈r1r2| exp(−iĤ2t/~)|r′1r′2〉, (3.2)

In order to isolate the two body interaction we change to center of mass and relative
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coordinates:

R12 =
r1 + r2

2
(3.3)

r12 = r1 − r2 (3.4)

This gives,

K2,cm(r1, r2, r
′
1, r
′
2; t) = K

(R12)
0 (R12,R

′
12; t)K

(r12)
int (r12, r

′
12; t) (3.5)

where

K
(R12)
0 (R12,R

′
12; t) = 〈R12| exp(−iT̂R12t/~)|R′12〉 (3.6)

For two free particles it is not hard to show:

K0(r1, r
′
1; t)K0(r2, r

′
2; t) = K0(R12,R

′
12; t)K0(r12, r

′
12; t). (3.7)

In other words the product of two single body propagators can be written as the

product of a propagator that is a function of the center of mass of the two particles

and a propagator that is a function of the relative distance between the particles.

Using this to eliminate K
(R12)
0 (R12,R

′
12; t) from Eq. 3.5 allows the propagator to be

written in a form that has clear one particle and two particle terms:

K2,pp(r1, r2, r
′
1, r
′
2; t) = K

(1)
0 (r1, r

′
1; t)K

(2)
0 (r2, r

′
2; t) exp[−u(r12, r

′
12; t)]. (3.8)

with

exp[−u(r12, r
′
12; t)] =

Kint(r12, r
′
12, t)

K0(r12, r′12, t)
=
〈r12| exp(−iĤr12t/~)|r′12〉
〈r12| exp(−iT̂r12t/~)|r′12〉

. (3.9)

The many body pair product propagator is then built up from this form as the product

over one particle and interaction terms.

KN,pp(R,R
′; t) ≈

N∏
i=1

K
(i)
0 (ri, r

′
i; t)

N∏
i<j

exp[−u(rij, r
′
ij, t)]. (3.10)
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An important check to ensure that this approximation makes sense is to check what

happens in the short time limit. For short times Eq. 3.20 reduces to

KN,pp,st(R,R
′; t) ≈

N∏
i=1

K
(i)
0 (ri, r

′
i; t)

N∏
i<j

exp[−iV (rij)t/~]. (3.11)

which is the correct form of the short time propagator for many particles interacting

via V12(r12).

Since the pair product approximation is built up from exact two-particle propaga-

tors, two-particle collisions are included in the approximation, but collisions involving

more than two particles are neglected. Paths involving multiple collisions between

the same two particles are included, but they do not happen without a confining

potential. We discuss this further in the next section. Successive collisions of a single

particle with two or more other particles are also not included in this approximation.

The pair product approximation works very well for low densities. This is because

in the low density limit three particle collisions are less likely. Three particle collisions

therefore do not greatly affect the propagator for low densities, and their neglect does

not hurt the pair product approximation very much.

3.1 Harmonic Confining Potentials

As discussed in the previous section, it is possible to include confining potentials

that are separable in the pair product approximation. In this section we discuss

one such potentential: a harmonic confining potential. Even though many potentials

are not separable, the ability to include some type of potential is of benefit since it

allows for the pair product approximation to be used for more than just free particles.



Chapter 3: Pair Product Approximation 44

Also the harmonic confining potential is an important case because most potentials

are at least approximately harmonic. Harmonic potentials are often considered in

chemical and physical systems such as Harmonium and atoms in a harmonic trap

[14]. Therefore it is useful to consider using the pair product approximation for a

harmonic confining potential. This has been considered for bosons interacting via

hard-core potentials [15].

For two particles in a harmonic confining potential the Hamiltonian is

Ĥharm = T̂1 + T̂2 +
1

2
mω2r2

1 +
1

2
mω2r2

2 + V12(|r1 − r2|), (3.12)

Again we can change to center of mass and relative coordinates, and the Hamiltonian

becomes

Ĥharm = ĤR12 + Ĥr12 . (3.13)

with

ĤR12 =
|P̂12|2

2M12

+
1

2
M12ω

2R2
12 (3.14)

and

Ĥr12 =
|p̂12|2

2µ12

+
1

2
µ12ω

2r2
12 + V̂12(|r′12|). (3.15)

The separability of the Hamiltonian in center of mass and relative coordinates allows

the propagator to be factored:

Kharm(r1, r2, r
′
1, r
′
2; t) = Kosc(R12,R

′
12; t)Kr12(r12, r

′
12; t) (3.16)

with Kosc(r, r
′; t) the propagator for a particle in a harmonic potential which is

Kosc(r, r
′; t) =

(
mω

2πi~ sin(ωt)

)D/2
× exp

(
imω

2~ sin(ωt)

[(
r2 + r′2

)
cos(ωt)− 2r · r′

])
.

(3.17)
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The form of Eq. 3.17 allows us to factor the propagator in Eq. 3.16 into a form

analogous to Eq. 3.8:

Kharm,pp(r1, r2, r
′
1, r
′
2; t) = K(1)

osc(r1, r
′
1; t)K(2)

osc(r2, r
′
2; t) exp[−u(r12, r

′
12; t)]. (3.18)

with

exp[−u(r12, r
′
12; t)] =

〈r12| exp(−iĤr12t/~)|r′12〉
〈r12| exp(−iĤosct/~)|r′12〉

. (3.19)

Again the many-body pair product propagator is then built up from this form as the

product over one particle and interaction terms.

Kharm,pp(R,R
′; t) ≈

N∏
i=1

K(i)
osc(ri, r

′
i; t)

N∏
i<j

exp[−u(rij, r
′
ij, t)]. (3.20)

This allows the propagator for an N particle system to be reduced to calculat-

ing u(r12, r
′
12; t). Because the pair product propagator is built up from exact two-

particle propagator it includes multiple collisions between two particles. The exact

two-particle propagator must include these types of collisions because when a har-

monic potential is included it is possible for classical trajectories to exist that involve

two particles colliding and then being turned around by the harmonic potential in

such a way that they collide again. A path involving a successive collision between

one particle and two different particles is neglected in this approximation because it

is not possible for the two-body propagators to include this three-body type process.

Again these processes are less important and their relative importance decreases with

the density.
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3.2 Semiclassical Pair Product Approximation

The benefit of that pair product approximation is that it can greatly speed up

many body computations because it reduces the collisions for a many body propagator

by considering only two body collisions, although the two body collisions are still

considered exactly. It is also possible to use another approximation even for the two

body collisions. We discuss one possible method in this section.

In this section we discuss using semiclassical methods within the pair product

approximation. We start from the most basic semiclassical method for approximating

the time dependent propagator, the Van Vleck propagator:

Ksc(R,R
′; t) =

(
1

2πi~

)ND/2 ∑
paths

∣∣∣∣ ∂P

∂R′

∣∣∣∣
R

ND/2

exp

(
iS(R,R′; t)

~
− iν

2

)
(3.21)

where S(R,R′; t) is the classical action, and the sum is over classical paths. As with

the quantum Hamiltonian, the classical Hamiltonian for two interacting particles with

no external potential is also separable in center of mass and relative coordinates. Since

the Hamiltonian is separable the action is also separable allowing the propagator to

be factored as in Eq. 3.5.

K2,cm,sc(r1, r2, r
′
1, r
′
2; t) = K

(R12)
0,sc (R12,R

′
12; t)K

(r12)
int,sc(r12, r

′
12; t) (3.22)

This leads to the same result as Eq. 3.20 except with the propagator in u(r12, r
′
12; t)

evaluated semiclassically.

Using the pair product approximation in combination with a semiclassical propa-

gator reduces the number of dimensions that the classical trajectories must be run in.

Since the pair product approximation breaks down the propagator into one and two
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body terms, trajectories for only two particles at a time need to be considered. Ad-

ditionally for two particles without a confining potential, the potential only depends

on the relative coordinate, which is confined to a plane. Therefore it is only necessary

to run trajectories in two dimensions. This is a reduction of the dimensionality of

the problem of calculating the propagator from 2DN dimensional phase space to 4

dimensional phase space.

Many standard ways to evaluate the semiclassical propagator can lead to diffi-

culties due to the root search problem [16]. The root search problem signifies the

difficulty of finding all classical trajectories between r and r′ in time t. For one

dimension the problem can be solved easily, since only two such trajectories exist

between two points. In higher dimensions the problem becomes cumbersome since a

large number trajectories must be launched in all directions from r in order to find

ones that are at r′ in time t. For this reason we choose to use one of the initial

value methods. Initial value methods use the information from trajectories from spe-

cific initial points in phase space to avoid the root search problem. Here we choose

to use the cellular dynamics method [16], although any method for determining the

semiclassical propagator can be used .

3.2.1 Cellular Dynamics

In this section we discuss the cellular dynamics method and more specifically the

details of its use in the problem at hand. The cellular dynamics method starts from

the standard semiclassical propagator that is based on the action of classical paths
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between the points of the propagator

GSC(x, x0, t) =

(
1

2πi~

)1/2∑∣∣∣∣∂p0

∂x

∣∣∣∣1/2
x0

exp

(
i
S(x, x0)

~
− iνπ

2

)
(3.23)

where S(x, x0) =
∫
Ldt is the classical action The next step is to write the propagator

in the suggestive form

GSC(x, x0, t) =
(

1
2πi~

)1/2 ∫
dp0

∣∣∣( ∂xt∂p0

)
δ (x− xt(x0, p0))

∣∣∣
× exp

(
iS(x,x0)

~ − iνπ
2

) (3.24)

From (3.24) the key is to split up the propagator trajectories into trajectories from

many different phase space cells by inserting a sum of Gaussians centered at the phase

space cells in the form

1 ≈ η
∑
n

exp
[
−β(y − na)2

]
(3.25)

where the width and positions of the Gaussians are chosen so that the approximation

holds.

The linearized action becomes (for two dimensions)

S(x1
0, x

2
0, p

1
0, p

2
0) = S(x1

k, x
2
l , p

1
m, p

2
n) + ∂S

∂x10
(x1

0 − x1
k) + ∂S

∂x20
(x2

0 − x2
l )

+ ∂S
∂p10

(p1
0 − p1

m) + ∂S
∂p20

(p2
0 − p2

n)

+ 1
2
∂2S

∂x10
2 (x1

0 − x1
k)

2 + 1
2
∂2S

∂x20
2 (x2

0 − x2
l )

2+

+ 1
2
∂2S

∂p10
2 (p1

0 − p1
m)2 + 1

2
∂2S

∂p10
2 (p1

0 − p1
m)2

+ ∂2S
∂x10∂x

2
0
(x1

0 − x1
k)(x

2
0 − x2

l ) + ∂2S
∂x10∂p

1
0
(x1

0 − x1
k)(p

1
0 − p1

m)

+ ∂2S
∂x10∂p

2
0
(x1

0 − x1
k)(p

2
0 − p2

n) + ∂2S
∂x20∂p

1
0
(x2

0 − x2
l )(p

1
0 − p1

m)

+ ∂2S
∂x20∂p

2
0
(x2

0 − x2
l )(p

2
0 − p2

n) + ∂2S
∂p10∂p

2
0
(p1

0 − p1
m)(p2

0 − p2
n)

(3.26)
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Using the definition of the stability matrix M:

δp1
t

δp2
t

δx1
t

δx2
t


=



m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44





δp1
0

δp2
0

δx1
0

δx2
0


(3.27)

and the chain rule the partial derivatives in 3.26 are

∂S

∂x1
0

= −p1
m + p1

klnmtm33 (3.28)

∂S

∂x2
0

= −p2
n + p2

klnmtm44 (3.29)

∂S

∂p1
0

= m31p
1
klnmt (3.30)

∂S

∂p2
0

= m42p
2
klnmt (3.31)

∂S2

∂x1
0

2 = m13m33 (3.32)

∂S2

∂x1
0∂x

2
0

= m23m44 (3.33)

∂S2

∂x1
0∂p

1
0

= m13m31 (3.34)

∂S2

∂x1
0∂p

2
0

= m23m42 (3.35)

∂S2

∂x2
0

2 = m24m44 (3.36)

∂S2

∂x2
0∂p

1
0

= m14m31 (3.37)

∂S2

∂x2
0∂p

2
0

= m24m42 (3.38)

∂S2

∂p1
0

2 = m31m11 (3.39)

∂S2

∂p1
0∂p

2
0

= m31m12 (3.40)

∂S2

∂p2
0

2 = m42m22 (3.41)
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The positions are also expanded as

x1 = x1
t +m33(x1

0 − x1
k) +m34(x2

0 − x2
l ) +m31(p1

0 − p1
m) +m32(p2

0 − p2
n)

x2 = x2
t +m43(x1

0 − x1
k) +m44(x2

0 − x2
l ) +m41(p1

0 − p1
m) +m42(p2

0 − p2
n)

(3.42)

The integral over ~p0 from equation 3.24 fixes ~x = ~xt. Solving the system of

equations in 3.42 gives p0 as

p1
0 = p1

m + 1
m32m41−m31m42

(−m42(x1 − x1
t ) +m32(x2 − x2

t )

+ (m33m42−m32m43)(x1
0 − x1

k) + (m34m42−m32m44)(x2
0 − x2

l ))

p2
0 = p1

n − 1
m32m41−m31m42

(−m41(x1 − x1
t ) +m32(x2 − x2

t )

+ (m33m41−m31m43)(x1
0 − x1

k) + (m34m41−m31m44)(x2
0 − x2

l ))

(3.43)

The term in the exponent then becomes (with ~p0 given by 3.43 implicit)

i(S(x1
k, x

2
l , p

1
m, p

2
n) + (m33p

1
klmnt − p1

m)(x1
0 − x1

k)

+(m44p
2
klmnt − p2

m)(x2
0 − x2

l )

+m31p
1
klmnt(p

1
0−1

m) +m42p
2
klmnt(p

2
0 − p2

n) + 1
2
m13m11(x1

0 − x1
k)

2

+1
2
m24m44(x2

0 − x2
l )

2 + 1
2
m31m11(p1

0 − p1
m)2 + 1

2
m42m22(p2

0 − p2
n)2

+m23m44(x1
0 − x1

k)(x
2
0 − x2

l ) +m13m31(x1
0 − x1

k)(p
1
0 − p1

m)

+m23m42(x1
0 − x1

k)(p
2
0 − p2

n) +m14m31(x2
0 − x2

l )(p
1
0 − p1

m)

+m24m42(x2
0 − x2

l )(p
2
0 − p2

n) +m31m12(p1
0 − p1

m)(p2
0 − p2

n))

−α(x1
0 − x1

k)
2 − β(x2

0 − x2
l )

2 − γ(p1
0 − p1

m)2 − ε(p2
0 − p2

n)2 − iνπ
2

(3.44)

This is the contribution to the semiclassical Green function for each cell. The total

Green function is the sum over these terms with a prefactor from the |∂xt/∂p0|1/2 term

which is 1/
√
m31m42 −m32m41.

The purpose of calculating the semiclassical Green function is to use it in (3.11)

to build up a functional form that can then be used in an integral for some statistical
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property such as the radial distribution function. It takes many trajectories for the

Green function from cellular dynamics to cover all possible ranges, and calculating

the statistical properties from this form is still a work in progress.



Chapter 4

Correlated Thomas-Fermi Method

There are many methods for calculating the ground states of chemical systems [17].

DFT has been at the forefront of these methods and as such improvements to DFT

are currently pushing back the boundaries on the types of systems that it is possible

to model in a reasonable amount of computing time and to a reasonable accuracy.

At the same time however, the relative dominance of DFT in this area means that

there are types of systems that we have made little progress in modeling. That is

because of DFT routinely fails for some types of systems, the most prominent being

strongly correlated systems. It is for this reason that we are interested in approximate

methods for the ground state of strongly correlated systems.

Our work on strongly correlated systems starts from an insight into the Thomas-

Fermi Approximation and the somewhat fuzzy idea which has taken on greater clarity

with our work that strongly correlated systems are more suceptible to semiclassical

approximations because they actually have a greater classical character. Because of

the central importance of the Thomas-Fermi approximation to our work, we take

52
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some time to review it first. Then we discuss our related method, which we call

correlated Thomas-Fermi (CTF).

As we will show in the review of CTF in Section 4.2, this method hinges on an

ability to determine which state in the spectrum of states for an analogous system

of distinguishible particles is the first totally antisymmetric state, that is the ground

state for a system of fermions. This is a new and interesting problem in it’s own

right that brings together disparate ideas from group theory, quantum mechanics,

and combinatorics in a novel way. We discuss this problem in detail and propose

different solutions in Section 4.7.

4.1 Review of Thomas-Fermi Theory

Thomas-Fermi theory has dual importance as a precursor to modern density func-

tional theory and as a successful approximation in its own right. The TF approxima-

tion has been used for a wide variety of systems ranging all the way from atoms and

molecules to stars [18], [19]. In this section we offer a short review of TF theory both

from the standard perspective and from the perspective that allows us to formulate

CTF (For further information on TF theory see [20]).

The Thomas-Fermi approximation started from an ansatz for an energy functional

of the density [21]. The Thomas-Fermi ground state energy is broken down into a

kinetic energy term, T loc
s [n] and an interaction term, U [n], together with a term that

calculates the energy due to the external potential vext(r).

ETF[n(r)] = T loc
s [n(r)] + U [n(r)] +

∫
dr n(r)vext(r) , (4.1)
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The kinetic-energy term T loc
s [n(r)] = 3

10
(3π2)2/3

∫
dr n(r)5/3 is chosen to yield the

exact energy for a non-interacting electron gas of uniform density. The electron-

electron interaction term for Coulomb-interacting electrons has the standard Hartree

form U [n(r)] = 1
2

∫ ∫
drdr′ n(r)n(r′)/|r − r′| (we use atomic units in this chapter).

Looking at the Thomas-Fermi approximation through the lens of modern DFT we

see that it is made up of a local density approximation to the non-interacting kinetic

energy functional along with a Hartree term.

Minimizing the energy with respect to density variations, subject to the constraint

that the number of particles N remains constant,
∫
n(r) dr = N , leads to the Thomas-

Fermi equation

3

10

(
3π2n(r)

)2/3
+ vext(r) + vH[n](r)− µ = 0 , (4.2)

where vH = δU [n]/δn is the Hartree potential, and µ is the chemical potential that en-

sures that the number of particles is constant. The self-consistent solution of Eq.(4.2)

produces a rough approximation to the true density. Details such as atomic shell

structure are not produced in the approximation. Using this density in Eq.(4.1) gives

an approximation to the ground state energy.

An alternative formulation of TF theory that makes clear its semiclassical nature

uses a phase space based perspective [22]. The classical Hartree density of states

ρcl(ε) is

ρcl(ε) =
1

(2π)3

∫
dpdr δ(ε− hcl(p, r)) , (4.3)

where the integrals are done over all of phase-space and hcl(p, r) is the classical single-

particle hamiltonian hcl(p, r) = p2/2 + vext(r) + vH(r). The self-consistent solution
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of:

N =

∫ εF

−∞
ρcl(ε) dε and ETF =

∫ εF

−∞
ερcl(ε) dε (4.4)

leads to the same energy ETF as before, Eq.(4.1). The Fermi energy εF coincides

with the chemical potential µ = dETF/dN of Eq.(4.2).

It is now clear how Pauli’s principle is satisfied. We keep adding particles occu-

pying each a volume h3 of phase space ((2π)3 in atomic units), until we have filled

the available phase space.

This is a good approximation because ρcl(ε) is the first (Weyl) term in the semiclas-

sical Gutzwiller expansion [23] of the Kohn-Sham density of states (see e.g. refs.[24]-

[25]). Typically the smooth part of the Kohn-Sham staircase function Ss(ε) =∑
n θ(ε − εn), where the εn are exact Kohn-Sham eigenvalues, is well approximated

by its classical counterpart:

Scl(ε) ≡
∫ ε

−∞
dε′ ρcl(ε

′) , (4.5)

as illustrated schematically in the left panel of Fig.4.1. This point is the crux of the

semiclassical approximation that leads to Thomas Fermi theory. We further discuss

its range of applicability with respect to CTF in Section 4.3.

Clearly there are two main aspects to the Thomas-Fermi approximation. The first

part of the approximation is that interactions are treated in a mean-field manner. This

is clear from the fact that it uses a Hartree type potential for the interaction term

in Eq.(4.3). The second part of the approximation became clear when we looked at

the phase space formulation of Thomas-Fermi theory. It is an inherently semiclassical

approximation since the Gutzwiller expansion to the density of states is cut off after

the first term. These approximations together lead to efficient calculations for even



Chapter 4: Correlated Thomas-Fermi Method 56

(ε)clS

(N)
clS (E)

s(ε)S

(N)
S E( )

ε ε

N

E0 EF

Figure 4.1: Schematic diagram, assuming a spectrum with no exact degeneracies. Left
panel: The classical function Scl(ε), Eq.(4.5) is a smooth approximation to the Kohn-

Sham staircase function Ss(ε). Right panel: TheN -electron classical function S
(N)
cl (E)

does not go through the quantum N -electron staircase S(N)(E), because the latter

consists of antisymmetric states only. S
(N)
cl (E) is a smooth version of the quantum-

mechanical problem when symmetry is disregarded (a much steeper staircase), and
can be used to approximate the true ground-state energy E0 via Eq.(4.8), if the
number of states N below the first totally antisymmetric state is known.

quite large systems. The two approximations are however separate. It is possible

therefore to remove one approximation while keeping the other.

For example it is possible to keep the mean field approximation, but improve

upon the semiclassical part of the approximation. This could be done by including

additional terms in the semiclassical Gutzwiller expansion. Ullmo et al [26] follow a

related strategy for improving the Thomas-Fermi approximation. In our formulation

of CTF we do the opposite. We allow the semiclassical approximation to stand,

but improve upon the mean-field approximation by including explicit interactions.

Of course any reduction in the level of approximation will lead to more intensive

calculations, but the reward is greater accuracy.
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4.2 Correlated Thomas-Fermi

The formulation of CTF follows from the phase space perspective of Thomas-Fermi

theory as seen in Eq.(4.3) and Eq.(4.4). We want to include explicit interactions so

we need to use the classical N -body density of states in place of the classical Hartree

density of states. Employing the notation R ≡ (r1, ...rN), and P ≡ (p1, ...pN), the

classical N -electron density of states ρ
(N)
cl (E) corresponding to the classical N -electron

Hamiltonian Hcl(P,R) is:

ρ
(N)
cl (E) =

1

(2π)3N

∫
dPdR δ(E −Hcl(P,R)) , (4.6)

and the N -electron analog of the smooth staircase function of Eq.(4.5) becomes:

S
(N)
cl (E) ≡

∫ E

−∞
dE ′ ρ

(N)
cl (E ′) . (4.7)

Unlike the analogous TF case, this function of energy does not go through the exact

(quantum)N -electron staircase S(N)(E) =
∑

n θ(E−En), where the En are the energy

eigenvalues of the N -electron interacting system and θ is the Heaviside step function

(see right panel of Fig.4.1). The Pauli principle forces the quantum staircase, S(N)(E),

to only contain antisymmetric states. The classical Hamiltonian on the other hand

does not have this same requirement. Nowhere in Eqs.(4.6)-(4.7) has antisymmetry

been invoked. Classical particles are distinguishable, so S
(N)
cl (E) approximates the

much steeper staircase comprised of states of all symmetries (not depicted in Fig.4.1).

In order to find the ground state energy of a fermionic system, we must introduce

symmetry at this latter stage of the calculation. We include symmetry by counting

along the steeper classical staircase to the level with the correct symmetry. This

is analogous to introducing the Pauli exclusion principle in standard Thomas-Fermi
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theory by integrating up to the Fermi energy. It is however a different perspective

than is usually taken when finding the ground state of a fermionic system. Instead of

projecting the Hamiltonian onto the correct symmetry character of the permutation

group, we include all symmetries of the permutation group and convert the problem

into one of state-counting, that is, counting the number of states (of any symmetry)

that have an energy lower than that of the first totally antisymmetric one. We call

this number, the number of the first totally antisymmetric state among the set of

states with all symmetries, N . Another way to look at N , is as the number that the

fermionic ground state corresponds to in the spectrum of the same system replaced

with distinguishible particles.

If we know N , an approximation for the ground state energy is determined as the

upper limit of an energy integral:∫ ECTF

−∞
ρ

(N)
cl (E) dE = N , (4.8)

We call ECTF the Correlated-Thomas-Fermi (CTF) approximation to E0.

We have looked at a few toy systems to prove that given the correct N our method

works. This is just a proof of concept, but it is useful because it proves that if we

have a good approximation to N the CTF method would be complete.

We now turn to three different model systems for which we have also found N as

proofs of concept.

Case 1. First, we consider N spinless electrons in a one dimensional harmonic

trap of unit frequency, interacting via a harmonic potential of frequency Ω, which we
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vary from 0 to 2. The Hamiltonian of this system is

H =
N∑
i=1

[
−1

2

d2

dxi2
+

1

2
xi

2

]
+

N∑
i<j

1

2
Ω2 (xi − xj)2 (4.9)

The integral for the classical density of states in Eq 4.8 can be done analytically as

should be expected since we are only dealing with harmonic potentials. It only takes

a rotation of the coordinate system to put the Hamiltonian from 4.9 in a form that

allows the the integral for the classical density of states to be relatively easily done.

If the level curves of the potential in 4.9 are plotted it is clear that the potential is

eliptical with one axis having a distinct length and all other axes having the same

length. The distinct axis is along the line x1 = x2 = · · · = xN . So it is possible to

rotate the coordinate system to decouple the oscillators, and all that is necessary to

determine the Hamiltonian after such a rotation is to find the frequency along the

distinct and the frequency along any other axis.

In other words the potential is

V =
N∑
i

1

2
xi

2 +
N∑
i<j

1

2
Ω2 (xi − xj)2 (4.10)

but we know there is a coordinate rotation (that leaves ~p2 unchanged since it is just

a rotation) to take the potential to the form

V =
ω0

2

2
x1

2 +
N∑
i=2

ω1

2
xi

2 (4.11)

So it is not necessary to find the rotation only to find ω0 and ω1. To do this we compare

the V = 1
2

level curve for the original and the rotated (uncoupled) potentials.

For the rotated level curve half the length of the distinct axis of the ellipse is given

by solving for x1 in the level curve equation with all other xi = 0. This gives

1 = ω0
2x1

2 +
N∑
i=2

ω102 (4.12)
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1 = ω0
2x1

2 (4.13)

x1 =
1

ω0

(4.14)

(4.15)

The half length of the other axes can be found by setting all xi = 0 except e.g. x2.

This gives

1 = ω0
202 + ω1

2x2
2 +

N∑
i=3

ω102 (4.16)

1 = ω1
2x2

2 (4.17)

x2 =
1

ω1

(4.18)

(4.19)

Using these lengths, all that must be done is compare them to the lengths of the

unrotated potential to find ω0 and ω1 since the lengths must be the same (it is only

a rotation; the scale is unchanged).

For the original potential, the distict axis is along x1 = x2 = x3 = · · · = xN .

Plugging this into the V = 1
2

level curve

1 =
N∑
i

x1
2 +

N∑
i<j

Ω2 (x1 − x1)2 (4.20)

1 = N
1

2
x1

2 (4.21)

x1
2 =

1

N
(4.22)

So the half length of the axis of the ellipse is

||(x1, x2, · · · , xN)|| =

√√√√ N∑
i

x2
i (4.23)
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=

√√√√ N∑
i

1/N (4.24)

= 1 (4.25)

Now all that remains is to consider an axis of the ellipse that is perpendicular to

x1 = x2 = x3 = · · · = xN . We can choose x1 = −x2 = x3 = −x4 = · · · = ±xN where

the negative signs are on all even xis. This gives

1 =
N∑
i

xi
2 +

N∑
i=2 even

N∑
j<i

Ω2 (xi − xj)2 +
N∑

i=1 odd

N∑
j<i

Ω2 (xi − xj)2 (4.26)

1 = Nx1
2 +

N∑
i=2 even

N∑
j<i odd

Ω2 (x1 + x1)2 +
N∑

i=1 odd

N∑
j<i even

Ω2 (x1 + x1)2 (4.27)

1 = Nx1
2 +

N∑
i=2 even

N∑
j<i odd

Ω24x1
2 +

N∑
i=1 odd

N∑
j<i even

Ω24x1
2 (4.28)

1 = Nx1
2 +

N∑
i=2 even

i

2
Ω24x1

2 +
N∑

i=1 odd

i− 1

2
Ω24x1

2 (4.29)

1 = Nx1
2 + Ω24x1

2

(
N∑

i=2 even

i

2
+

N∑
i=1 odd

i− 1

2

)
(4.30)

1 = Nx1
2 + Ω24x1

2

(
N∑

i=2 even

i

2
+

N∑
i=1 odd

i

2
−

N∑
i=1 odd

1

2

)
(4.31)

1 = Nx1
2 + Ω24x1

2

(
N∑
i=1

i

2
−

N∑
i=1 odd

1

2

)
(4.32)

1 = Nx1
2 + Ω24x1

2

(
1

2

N(N + 1)

2
− 1

2

N

2

)
(4.33)

1 = Nx1
2 + Ω2x1

2N2 (4.34)

x1
2 =

1

N +N2Ω2
(4.35)

And the half length of the axis of the ellipse is

||(x1, x2, · · · , xN)|| =

√√√√ N∑
i

x2
i (4.36)
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=

√√√√ N∑
i

1

N +N2Ω2
(4.37)

=

√
1

1 +NΩ2
(4.38)

(4.39)

Comparing the original and rotated ellipse gives equations for ω0 and ω1:

1

ω0

= 1 (4.40)

ω0 = 1 (4.41)

and

1

ω1
2

=
1

1 +NΩ2
(4.42)

ω1 =
√

1 +NΩ2 (4.43)

Now it is relatively straightforward to take the integral for the density of states

in the rotated coordinate system.

ρ(E) =

∫
dNp

hN

∫
dNx δ

(
E − p2

2m
− x1

2

2
−

N∑
i=2

ω1
2xi

2

2

)
(4.44)

=
1

hN

∫
d~Ω

∫
dp pN−1

∫
dNx δ

(
E − p2

2m
− x1

2

2
−

N∑
i=2

ω1
2xi

2

2

)
(4.45)

where d~Ω is the N -dimensional solid angle volume element. If SN is the result of the

angular integrals we have

ρ(E) =

∫
dNp

hN

∫
dNx δ

(
E − p2

2m
− x1

2

2
−

N∑
i=2

ω1
2xi

2

2

)
(4.46)

=
SN
hN

∫
dNx pN−1m

p
(4.47)
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where p =

√
2m
(
E − x12

2
−
∑N

i=2 ω1
2 xi2

2

)
. Making the appropriate substition we

have

ρ(E) =
SN
hN

mN/22N−1EN−1

∫
dNy

(
1− y1

2 −
N∑
i=2

ω1
2yi

2

)N/2−1

(4.48)

It is possible to do the y1 integral now while considering the other variables constant

with the substitution y1 =
√

1−
∑N

i=2 ω1
2yi2 η1

ρ(E) =
SN
hN

mN/22N−1EN−1

∫
dη1dy2 · · · dyN

(
1−

N∑
i=2

ω1
2yi

2

)(N−1)/2

(4.49)

×Θ

(
1−

N∑
i=2

ω1
2yi

2

)(
1− η1

2
)N/2−1

(4.50)

The η1 integral is now straightforward with the substition of η1 = sinθ. The y integral

needs to be done in spherical coordinates, and can then be done with an analogous

trigonometric substition.

ρ(E) =
SN
hN

mN/22N−1EN−1SN−1

∫
dy yN−2

(
1− ω1

2y2
)(N−1)/2

Θ
(
1− ω1

2y2
)

(4.51)

×
∫ π/2

−π/2
dθ cosN−1 θ (4.52)

=
SN
hN

mN/22N−1EN−1SN−1

∫ φ/2

0

dφ
1

ω1
N−1

sinN−1 φ cosN φ (4.53)

×
∫ π/2

−π/2
dθ cosN−1 θ (4.54)

(4.55)

Using the results of the angular integrals and simplifying gives

ρ(E) =
mN/2

hNω1
N−1

(2π)N

Γ(N)
EN−1 (4.56)

It is extremely straightforward to do the energy integral in Eq. 4.8 to give

ECTF = N 1/Nω1
(N−1)/N(N !)1/N (4.57)
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where again ω1 =
√

1 +NΩ2.

Now all that remains is to find N from the analytical exact solution [27] (Note

it is also very straightforward to find the exact solution from the rotated potential).

From the solution we know that the energy of the first totally antisymmetric state is

Ef
0 =

ω1

2

(
N2 − 1

)
+

1

2
(4.58)

and the energy of an arbitrary state is given by

E{ni} = n1 + ω1

(
N∑
i=2

ni +
N − 1

2

)
+

1

2
(4.59)

where the {ni} are the quantum numbers. The number of states below the first totally

antisymmetric state, N , can be found by comparing these two energies.

We need to know for how many states is E{ni} < Ef
0 . That is

n1 + ω1

(
N∑
i=2

ni +
N − 1

2

)
+

1

2
< ω1

(
N − 1

2
+
N(N − 1)

2

)
+

1

2
(4.60)

n1 + ω1

N∑
i=2

ni < ω1

(
N(N − 1)

2

)
(4.61)

n1

ω1

+
N∑
i=2

ni <
N(N − 1)

2
(4.62)

First we consider the case n1 = 0. The sum is just an integer, which we can label M .

Then we have

M <
N(N − 1)

2
(4.63)

(4.64)

and the number of levels with energy less than Ef
0 is

N(N−1)/2−1∑
M=0

W (M) (4.65)
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Where W (M) is the number of ways to get M from the sum. This is just a problem

in combinatorics and it is equivalent to the number of ways M balls can be put in

N − 1 boxes which is

W (M) =
(N +M − 2)!

(N − 2)!M !
(4.66)

Now while dn1

ω1
e the number of level less than Ef

0 is simply

N(N−1)/2−1∑
M=0

W (M) (4.67)

Following this logic the total number of levels less than Ef
0 , N is given by

N =

dω1N(N−1)/2e∑
n1

N(N−1)/2−1−bn1/ω1c∑
M=0

W (M) (4.68)

which is a function only of the number of particles N and Ω through ω1.

Combining equations (4.68) and (4.57) gives the CTF approximation (using the

exact N ) to the true groundstate energy.

Figure 4.2 shows this energy for two particles as a function of interaction strength.

As discussed above the exact energy is known analytically [27]. For two particles the

exact N is N =
⌊√

1 + 2Ω2
⌋

+ 1, where b c stands for the floor function, which

leads to steps in the energy E(Ω). Leaving out the floor function provides the most

natural way of smoothing-out the CTF curve, and it is this smoothed out curve

that is depicted as the solid line in Figure 4.2. We observe that the CTF results run

very close to the exact curve along the whole range of interaction strengths, improving

dramatically upon both the original Thomas-Fermi approximation and Sommermann-

Weidenmueller approximation [28], which is another semiclassical approach that is

also related to the Thomas-Fermi approximation.
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Table 4.1: Exact and CTF ground-state energies for N fermions interacting via a

harmonic interaction,
N∑
i<j

1

2
(xi − xj)2, with a harmonic confining potential.

N Exact CTF %Error
3 8.500E00 8.963E00 5E-02
5 2.989E+01 2.987E+01 -9E-03
10 1.647E+02 1.645E+02 -1E-03
15 4.485E+02 4.487E+02 5E-04

We have also looked at systems with N up to 15 particles for Ω = 1 (see Table

4.1). The accuracy of CTF increases with the number of particles. The error decreases

from 0.05% for N = 3 to 5× 10−4% for N = 15.

Case 2. The next case we consider is three spinless electrons interacting via a

quartic attraction (the interaction term between two electrons is of the form k(xi −

xj)
4) with a harmonic confining potential. That is the Hamiltonian is

H =
3∑
i=1

[
−1

2

d2

dxi2
+

1

2
xi

2

]
+

3∑
i<j

1

2
k (xi − xj)4 (4.69)

The density of states integral can again be done analytically using some creative

substitutions.

ρ(E) =

∫
d3p

h3

∫
d3x δ

(
E − ~p2

2
− 1

2
~x2 −

3∑
i<j

1

2
k (xi − xj)4

)
(4.70)

With a rotation corresponding to the subtitions x1 = 1√
6

(
y1 −

√
3y2 +

√
2y3

)
, x2 =

1√
6

(
y1 +

√
3y2 +

√
2y3

)
, and x3 = 1√

3

(
−
√

2y1 + y3

)
it is possible to decouple all but

two of the coordinates:

ρ(E) =

∫
d3p

h3

∫
d3y δ

(
E − ~p2

2
− 1

2
~y2 − 9

2
k
(
y1

2 + y2
2
)2
)

(4.71)

=
4π

h3

∫
d3y

√
2

(
E − 1

2
~y2 − 9

2
k (y1

2 + y2
2)2

)
(4.72)
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where the p integral is done in spherical coordinates using the delta function. The

resulting integral is most easily done in cylindrical coordinates.

ρ(E) =
4π

h3

∫
rdrdθdz

√
2

(
E − 1

2
r2 − 1

2
z2 − 9

2
kr4

)
(4.73)

The z integral can be done using the substitution z =
√

2(E − 1
2
r2 − 9

2
kr4 sinφ

ρ(E) =
8π2

h3

∫
dr2r

(
E − 1

2
r2 − 9

2
kr4

)∫ π/2

−π/2
dφ cos2 φ (4.74)

=
16π2

h3

∫
dr

(
Er − 1

2
r3 − 9

2
kr5

)(π
2

)
(4.75)

(4.76)

It is important to note here that the r integral is not over all space, but only all

classically allowed space; there should be a theta function to ensure this from the

subsitution that was supressed for readability. So the maximum range of the r integral

is r′ defined by E− 1
2
r′2− 9

2
kr′4 = 0. Taking the integral as well as the energy integral

with ~ = 1 gives

1

6

(
1

116, 640k3
(1 + 72kECTF)5/2 − ECTF

2

12k
− ECTF

648k2
− 1

116, 640k3

)
= N (4.77)

When N is found from the exact diagonalization, the result for ECTF can be found

by finding the root.

In order to find N for this system it was necessary to do an exact diagonalization.

We did this in the basis of harmonic oscillator states that are the eigenstates of the

external potential without interactions. Finding the matrix elements in this basis is

relatively straightforward since the potential can be written in terms of raising and

lowering operators and then expanded

Vij = k(xi − xj)4 (4.78)
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= k
~2

4m2ω2
(ai
† + ai − aj† − aj)4 (4.79)

It is important to take note of the noncommutativity of raising and lowering operators

when expanding. The commutator between raising and lowering operators[
ai, ai

†] = 1 (4.80)

can be use to simplify the expression. It is then straight forward to take the matrix

elements between harmonic oscillator states. The full expression is too complicated

to write down here.

It was possible to greatly reduce the resources necessary to diagonalize the Hamil-

tonian in a certain truncated basis by taking into account the permutation symmetry

of the system. All that needs to be done is to use a symmetrized version of the basis

and then matrix elements between basis elements of different symmetry character are

zero. This results in a block diagonal hamiltonian with each block associated with

a symmetry character based on the symmetry character of the basis vectors used to

form it. Each block can then be diagonalized separately. This is discussed in much

greater detail in Section 5.3.

Once the eigenstates are found exactly, N is found by counting the number of

states with energy less than the energy associated with the first totally antisymmetric

state (that is the lowest eigenvalue of the antisymmetric block).

Again, for the quartic system, we see that CTF runs very close to the exact curve

for the whole range of values of k considered.

Case 3. Does the excellent performance of CTF reported so far have something

to do with the integrability of the underlying classical dynamics (case 1) or its near-

integrability (case 2)? In order to determine if the good results for our method is a
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factor of the underlying classical dynamics being integrable (case 1) or nearly inte-

grable (case 2) we have also calculated the CTF energies for a simple non-integrable

system, 2 electrons interacting via a soft-Coulomb potential, 1/
√

1 + (x1 − x2)2, in

a 1-d box of length L. In spite of the apparent simplicity of this model, the impor-

tance of ergodicity can be assessed as the length of the box is increased. Indeed, as

concluded in ref.[29], this system displays hard chaos in the large-box limit, closely

related to the fact that, due to the low electron density in that limit, the system

becomes strongly correlated with the electrons localizing in opposite extremes of the

box. Here the Hamiltonian is

H = −1

2

d2

dx1
2
− 1

2

d2

dx2
2

+ 1/
√

1 + (x1 − x2)2 (4.81)

The density of states integral is again possible to do analytically in this case.

ρ(E) =

∫
d2p

h2

∫
d2x δ

(
E − p2

2m
− 1√

(x1 − x2)2 + 1

)
(4.82)

Where the coordinate integral is over the range of the box 0 to L. Using the delta

function to take the p integral in circular coordinates gives

ρ(E) =
m

2π~2

∫ L

0

dx1

∫ L

0

dx2 Θ

(
E − 1√

(x1 − x2)2 + 1

)
(4.83)

Making the substitution x1 = q + x2

ρ(E) =
m

2π~2

∫ L

0

dx2

∫ L−x2

−x2
dq Θ

(
E − 1√

q2 + 1

)
(4.84)

It is possible to calculate this integral by splitting it up into different regimes based

on E. The step function changes at E = 1√
q2+1

that is q =
√

1/E2 − 1 so the relevant

ranges in E are 0 < E < 1√
L2+1

, 1√
L2+1

< E < 1, and E > 1.
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For E < 1 there is some point in the range of integration for which the step

function is switches from 0 to 1. This point is q = ±
√

1/E2 − 1. The step function

is 1 when q is outside these points. The integral then becomes

ρ(E) =
m

2π~2

∫ L

0

dx2 Θ
(
x2 −

√
1/E2 − 1

)∫ −√1/E2−1

−x2
dq (4.85)

+
m

2π~2

∫ L

0

dx2 Θ
(
L− x2 −

√
1/E2 − 1

)∫ L−x2

√
1/E2−1

dq (4.86)

The theta functions appear because it must be that x2 >
√

1/E2 − 1 and L − x2 >√
1/E2 − 1 for the integrals to be nonzero.

ρ(E) =
m

2π~2

∫ L

0

dx2 Θ
(
x2 −

√
1/E2 − 1

)(
−
√

1/E2 − 1 + x2

)
(4.87)

+
m

2π~2

∫ L

0

dx2 Θ
(
L− x2 −

√
1/E2 − 1

)(
L− x2 −

√
1/E2 − 1

)
(4.88)

Now the theta functions change over the range of integration if E > 1
L2+1

. For

E < 1
L2+1

the step functions are always zero. So we have

ρ(E) =
m

π~2

∫ L

√
1/E2+1

dx2

(
−
√

1/E2 − 1 + x2

)
(4.89)

where we have used the change of variable q′2 = L− q2 to show that the second half

of the integral is the same as the first to pick up the factor of 2. The integral is now

straightforward and gives

ρ(E) =
m

π~2

(
L2

2
−
√

1

E2
− 1L+

1

2

(
1

E2
− 1

))
(4.90)

For E > 1 the original theta function is always equal to 1 so the integral is

ρ(E) =
m

2π~2

∫ L

0

dx2

∫ L−x2

−x2
dq (4.91)

=
m

2π~2
L2 (4.92)

(4.93)
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So we have for E < 1√
L2+1

ρ(E) = 0 (4.94)

for 1√
L2+1

< E < 1

ρ(E) =
m

π~2

(
L2

2
−
√

1

E2
− 1L+

1

2

(
1

E2
− 1

))
(4.95)

and for E > 1

ρ(E) =
m

2π~2
L2 (4.96)

(4.97)

In order to find N for this system it was again necessary to do a numerical

diagonalization. The basis used for this system was the particle in the box basis

because that way the external potential was already diagonal. The interaction matrix

elements were possible to find by numerical integration. This was relatively fast

because the system is only one dimensional. Again, it was possible to speed up the

diagonalization of the Hamiltonian by taking into account the permutation symmetry

of the system. The Hamiltonian was partially diagonalized by using a symmetrized

basis. Again see Section 5.3 for more details.

Table 4.2 shows the numbers obtained when the same value of N = 2 is used for

different box lengths. The performance of CTF improves as L increases, due to the

increased localization leading to more classical character. This suggests that CTF

might be particularly useful in the strongly-correlated regime.

The CTF approximation would not be complete without a word about spin. It

turns out that the addition of spin does not change the approximation much. For
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Figure 4.2: Ground-state energy for two spinless electrons interacting in one dimen-
sion via the potential 1

2
Ω2(x1 − x2)2, calculated exactly (dashed line) and by differ-

ent approximations: standard Thomas-Fermi (dotted); employing the antisymmetric
staircase of SW [28] (dash-dot); and our CTF (solid).
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Figure 4.3: Ground-state energy for three spinless electrons interacting in one dimen-
sion via the potential k(xi − xj)4, calculated exactly (dashed line) and by different
approximations: standard Thomas-Fermi (dotted); our CTF method (solid); and
CTF when the number of states N below the first totally antisymmetric state is
calculated from perturbation theory (dot-dashed).
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Table 4.2: Exact, TF, and CTF (N = 2) ground-state energies for two electrons
interacting via a soft-Coulomb potential [(x1 − x2)2 + 1]−1/2 and confined in a box of
length L atomic units.

L TF CTF(N = 2) Exact
1 1.37E+01 1.35E+01 2.56E+01
10 2.75E00 4.38E-01 5.12E-01
100 2.31E00 2.05E-02 2.20E-02
1000 1.99E00 1.40E-03 1.45E-03

particles that have spin, it is the combined spin and spatial part of the wavefunction

that must be totally antisymmetric. The constraint that the spatial part of the

wavefunction be antisymmetric is dropped. For spin 1
2

particles such as electrons the

spins can be either up or down so not all spatial symmetries are allowed. To find the

ground state using CTF one must determine the symmetry of the spatial part of the

ground state wavefunction and use that symmetry to find N . That is N becomes

the number of the first state of that symmetry in the spectrum of states with all

symmetries included. In order to determine the spatial symmetry of the ground state

it is necessary to use the pouring theorem of Lieb and Mattis [30].

It is important to remind the reader that these cases are just proofs of concept

because we calulate N exactly. We are in effect cheating. In order for a complete

CTF approximation we need a method for approximating N . We address this in

Section 4.7.
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4.3 Applicability of CTF

Now we attempt a practical discussion of the usefulness and efficiency of the CTF

method. We are replacing the quantum problem which scales exponentially with

the number of particles with a classical one which scales polynomially. There may be

some concern that the integral in Eq.(4.6) is over all phase space dimensions. However

this is not a major drawback since Monte Carlo integration can be used which has a

rate of convergence of O(n1/2) where n is the number of points taken independent of

dimension. This means that the integral itself scales well with increasing number of

particles.

The question of range of applicability of the CTF method is an interesting one.

The accuracy depends on how well the semiclassical energy levels from the Gutzwiller

trace formula approximate the exact energy levels. The trace formula is

Tr Gsc(E) = Tr G0(E) +
∑
j

Tr Gj(E) (4.98)

where G0(E) is due to zero length classical trajectories and the Gj(E) terms are due

to longer trajectories. If you read Chapter 2 you may remember that the trace of the

Green’s function is connected with the density of states by

− 1

π
Im (Tr G(E)) = ρ(E) (4.99)

Using this with the trace formula gives

ρsc(E) = ρcl(E) + δρ(E) (4.100)

Where ρcl(E) is the average part of the semiclassical density of states and δρ(E) is

the oscillatory part. We expect therefore that ρcl(E) approximates the exact average
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density of states to the same degree of accuracy as ρsc(E) approximates the exact

density of states. We must investigate the derivation of the Gutzwiller trace formula

to better understand the accuracy of CTF.

The derivation of the trace formula involves a stationary phase approximation

to the exact Feynman path integral. Because the stationary phase approximation

is the first term in an asymptotic expansion, an estimate for the error involved is

not directly accessible. What we can say is that the approximation is better for

quantum mechanical systems that behave more classically, that is with more localized

particles, but it is never very bad. For higher energies the semiclassical energy levels

must become better approximations, since the action is larger making the expansion

parameter (~) relatively smaller. The error in the staircase function is only picked

up at low energies leading to a small constant error at higher energies. It is possible

to determine how well CTF will do by looking at the localization of the particles in

the ground state. For strongly interacting highly correlated systems the particles are

more localized meaning CTF should work better for these systems.

If CTF gives insufficient accuracy it is possible to improve upon the semiclassical

part of the approximation. It is possible to increase the accuracy of ρcl(E) by adding

higher order terms to the ~ expansion of the average density of states. Doing this

will ensure that the integral of the resulting approximation to the average density of

states goes through the exact staircase function.
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4.4 Behavior of N

In order to understand how N behaves for a large range of realistic interaction

strengths we have analyzed systems with Gaussian interactions. Gaussian interactions

are more realistic than the other types of interactions so far considered, but at the

same time they are easier to deal with than interactions found in real systems such as

Coulomb interactions because they are not singular at any point and many integrals

involving them can be carried out analytically.

We consider systems with Hamiltonian

Ĥ =
N∑
i=1

−1

2
∇2
i +

1

2
x2
i +

N∑
i<j

αe−1/2(xi−xj) (4.101)

We want to know the behavior of N over an entire range of interactions strengths

from weakly interacting systems, which means weakly correlated particles, to very

strongly interacting systems, which means strongly correlated particles (approaching

the strictly correlated limit as we discuss below). Therefore we need to consider the

entire range of intereaction strengths, α from 0 to ∞.

In order to solve this system exactly we diagonalized the Hamiltonian numerically.

We started with a basis of the eigenstates of the external potential. The external po-

tential in 4.101 is harmonic, so the basis states we used were the tensor product

of single particle harmonic oscillator states. The integrals for the Gaussian interac-

tions are able to be done analytically but even with the increase in efficiency due to

symmetrization as discussed in section 5.3, the diagonalization failed to give correct

results for strong interactions.

The failure is due to the fact that for strong interactions the particles are strongly
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correlated. Basis states made up of the tensor product of single particle states are

necessarily uncorrelated. For tensor products of eignestates of the external potential,

it is difficult to build up large correlations using linear combinations of these states.

This is because most of the probability density is located around the center of the

external harmonic potential. It takes very high states before the probablity density is

able to move away from the center of the potential. However for strong interactions, it

is possible to cause large correlations in the particles. For example one particle could

be far from the center on one side of the external potential and another particle could

be far from the center on the other side. If the interaction is repulsive and strong

even at low energies, this type of state is possible. So we need to use a basis that

would allow a wavefunction with particles localized on opposite sides of the potential

more easily.

We use a distributed Gaussian (DG) basis for this purpose [31]. The basis func-

tions for an N particle distributed Gaussian basis are of the form

φβ,~d(~x) = exp

(
β

2

N∑
i

(xi − di)2

)
(4.102)

This is just an N dimensional Gaussian centered at ~d = (d1, · · · , dN) with a term

specifying the width, β, that is equal to one over the variance. It is clear from

4.102 that the distributed Gaussian basis easily will allow for strongly correlated

wavefunction since the linear combination of just two basis functions would be highly

correlated if the two basis functions are localized far from one another.

The choice of β and ~d are important for the basis to work efficiently. It is possible

to choose different β, but to keep things simple we only use a single width. This is

all that is necessary because a sum of Gaussians with proper width and spacing can
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approximate any function if the spacing is not too large. The relationship between

β and ~d is an important one to get right however. If the Gaussians are too narrow

relative to the spacings then they do not overlap very much and linear combinations

of them cannot properly approximate arbitrary functions. If the width is too wide

relative to the spacing then linear combinations of the basis functions cannot change

very rapidly. This is again bad for the ability of the Gaussians to approximate arbi-

trary functions. The key is to get the relationship to be between these two extremes.

The optimal point is near when the sums of the Gaussians becomes constant. If they

are too narrow the sum will be wavy (see Figure 4.4) if they are too wide the sum will

still be constant. So the best width relative to the spacing is at the width-spacing

relationship that is just at this transition from a wavy sum to a constant sum. In

order to have a good idea about this optimal relationship we plotted the sums of

Gaussians with certain spacing and plotted the optimal width β as measured by the

above criteria for a certain spacing ∆. We then did a simple quadratic fit because

the data was clearly quadratic giving

β = .27− .55∆ + 1.26∆2 (4.103)

There is probably an elegant derivation for the actual optimal relationship between

β and ∆ but this served well for our purposes. (I’d really like to think some more

about this some, but I really need to keep writing. If you have some ideas about this

shoot me an e-mail.)

The result from this study for N is shown in Figure 4.5. For low interaction

strengths, the order of the states is what one could have predicted using first order

perturbation theory. For large interaction strengths the situation is more interesting.
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Figure 4.4: The sum of Gaussians spaced by one unit on the x-axis with slightly too
narrow widths for the purposes of the DG basis. With slightly larger widths they
would add up to be approximately constant and linear combinations would better be
able to describe arbitrary functions.

Figure 4.5: The behavior of N over the entire range of interactions strengths for
three particles with Gaussian interactions. We studied systems with much stronger
interactions but the 3! = 6 limit extends to infinite interactions strengths as discussed
in the text.
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N reaches an asymptotic value for large enough interaction strengths. This value is

just N !. This also could have been predicted by considering the strictly correlated

limit [32]. The strictly correlated limit is essentially the limit of α→∞. In this limit

the kinetic energy term becomes neglible and so the ground state wavefunction is a

delta function at the classical equilibrium postion, the position that minimizes the

classical energy. If there is more than one position of equivalent energy such as in two

or higher dimensions, the wavefunction is an average of delta functions at these points.

Since a wavefunction made up of delta functions has no extent, it does not matter

if the delta function carries a positive or negative sign in front of it. That means

that states of all symmetries are equivalent in energy. In one dimension for example

there are N ! possible places that you could place the delta function corresponding

to the N ! permutations of N particles. The symmetrized wavefunctions are built

from adding and subtracting these delta functions, but since the delta function has

no extent, there is no overlap between different delta functions, and all of the ground

state wavefunctions of each symmetry have the same energy.

When α is considered large, but not infinite, the delta functions that make up the

ground state wavefunction resemble strongly peaked Gaussians. The extent of the

wavefunctions leads to an energy level splitting because there is now some overlap to

the functions being added and subtraced to form functions of the correct symmetry.

The ordering of the states can be predicted using the same reasoning from [30]. States

with more nodes are higher in energy and states with higher symmetry have fewer

nodes. Out of the N ! degenerate states for α → ∞, the totally antisymmetric state

is going to be the state with the most nodes for finite α and it is therefore the state
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with the most energy out of these newly nondegenerate N ! states. By this reasoning

it is clear that N = N ! for large enough α.

The investigation of these two limits of N leads to clear ways to proceed with

approximation for script N .

4.5 Perturbation Theory for N

Perhaps the most straightforward way of approximating N is by perturbation

theory. It is trivial to find the number of energy levels below the first totally antisym-

metric state for no interactions for most systems. If the interactions are treated as a

perturbation, then the order of states can be approximated by perturbation theory.

We mean just standard first order perturbation theory. That is for an N particle

Hamiltonian with interactions such as

Ĥ =
N∑
i=1

−1

2
∇2
i + Vext(xi) +

N∑
i<j

Vij(xi − xj) (4.104)

We take the perturbation to be the interactions

Ŵ =
N∑
i<j

Vij(xi − xj) (4.105)

and we take Ĥ0 as the kinetic energy and external potential

Ĥ0 =
N∑
i=1

−1

2
∇2
i + Vext(xi) (4.106)

Following the procedure of first order perturbation theory we find the unperturbed

states |φ0
n〉

Ĥ0|φ0
n〉 = E0

n|φ0
n〉 (4.107)
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and the first order energies

E1
n = 〈φ0

n|Ŵ |φ0
n〉 (4.108)

The energies are then approximated as En ≈ E0
n +E1

n. If the |φ0
n〉s are properly sym-

metrized (see Section 5.3), then each En will have an associated symmetry. N is then

found by counting the number of levels, En, below the lowest energy corresponding

to a totally antisymmetric wavefunction.

This works well for weakly interacting systems, even though pertubation theory

doesn’t take into account avoided crossings. It is only when energy levels cross the first

totally antisymmetric state when they should not have that an error is introduced.

The order of energy levels both below and above this state doesn’t matter. Because

for low energies the spurious crossings (those that wouldn’t have occured with a

higher level of accuracy) don’t occur, the approximation works very well. In fact

before the interaction strength at which the levels start to cross N is exact in this

approximation. Figure 4.6 shows how the results are good for weak interactions

We are concerned with strongly interacting systems however, because there are

many methods that are able to approximate ground state energies for weakly interact-

ing systems, and CTF has the potential to do well for strongly interacting systems. Of

course for the case of strong interactions, which corresponds to a large perturbation

Ŵ , the results from first order perturbation theory are essentially worthless. Taking

into account the fact that we need an approximation for N for systems with strong

interactions in order for CTF to work for strongly correlated systems, we have devel-

oped an asymptotic expansion, analogous to first order perturbation theory, from the

limit of interactions of infinite strength.
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Figure 4.6: The approximation for N from perturbation theory. As expected it works
well for weak interactions but fails for strong interactions.

4.6 Harmonic Approximation for N

It is possible to estimate N in the strongly correlated limit in an analogous way

to perturbation theory, which we discussed for the weakly correlated limit in the

previous section. As discussed in section 4.4, in the limit of infinite correlation the

ground state is formed by delta functions at the classical equilibrium points. Near the

limit the wavefunction is sharply peaked around the classical equilibrium point. It is

possible therefore to expand the potential about this point to second order. This leads

to a harmonic approximation that is accurate for large α. The details are relatively

straightforward, but we will discuss them here.

The first step is to find the classical equilibrium point which is ~∇V = 0, where

V is the total potential. For a generic system of N particles each in one dimension

(higher dimensional systems are more complicated and will be discussed next) with
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an external potential and interactions between the particles we have

V =
N∑
i=1

Vext(xi) +
N∑
i<j

Vij(xi − xj) (4.109)

For the Gaussian system finding ~∇V = 0 is straightforward.

Next the potential V is expanded to second order around the equilibrium point,

~d, defined by ~∇V (~d) = 0. The result is a harmonic potential. It is not in general

N decoupled Harmonic oscillators. There will most likely be cross terms that couple

the oscillators. So we need to decouple the oscillators with a rotation of the N

coordinates. This is done by writing the potential in the form

xTAx + bTx + c (4.110)

where A is a N × N matrix, both x and b are N × 1 column vectors, and c is

just a constant (T stands for transpose). Note that b = 0 because the function was

expanded about the point that gives ~∇V = 0. The matrix that diagonalizes A gives

the coordinate rotation that must be done in order to decouple the oscillators. All we

really care about however are the frequencies of the decoupled oscillators. We can get

these directly from the eigenvalues of A, since the eigenvalues are the force constants.

Note that both the expansion and finding matrix A can be done at the same time

since A is just the Hessian of the potential evaluated at the equilibrium point.

Once the oscillator frequencies are found finding N is straightforward. All that is

necessary is to build the harmonic oscillator states with the correct frequencies. We

call them

ψ~ω~n(~x) =
N∏
i=1

ψωini (xi − di) (4.111)
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where the ψωini (xi) are standard harmonic oscillator wavefunctions with an oscillator

frequency ωi and eigenvalue ni. di is the ith component of ~d, the equilibrium point.

The zeroth order approximation to the energy is given by the energy of the states

ψ~ω~n in the harmonic potential. That is the sum of the eigenenergies typically associated

with these states:

E0
n =

N∑
i

~ωi
(
ni +

1

2

)
(4.112)

This approximation is not enough to calculate N . Each state is N ! fold degener-

ate meaning that if these states are symmetrized the symmetrized states will all be

degenerate.

In order to calculate the first order approximation to the energy, symmetrized

harmonic oscillator states must be built up and then the expectation value of the

exact hamiltonian must be found for each state. So the first order energy of symmetry

character s can be written as

Es
n = 〈ψ~ω~n |HPs|ψ~ω~n〉 (4.113)

where H is the full Hamiltonian and Ps is the projector onto symmetry character s

(see Section 5.3).

As discussed above this method works well for large α. Figure 4.7 shows how this

method works for three particles.

When looking at the wavefunctions, from the strongly correlated regime, the

strength of the harmonic approximation stands out. Figure 4.8 shows how the corre-

lated wavefunctions are made of projections onto symmetry characters of displaced

harmonic oscillator states.
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Figure 4.7: The harmonic approximation works well for strong interactions as
expected.

4.7 Finding N

The perturbation theory and harmonic approximation methods work best in dif-

ferent regimes. Using both pertubation theory and the harmonic approximation to-

gether therefore could be expected to cover the entire range of interaction strength.

We expect it should be possible to interpolate between these two regimes to form

an approximation for N over the whole range of interaction strengths. Figure 4.9

shows that together the perturbation and harmonic approximation give quite a good

approximation for N .

4.8 Particles in Higher Dimensions

The methods discussed in the previous section are directly applicable to higher

dimensions. Working in higher dimensions leads to some problems and subtleties,

however, that will be discussed in this section.
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Figure 4.8: Exact wavefunctions for the first eight states of two particles with a strong
Gaussian repulsion. The strong interaction forces the particle away from the center
of the external potential, and the result is displaced harmonic oscillator type modes
that are either symmetrized (left) or antisymmetrized (right) with respect to particle
exchange.
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Figure 4.9: If the harmonic expansion and perturbation approximations for N are
combined good results can be obtained over the entire range of interaction.

The distributed Gaussian basis works great for the entire range of interactions as

discussed in section 4.4. But the DG basis is not optimized for the problem at all. It

would work just as well for any potential. This is a good thing, but the trade off is

in terms of computation time. Having Gaussians all over coordinate space as part of

the basis means that it is easy to build up highly correlated wavefunctions, but at the

same time, many of them will not be used. For higher dimensions this starts to be a

problem since the basis size grows exponentially with the number of dimensions. One

possible solution would be to only have the Gaussians where probablity density is

expected. This requires knowing something about the solutions beforehand however.

We take another approach to find the N exactly in higher dimensions. Following

the ideas in Sections 4.5 and 4.6 we break the range of interaction down into two

regimes and use a basis that works in each regime. Using both bases at the same

time should work well over the entire range of interactions.

We proceed very closely to the approximations in Sections 4.5 and 4.6. In the weak
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interaction regime the basis we use is simply a truncated version of the eigenstates of

the external potential H0 from

H0 =
N∑
i=1

−1

2
∇2
i + Vext(xi) (4.114)

where the full Hamiltonian is

H = H0 +
N∑
i<j

Vij(xi − xj) (4.115)

This is using the wavefunctions from zeroth order perturbation theory as a basis and

works well for weak interactions independent of dimension.

For the strongly correlated regime we can use the zeroth order wavefunctions from

the harmonic approximation. That is the ψ~ω~n from (4.116). For one dimension this is

straightforward, but degeneracies in higher dimensions lead to some subtleties that

we will look at next.

For either basis, we can symmetrize it (see Section 5.3) in order to block diago-

nalize the Hamiltonian and speed up the process of diagonalizing it.

For the Harmonic approximation in higher than one dimension finding the equi-

librium point will present a problem for external potentials that are rotationally

symmetric as we have been considering (actually the problem persists for any poten-

tial that leads to degeneracies in the classical groundstate and rotationally symmetric

potentials are probably the easiest of this class to deal with). A rotationally sym-

metric external potential means the Hamiltonian is the same for any rotation of the

entire coordinate system. This results in an infinite number of equivalent classical

equilibrium points.

If one were to naively follow the procedure in Section 4.6 in more than one di-

mension (which of course was the first thing I tried), when diagonalizing the Hessian
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matrix at least one of the eigenvalues is zero. The reason is the equilibrium point is

not a true minima, but is instead a saddle point. Moving along a coordinate associated

with a zero eigenvalue would keep the energy constant.

One possible solution to this degeneracy problem is to rewrite the Hamiltonian in

coordinates that make the total angular momentum one of the canonical momenta

and then remove that degree of freedom from the Hamiltonian. The Harmonic ap-

proximation could then be used on the resulting Hamiltonian. We do not take this

approach here mainly because the resulting Hamiltonian is quite messy.

Instead we use a projector approach, and will explain the details for two dimen-

sions. In two dimensions if a minimum position ~d0 for all the particles is found,

another equivalent ~d0 can be found by rotating all the coordinates around the z-axis

(if the two dimensions for each particle are taken to be in the xy plane ). In polar

coordinates, if the angle of one of the particles is fixed, a unique equilibrium point

can be obtained for the rest of the particles and the radius of the fixed particle. It

is therefore possible to use the harmonic approximation with one of the coordinates

of the equilibrium point fixed say on the x-axis. This gives a unique equilibrium

point ~d0. Although expanding the potential around this point still leads to a zero

frequency, the frequency can be chosen arbitrarily, since it won’t matter once we do

the projection. So it is possible to form harmonic states ψ~ω~n (Now a 2N dimensional

function)

ψ~ω~n(~x) =
N∏
i=1

ψ
ωxi,ωyi
nxi,nyi (xi − dxi, yi − dyi) (4.116)

These states can be used as a basis to diagonalize the Hamiltonian, but it would not

be a very good basis because it would not have the same rotational symmetry as the
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actual eigenstates.

This can be rectified by forming linear combinations with the correct rotational

symmetry. This is done by projecting onto the rotational states m (see Section 5.3).

This is done with the projector

Pm =
1

2π

∫ 2π

0

dφ eimφR̂(φ) (4.117)

where R̂(φ) is the rotation operator that rotates all the coordinates simultaneously

by φ. (Note that eimφ are the characters of R̂(φ) in irreducible representation m).

The new basis becomes {Pm|ψ~ω~n〉}. We also want to project this basis onto the

correct permutation symmetry character, but the two projections are independent;

we can do that either before or afterward. Projection onto a certain symmetry of SN

works as discussed in Section 5.3, and it is easiest to consider the |ψ~ω~n〉 as already

symmetrized.

The matrix element we are concerned with is therefore

〈ψ~ω~n(~d0)|Pm†HPm|ψ~ω~n(~d0)〉 = 〈ψ~ω~n(~d0)|HPm|ψ~ω~n(~d0)〉 (4.118)

=
1

2π

∫ 2π

0

dφ eimφ〈ψ~ω~n(~d0)|HR̂(φ)|ψ~ω~n(~d0)〉 (4.119)

=
1

2π

∫ 2π

0

dφ eimφ〈ψ~ω~n(~d0)|H|ψ~ω~n(~d′0)〉 (4.120)

where ~d0 is the equilibrium position that the harmonic oscillator state is centered on,

~d′0 = R̂−1(φ)~d0, and we have used the hermitivity of the projector and the general

property of projectors that PP = P . So the actual integrals that we need to perform

are of the form

〈ψ~ω~n(~d0)|H|ψ~ω~n(~d′0)〉 (4.121)
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Even for three particles in two dimensions these integrals are time consuming to

do. We have evaluated the integrals in terms of sums of Hermite polynomials in ~d

but the sums become nested and even they become resource intensive. The integral

over angles also needs to be done in addition to the integral in 4.121. Discretizing the

angular integral actually leads to an interesting approximation where the resulting

function will be some class in a discrete rotation group Cn rather than the continous

rotation group. This is actually the same approximation as going from a continuous

fourier transform to a discrete fourier transform (see Chapter 5).

4.9 Conclusion

Adding correlations to the standard Thomas-Fermi approximation makes things

more complicated as we’ve discussed, but it leads to greater accuracy and it also

has lead to some interesting questions about how to deal with particle exchange

symmetry. Semiclassical methods usually do not have antisymmetry naturally built

in because they are based on classical mechanics with its distinguishable particles. It is

therefore necessary to bootstrap the antisymmetrization. We do this at an especially

late stage in the approximation which allows us to think about the full symmetry of

the Hamiltonian in all its grandeur. We use the symmetry to break states up into

different symmetry classes and are able to think about the interesting different types

of symmetry that exist apart from the comparatively mundane totally symmetric and

totally antisymmetric. We follow this thread into the next chapter in which we talk

about something that really is central to many-body systems of identical particles:

permutation symmetry.



Chapter 5

Permutation Symmetry for

Many-Body Systems

5.1 Introduction

Utilization of symmetry properties has a very long history in physics and chem-

istry. From Noether’s Theorem [33] linking symmetries and conservation laws to

asigning lines in chemical spectra, a system with some symmetry is not really solved

until the results of its symmetry are understood. The first place to start with a dif-

ficult problem is to exploit symmetry properties in order to simplify it. For many

body systems of identical particles there is always the associated permutation sym-

metry. Any N -body system of identical particles has symmetries related to the group

of permutation transformations called the symmetric group, SN . Understanding SN

is therefore vital to dealing with many body systems.

For quantum chemical systems the permutation symmetry is usually taken into

93
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account at a very early stage in the calculation. Chemical systems are known to

be fermionic and the wavefunction must therefore be totally antisymmetric. This

requirement is usually realized by using a single slater determinant. We eschew this

common technique in our work (mostly because it is not possible for us to do this

directly). We’ve discussed an alternative way to deal with the symmetrization re-

quirement in the previous chapter. We begin this chapter with a brief review of the

symmetry group SN . Then its applications to many body quantum systems in general

and also to the specific problems dealt with herein are discussed.

5.2 Symmetric Group SN

The symmetric group, SN , is made up of permutations of N objects. All reorder-

ings of N objects when applied successively are still a reordering so the group is

closed. The permutation where all the objects keep their original order is the identity

element. So clearly the permutations of N objects forms a group.

As an example consider N = 3. We label the objects 1, 2, and 3. We can write

down all the group elements as

(123) (132)

(213) (231)

(312) (321)

(5.1)

The permutation (123) keeps the same order. (213) switches the first two etc. The

combination of two permutations through the group multiplication is straightforward.

For example (213)(321) means switch the first and third and then switch the first and

second resulting in (213). So we have (213)(321) = (213). Note that for N greater
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than 2 the group SN is not commutatitve. Ordering of the permutations matter,

therefore, and our notation is to take them from right to left as if they are operators

acting on an actual set of objects.

In breaking down the different symmetry classes within SN the concept of par-

titions of N particles becomes vital. Partitions of N are ways to break up N into

positive integers. So a partition of N is a list of integers that when summed adds up

to N . For example for N = 4 the possible partitions are

(1, 1, 1, 1) → 1 + 1 + 1 + 1 = 4 (5.2)

(2, 1, 1) → 2 + 1 + 1 = 4 (5.3)

(2, 2) → 2 + 2 = 4 (5.4)

(3, 1) → 3 + 1 = 4 (5.5)

(4) → 4 = 4 (5.6)

(5.7)

Standard notation is to write the partition so that the parts (the integers in the sum)

are in decreasing order.

It is useful to have a visual representation for partitions. Young tableaux (some-

times called Young diagrams) are arrays of boxes that represent different partitions

of N . The simplest way to write down certain partition is to write down columns of

boxes of each part in the partition. For example for (3, 2, 1, 1), which is a partition

of 7 the associated Young tableau Y (3, 2, 1, 1) is made up of a column of 3 boxes and

then a column of 2 boxes and then two columns of one box each as seen in figure 5.1.
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Figure 5.1: Young tableau corresponding to partition (3, 2, 1, 1)

The usefulness of the partitions and Young tableau is to characterize the sym-

metry classes of SN . For example for (wave)functions in N variables each partition

corresponds to a type of symmetry for that function. The purely vertical column

for example corresponds to functions that are totally antisymmetric in the variables

and the horizontal column corresponds to functions that are totally symmetric. It is

possible to fill the Young tableaux with the numbers from 1 to N to make this idea

clearer.

For example the Young Tableau in figure 5.4 would correspond to a totally anti-

symmetric wavefunction ψ(x1, x2, x3) = −ψ(x2, x1, x3) and ψ(x1, x2, x3) = −ψ(x3, x1, x2).

(Note: Some references switch whether vertical columns correspond to antisym-

metrization or symmetrization.) The Young Tableau in figure 5.3 could correspond to

a wavefunction that is partially antisymmetric. That is ψ(x1, x2, x3) = −ψ(x2, x1, x3)
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Figure 5.2: Totally symmetric

Figure 5.3: Partially antisymmetric
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Figure 5.4: Totally antisymmetric

since 1 and 2 are in the same column, but switching the other variables does not lead

to the same function or the same function with a negative sign.

To complete the example for N = 3 the Young Tableau in figure 5.2 corresponds

to a totally symmetric wavefunction ψ(x1, x2, x3) = ψ(x2, x1, x3) and ψ(x1, x2, x3) =

ψ(x3, x1, x2).

Another way to write permutations that will prove useful is the cycle notation.

The cycle notation takes into account the fact that each number in a permuation

necessarily is exchanged with another number which is then either exchanged with

a third or exchanged back with the first. This means that the permutation can be

written down by noting which objects are exchanged among themselves forming a

cycle. For example the permutation (23154) means that 2 is put in the first place

and is replaced by 3, which is in turn replaced by 1. So the objects labeled by 1, 2,
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and 3 form a cycle because the are all exchanged among themselves: 2→ 1→ 3→ 2.

The 4 and 5 objects are each exchanged with one another. This forms another cycle:

4→ 5→ 4. It is possible therefore to write the partition (23154) in cycle notation by

labeling each cycle separately as in (23154)→ (123)(45). In cycle notation, for each

cycle each number is replaced by the following number. This notation shows the cycle

character of each partition, which will prove useful in determining the projectors onto

different symmetry characters.

It should be noted here that permutations, cycles, partitions, and Young tableau

are all very closely related. Permutations are the basic group elements of the sym-

metric group, but cycles, partitions, and Young tableau are really different ways to

discuss the same structure in each permutation. Because the number of elements

in each cycle must add up to the total number of objects being permuted, N , the

partitions of N can be used to label the different types of cycles in SN . That is why

it is possible, as will be discussed next, to label the different symmetry characters

by the different partitions since the symmetry characters are basically labeling how

something changes under a permutation that can be broken down into a certain set

of cycles. Young tableau are really just a graphical representation of the partitions

of N , but as we shall see they have additional utility as a record keeping tool.

It is necessary for our purpose to be able to project onto a certain symmetry

character of SN (the same procedure works for any symmetry group). It is possible

to build up the projector onto a certain symmetry class using the group table. The

projector onto the symmetry class labeled α can be written

Pα =
nα
g

∑
j

ζα (Rj)
∗ R̂j (5.8)
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where the sum is over all the elements of the group, ζα (Rj) is the group table element

associated with j, α, and Rj, and R̂j is the operator that corresponds with Rj. Also

g is the order of the group and nα is the dimension of the irreducible representation

of α.

It is necessary to know the group table to use the formula in 5.8. It is possible to

calculate the group table for the symmetric group of any order using the Murnaghan-

Nakayama formula. The Murnaghan-Nakayama formula is a recursive formula for the

table elements that looks quite complicated, but in practice is not too difficult to use.

As such first the formula will be presented and then a simple example will allow its

use to become more clear.

The Murnaghan-Nakayama formula is

ζα(π) =
∑

i,j,hαi,j=k

(−1)l
α
i,jζ [α]\Rαi,j(ρ) (5.9)

where α is a partition of N , π is a permutation in SN , ρ is a permutation in SN−k

with the same cycle structure as π except for a cycle of length k removed, hαi,j refers to

the hook length, lαi,j refers to the leg length of the hook, and [α]\Rα
i,j is the partition

α with the rim removed. Not all of these terms have been defined yet, but they will

be presently and their use will become clear with an example.

The hook at some point in a Young tableau is the set of boxes to the left of the

current box and down from the box with the current box included. The hook length

is equal to the total number of boxes in the hook. For example for the Young tableau

in figure 5.5 at the point (i,j)=(2,1) the hook is made up of the boxes with the line

through them. The hook length is therefore 7. There is a separate hook for every

box in the Young tableau.
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Figure 5.5: Example of a hook
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The leg length of the hook is equal to the number of boxes below the corner box

in the hook. Using the above example again, the box (2, 1) is the one that the hook

is labeled by. This is the corner box in the hook. There are three boxes below this

box. Therefore the leg length of the hook in question is 3.

The rim of the hook are all boxes on the edge of the Young tableu between the

two ends of the hook. The rim is found by including the two boxes on the end of the

hook and all the boxes on a path between the two ends that stays on the edge of the

Young tableau. So a procedure to find the rim is as follows. Start at say the bottom

end of the hook and include that box in the set that makes up the rim. Now go right

if possible and include that box in the rim set. If it is not possible to go right, go up

and include that box. Now this procedure of trying to move right and then moving

up if that’s not possible must be repeated until at the right end of the hook.

Continuing with the example from Figure 5.5 the rim is made up of boxes labeled

with an × in figure 5.6.

Now we have covered enough background into the elaborate art of Young tableaux

to understand the Murnaghan-Nakayama formula. We calculate the group table el-

ement ζ(3,3,3)((1234)(56)(789)) from S9 as an example. Note that the partition is written

in cycle notation for convenient use with the Murnaghan-Nakayama formula. We can

write it in standard permutation notation as (1234)(56)(789)→ (234165897). In this

example we will stick with the cycle notation.

The first step in the formula is to go over all boxes (i, j) in the Young tableau

corresponding to partition (3, 3, 3) with hook length of k where k is the length of the

cycle that we are going to remove. The largest cycle in (1234)(56)(789) is (1234) and
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Figure 5.6: The rim associated with the hook is made up of the ×ed boxes.

has length 4. Removing the largest cycle makes subsequent step easier so we will

remove that one (although the answer is of course independent of the order that we

remove the cycles).

We need to find hook lengths of length k = 4. First we draw the Young tableau

and look for hooks with hook lengths of 4 (see figure 5.7). In 5.7 we have labeled the

two hooks of length 4. Since there are two hooks with hαi,j = 4, the sum in 5.9 has

two terms.

First we look at the term corresponding to the first hook with corner at (i, j) =

(1, 2). The leg length of the first hook is 2. So the the first factor is (−1)2 = 1.

The Young table with the rim removed is shown in figure 5.8 This corresponds to the

partition (3, 2). So the first term in the sum is ζ(3,2) ((56)(789)).

Now we look at the term corresponding to the second hook with corner at (i, j) =
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Figure 5.7: Two hooks of length 4

Figure 5.8: Table with the rim removed.
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Figure 5.9: The other rim removed

(2, 1). The leg length is 1. So there is a (−1)1 = −1 factor. The Young table with

the rim removed is shown in figure 5.9. This corresponds to the partition (2, 2, 1). So

the second term in the sum is −ζ(2,2,1) ((56)(789)).

Therefore we have

ζ(3,3,3) ((1234)(56)(789)) = ζ(3,2) ((56)(789))− ζ(2,2,1) ((56)(789)) (5.10)

Next from each term we remove the cycle of length 3. There is one hook of length

3 in each term. The first term hook is at (i, j) = (2, 1) as shown in 5.10. The leg

length is 1. The Young tableau with the rim removed is shown in 5.11. The partition

associated with this Young tableau is (1, 1). So the first term can be written as

−ζ(1,1) ((56)).

The hook of length 3 from the second term is in figure 5.12. The leg length is 1.

The Young tableau with the rim removed is in 5.13. The partition associated with
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Figure 5.10: Next hook

Figure 5.11: Rim removed
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Figure 5.12: Hook of length 3.

this Young tableau is (2). So the second term can be written as ζ(2) ((56)).

So far we have

ζ(3,3,3) ((1234)(56)(789)) = −ζ(1,1) ((56)) + ζ(2) ((56)) (5.11)

There is just one hook of length 2 (only the cycle of length 2 is remaining) for

each term. The hook takes up both boxes of the remaining Young table in each term.

The hook in the first term has a leg length 0. The second term has a leg length 1.

So the second term picks up a negative sign. Once the rim is removed there is no

remaining diagram so the group table element becomes

ζ(3,3,3) ((1234)(56)(789)) = −ζ (0)− ζ (0) (5.12)

And ζ(0) = 1 giving

ζ(3,3,3) ((1234)(56)(789)) = −2 (5.13)
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Figure 5.13: Rim removed

Table 5.1: Group table for S3.

(1,1,1) (2,1) (3)
(1,1,1) 1 1 1
(2,1) 2 0 -1
(3) 1 -1 1

This same procedure can be used to calculate all the group table elements (see

[34]).

Using S3 as an example, if the Murnaghan-Nakayama formula is carried out, the

resulting group table is shown in Table 5.2.

Where the vertical partitions correspond to the symmetry classes and the hori-

zontal partitions correspond to the cycle type of the permutation.

As an example of formula 5.8 we find the projector onto totally antisymmetric

states for S3. First it is helpful to group the permutations of S3 by cycle type. (1, 1, 1)
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corresponds to three one cycles, which is the identity element (123). (2, 1) corresponds

to one cycle of length two meaning partitions that exchange two particles but leave the

other alone. These permutations are (213), (132), and (321). The remaing partition

(3) corresponds to length three cycles, (232) and (312). As discussed above the totally

antisymmetric class corresponds to a single vertical column which corresponds to

partition (3).

So the projector onto totally antisymmetric states is

P(3) =
1

6
((123)− (213)− (132)− (321) + (232) + (312)) (5.14)

This can of course be calculated from the standard equation for a projector onto

totally antisymmetric space that has a positive sign in front of even permutations

and a negative sign in front of odd permutations. But the symmetry characters that

are not either totally symmetric or totally antisymmetric do not have such simple

formulas, and these additional symmetry characters are important for our purposes.

5.3 Symmetrized Bases and Block Diagonal Hamil-

tonians

An immediate application of the topics discussed in the previous section is increas-

ing the efficiency of diagonalizing the Hamiltonian in some truncated basis by using a

symmetry adapted basis. As we will see, the use of such a symmetrized basis, creates

a block diagonal Hamiltonian which means that instead of diagonalizing the whole

Hamiltonian each block can be diagonalized separately. Diagonalizing the resulting

several smaller matrices is more efficient than diagonalizing the original matrix.
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Once the symmetrized basis is found it is straightforward to see that the Hamilto-

nian written in that basis must be block diagonal, but for many-particle bases built

from the direct product of states, there are some subtle details that must be worked

out. We use S3 in this section when it is useful to look at a specific example because it

is the smallest symmetric group that still has all the important details. First weshow

that at the result of using a symmetrized basis is a block diagonal Hamiltonian.

If |φ〉 and |ψ〉 are two vectors from the original basis, and Pα and Pβ are projectors

onto symmetry class α and β then Pα|φ〉 and Pβ|ψ〉 are symmetrized basis vectors with

the symmetry character associated with α and β respectively (assuming the result of

the projection is not zero). Since the Hamiltonian commutes with the projectors (it

must since it commutes with each of the group operators) the matrix element between

the symmetrized vectors becomes

〈φ|PαHPβ|ψ〉 = 〈φ|HPαPβ|ψ〉 (5.15)

= 〈φ|HPα|ψ〉δαβ (5.16)

where the fact that the projectors commute with the Hamiltonian and the general

property of projectors, PαPβ = Pαδαβ, have been used. Therefore if the projectors

are onto different symmetry characters the matrix element is zero. This results in

a Hamiltonian made from blocks corresponding to the basis vectors of each symme-

try character with the rest of the elements (those between basis vectors of different

symmmetry) equal to zero. The matrix written in the symmetrized basis is block

diagonal, and each block can now be diagonalized separately.

Usually it is not necessary to complete this block diagonalization because most

applications deal with fermions or bosons and therefore only the totally symmetric or
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totally antisymmetric blocks are considered. For our purposes, since we are coming

from a semiclassical perspective, the classical nature in our methods means that it

is necessary to consider states of all symmetries. It is not until a later stage of our

calculation that the fermionic antisymmetrization is invoked.

Now we must discuss the details of actually forming a proper symmetrized basis.

Since the basis vectors must be linearly independent and span the Hilbert space

(truncated Hilbert space in actual applications) the resulting symmetrized basis must

also be linearly independent and span the same space. This means that the same

number of linearly independent symmetrized basis vectors must be formed from the

original basis vectors.

This makes the formation of the symmetrized basis nontrivial. It is not possible

to just take the original basis vectors and act with the symmetry projectors on them.

This would not give the correct number of vectors. If the original basis has M

vectors and there are S different symmetry classes then the total number of possible

symmetrized vectors using this naive method is M × S which is obviously too many.

When operated on by a projector some of the basis vectors give zero. So not all of

the M × S possible vectors exist, but there are still more than M vectors because

many of them are linearly dependent. In fact all but M of them must be linearly

dependent. So one way to form the symmetrized basis is to generate all of the possible

symmetrized basis vectors and then keep only M linearly independent ones. This is

a lot more work than is necessary. Instead we could determine which vectors from

the original basis we need to use to form the M symmetrized basis vectors.

We now discuss this problem of determining which vectors to use and the formation
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of the symmetrized basis. First we must determine how many linearly independent

vectors of each symmetry type there can be for a certain truncated basis. Since the

total number of basis vectors must be the same for the unsymmetrized and sym-

metrized bases we can check whether the number for each symmetry is correct by

adding them all up.

There are a few ways to determine the correct number of basis vectors for each

symmetry character. One of the best ways is to first note that most symmetry classes

in SN can be further subdivided by symmetrizing the remaining N − 1 particles. So

the symmetry classes in SN can be subdivided by using the symmetry classes of SN−1

(a subgroup of SN). This can be done using projectors, but it is also helpful to see

pictorally using Young Tableau.

We look at the S3 example first using projectors. There are three symmetry classes

for S3 corresponding to the partitions (1, 1, 1), (2, 1), and (3). We label the projectors

onto these symmetry classes S[3], N [3], and A[3] respectively (standing for symmetric,

antisymmetric, and neither). The superscript is noting that these projectors work in

S3.

The totally symmetric and antisymmetric projectors cannot be further subdivided

because any two particles picked out of the three are already symmetric or antisym-

metric under exchange. For N [3] however it is possible to assign a symmetry character

to two of the particles using the subgroup SN−1 (it can be any two particles depend-

ing on how we pick the operators). We follow the convention established above by

labeling the projector associated with (1, 1), S[2] and the projector associated with

(2), A[2].
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Next we write the projector N [3] as

N [3] = N [3]1̂ (5.17)

= N [3]
(
S[2] + A[2]

)
(5.18)

= N [3]S[2] +N [3]A[2] (5.19)

So we have split the N [3] space into two different spaces. And if we symmetrize the

basis using N [3]S[2] and N [3]A[2] rather than just N [3] the N [3] block in the Hamiltonian

is split into two blocks since the two new projectors in S2 are projecting into different

spaces that don’t overlap (that is N [3]S[2]N [3]A[2] = 0 ).

The Young tableau are extremely useful here as a book keeping tool for higher

order symmetric groups. In order to see which symmetry classes from the subgroup

the full symmetry class can be split into, it is necessary to remove boxes from the

original Young tableau from SN such that a new Young tableau in SN−1 is formed.

This leads to a tree of Young tableau along the subgroup chain from SN to S2. For

S3 the Young tableau tree (also called Young’s lattice) is shown in figure 5.14

It is helpful to also see the larger tree for S4. In analogy with S3 we label the

projectors associated with the partitions as (4)→ S[4], (2, 1, 1)→ N
[4]
a , (2, 2)→ N

[4]
b ,

(3, 1)→ N
[4]
c , and (4)→ A[4]. The Young’s lattice for S4 is shown in figure 5.15.

Note that this pictoral method shows when projectors are zero without having to

carry out the projector multiplication. For example in the case of S4 the projector

N
[4]
a could be subdivided using S3 a total of three times:

N [4]
a = N [4]

a 1̂ (5.20)

= N [4]
a

(
S[3] +N [3] + A[3]

)
(5.21)
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Figure 5.14: Young’s lattice for S3

Figure 5.15: Young’s lattice for S4
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= N [4]
a S

[3] +N [4]
a N

[3] +N [4]
a A

[3] (5.22)

However N
[4]
a A[3] = 0. So really we have

N [4]
a = N [4]

a S
[3] +N [4]

a N
[3] (5.23)

This can be seen graphically in the Young tableau notation because in order to have

three particles all antisymmetric with respect to one another, they need to correspond

to a column of three boxes. Because the Young tableau corresponding to N
[4]
a does

not have a column of three boxes this can’t be done. The pictoral method for splitting

up the projectors along the subgroup chain takes this into account.

Now we need to determine for orignal bases of interest how many linearly inde-

pendent basis vectors of each symmetry type there are. It is again possible to use the

Young tableau to make this process easier. For most applications the original basis

consists of a tensor product of single particle states. For this type of original basis

all that needs to be done to determine the correct number of basis vectors of each

symmetry is to fill the corresponding Young tableau with the symbols for the single

particle states in such a way that they are ordered across each row and down each

column. The order is important because changing the order of symbols in a row or

column does not result in a linearly independent vector since the rows and columns

correspond to particles that are already symmetrized or antisymmetrized.

We first use S3 as an example. For N = 3 there are three types of initial basis

vectors. All the single particle states could be different: |αβγ〉 = φα(x1)φβ(x2)φγ(x3).

Two of the single particle states could be different: |ααβ〉 = φα(x1)φα(x2)φβ(x3). All

the single particle states could be the same: |ααα〉 = φα(x1)φα(x2)φα(x3).
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Figure 5.16: Ways to fill S3 Young tableaux with three distinct particle labels.

For |αβγ〉 the degeneracy is 3! = 6, so we need to make 6 symmetrized vectors.

The order that we assign to the symbols for the purpose of using the Young tableau

technique is α < β < γ. There is only one way to fill the tableau corresponding to

totally symmetric and totally antisymmetric states (see Figure 5.16). There are two

ways to fill each of the two other types of states, N [3]S[2] and N [3]A[2]. So the 6 de-

generate |αβγ〉 states are split into 1 totally antisymmetric state, 1 totally symmetric

state, 2 states in N [3]S[2], and 2 states in N [3]A[2].

For |ααβ〉 the degeneracy is 3!/2! = 3, so we need to make 3 symmetrized vectors.

The order that we assign to the symbols for the purpose of using the Young tableau

technique is α = α < β. It is not possible to fill the tableau corresponding to totally

antisymmetric states because that would result in two of the same symbol in one

column, which is not possible because columns stand for antisymmetrized particles.
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There is one way to fill each of the other types of states, N [3]S[2], N [3]A[2], and S[3].

So the 3 degenerate |ααβ〉 states are split into 1 totally symmetric state, 1 state in

N [3]S[2], and 1 state in N [3]A[2].

For |ααα〉 the degeneracy is 3!/3! = 1, so we need to make 1 symmetrized vector.

It is only possible to fill the tableau corresponding to totally symmetric states because

otherwise it would result in two of the same symbol in one column. So there is one

way to fill the totally symmetric state. The single |ααα〉 states becomes 1 totally

symmetric state.

Now that we’ve determined how the original symmetry vectors are grouped into

the new symmetric vectors it is only necessary to form the correct number of linearly

independent symmetrized basis vectors. To do that just take the correct number of

degenerate vectors and act with the appropriate projector. In order to make sure both

vectors in each of the N symmetries is linearly independent the two states that are

symmetrized for N [3]S[2] or antisymmetrized for N [3]A[2] should be different. That

is if the SN−1 subgroup is chosen to be the first and second particle, two vectors

that would have to produce linearly independent symmetrized vectors are |αβγ〉 and

|αγβ〉. Because the first two particles are symmetrized, |αβγ〉 and |βαγ〉 would lead

to the same symmetrized vector.

It proves useful to know the total number of symmetrized basis vector of each

symmetry given an original basis built from the tensor product of p single particle

states. For N particles, the total number of unsymmetrized basis vectors formed

from the p single particle states is pN . We want to know how these pN states are split

between the different symmetry characters. This is useful because it allows for the
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preallocation of memory for the symmetrized basis, which allows for more efficient

computations.

The best way to determine the total number of symmetrized vectors for each

symmetry again uses the Young tableau. The total number of symmetrized vectors

is equal to the number of ways that the Young tableau can be filled with the p states

with the labels increasing across the row and down the column.

The reason this works out is as follows. Across a row the same state can be

repeated. For the first box there are p ways to fill it. The second box has (p + 1)

ways to fill it, and we must divide the total for both boxes by 2 to take into account

that we only keep one possible ordering. This number, p + 1, comes from the fact

that we can fill the second box with any of the ps as long as we divide by two since

we can only count one order. However that does not take into account having the

same p in both boxes properly. For those Young tableau there is only one whereas

the other combinations have two. To fix this we need to add one to the number of

ps that can go in the second box. This additional one corresponds to another way of

having the same p as in the first box. This doubles the number of tableau with the

same p in the first and second box, which gives the correct number when divided by

two. By similar reasoning the third box would have (p+2) possible ways to fill it and

we need to divide the total number of ways by 3!. So a three box row Young tableau

has p(p+ 1)(p+ 2)/3! ways of filling it.

When filling down a column the number of possible ways to fill the next box is

one less than the number of ways to fill the previous box because the same p cannot

be used twice in a column. Again the total number of ways to fill the tableau must
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Figure 5.17: Using the Young tableau to determine the number of basis vectors

be divided by N ! to take into account only one ordering should be counted.

So in order to determine the number of basis vectors in general, fill the Young

tableau with numbers starting with p in the upper left corner. Move down and across

increasing the number in the previous box by 1 if moving across and decreasing it

by one if moving down. Do this until the whole tableau is filled. The total number

of states of that symmetry is the product of the numbers in the tableau times the

number of subgroups for that symmetry divided by N !. See figure 5.17 for a pictoral

representation for how this works.

5.4 Symmetrized FFT

When considering wavepacket methods for the calculation of N (see Section 4.7)

the idea of exploiting the symmetry in the problem to make the wavepacket dynamics
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more efficient arises naturally. If the wavepacket dynamics are done using the split

operator method, which requires a Fourier transformation of the wavepacket back and

forth between coordinate space and momentum space, a symmetrized fast Fourier

transform (FFT) would prove useful eliminating elements that become unnecessary

because of the symmetry. In this section we develop this idea. The theory is somewhat

incomplete, but we present ideas for further study. The usual way to handle symmetry

when using Fourier transformation is to use a reduced space called the irreducible

Brillouin zone. The idea of symmetrized FFT would be another way of making

efficiency gains due to symmetry. This idea has been implemented very recently for

spherical symmetries [35],[36], meaning it is most likely an active area of research.

We are more interested in geometrical and especially permutation symmetry.

The general idea of a symmetrized fast Fourier transform starts with understand-

ing how a symmetrized Fourier transform would work. This is relatively straight-

forward and follows upon ideas discussed in the previous section. Next we need to

determine the best way to discretize the problem in order to develop a symmetrized

discrete Fourier transform. Finally, the last step, which is the hardest, is to deter-

mine the fastest possible way to sum over the discrete points in order to bring the

discrete Fourier transform onto the level of standard fast Fourier transforms. FFTs

are so efficient that it may be better to use an unsymmetrized FFT than to use a

symmetrized discrete Fourier transform that does not have as efficient a summation

scheme.

Firt we discuss symmetrization of a continous Fourier transform. The Fourier
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transformation of f(x) is written

F (~k) =

∫ ∞
−∞

f(~x)e−i
~k·~xd~x (5.24)

and the inverse Fourier transform is

f(~x) =
1

2π

∫ ∞
−∞

F (~k)ei
~k·~xd~k (5.25)

So in Fourier transformation the function f(~x) is broken down into coefficients,

F (~k), of plane waves ei
~k·~x that when integrated back together gives the original func-

tion f(~x). But what about if the problem has some symmetry so that f(~x) has some

characteristic symmetry? Then it makes sense to think of f(~x) as the integral over

symmetrized waves rather than unsymmetrized plane waves. To see how this works

consider the arbitrary function f(~x) where the variable ~x = (x1, x2, x3) is the position

of three identical particles.

f(~x) =
1

2π

∫
F (~k)(1̂)ei

~k·~xd~k (5.26)

=
1

2π

∫
F (~k)(S[3] +N [3] + A[3])ei

~k·~xd~k (5.27)

=
1

2π

∫
F (~k)S[3]ei

~k·~xd~k +
1

2π

∫
F (~k)N [3]ei

~k·~xd~k (5.28)

+
1

2π

∫
F (~k)A[3]ei

~k·~xd~k (5.29)

Where we are using the notation for the projectors in S3 from the previous section.

We have now written f(~x) as a sum (integral) over symmetrized waves. This is

useful if we have some symmetrized function say S[3]f(~x). In that case using the

properties of projectors and Eq 5.29 we have

S[3]f(~x) =
1

2π

∫
F (~k)S[3]S[3]ei

~k·~xd~k +
1

2π

∫
F (~k)S[3]N [3]ei

~k·~xd~k (5.30)
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+
1

2π

∫
F (~k)S[3]A[3]ei

~k·~xd~k (5.31)

=
1

2π

∫
F (~k)S[3]ei

~k·~xd~k (5.32)

These results are quite easily generalizable to any symmetry group, and they

show that if we know our function has some symmetry character, we know that only

the symmetrized plane waves of that symmetry character are used in its spectral

decomposition. For the case of continous Fourier transform this is not much benefit

because we have gone from an infinite number of plane waves to a still infinite number

of symmetrized waves. If we have a discrete Fourier transform the reduction in the

number of wavevectors will be finite since we would only be dealing with a finite

number to begin with.

Since the projector can be thought of to act on the function rather than the

coordinates, the Fourier transform of f(~x) has the same symmetry as f(~x). This is

most easily seen in Dirac notation where the Fourier transform is written

〈~k|f〉 =

∫
d~x 〈~k|~x〉〈~x|f〉 (5.33)

Note that in Dirac notation the Fourier transform just involves the insertion of the

completeness relation 1 =
∫
dx|x〉〈x|.

Say f(~x) is projected onto some symmetry, here we use S[3], we have

〈~k|f〉 =

∫
d~x 〈~k|~x〉〈~x|S[3]|f〉 (5.34)

Removing the completeness relation gives

〈~k|f〉 = 〈~k|S[3]|f〉 (5.35)

Which shows that if f(~x) has some symmetry F (~k) must have the same symmetry.
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Now we consider discretizing our problem. We will deal with SN , but the same

reasoning would apply to any type of symmetry group. One change between symmetry

groups is that the grid should have the same symmetry as the problem. For SN we

take an N dimensional square grid. That is each (1D) particle has its own linear

grid that can be considered to be perpendicular to the other grids. To keep things as

simple as possible we use S2 as an illustrative example of how creating a symmetrized

discrete Fourier transform could work.

There are many ways to think of the continous Fourier transform as a limit of the

discrete transform [37]. It may be more elegant and far reaching to use one of these

methods to connect the work done above for symmetrized continous Fourier transform

with the development of a symmetrized discrete Fourier transform. However, here we

take perhaps a more naive approach and write down the standard discrete Fourier

transform and attempt to apply the same ideas that we used for continous transforms

for the discrete version.

The standard form of the 1D Fourier transform is

Xk =

p−1∑
n=0

xne
− 2π
N
ikn (5.36)

with the inverse

xn =
1

p

p−1∑
k=0

Xke
2π
N
ikn (5.37)

Where the p grid points are labeled by n in real space and k in momentum space.

Since we want to consider S2 we need the two dimensional transform. Luckily

generalizations to higher dimensions are simple giving

Xk1,k2 =

p−1∑
n1=0

N−1∑
n2=0

xn1,n2e
− 2π

p
i(k1n1+k2n2) (5.38)
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with the inverse

xn1,n2 =
1

p2

p−1∑
k1=0

p−1∑
k2=0

Xk1,k2e
2π
p
i(k1n1+k2n2) (5.39)

In general it is not necessary to have the same number of grid points along each

dimension, but since we want identical particles we choose the same number of grid

points here.

If the numbers xn1,n2 are symmetrized with respect to the indices n1 and n2 we

have

S[2]xn1,n2 =
1

p2

p−1∑
k1=0

p−1∑
k2=0

Xk1,k2S
[2]e

2π
p
i(k1n1+k2n2) (5.40)

S[2]xn1,n2 =
1

p2

p(p+1)/2∑
κ=0

Xκφ
S
κ(n1, n2) (5.41)

where

φSκ(n1, n2) =
1

2

(
e

2π
p
i(k1n1+k2n2) + e

2π
p
i(k2n1+k1n2)

)
(5.42)

and each κ is associated with a pair of original points and serves to label the new

symmetrized waves.

Additionally each of the original (n1, n2) pairs must be relabeled since some of

them produce the same xn1,n2 . So really we have

S[2]xη =
1

N2

p(p+1)/2∑
κ=0

Xκφ
S
κ(n1, n2) (5.43)

The number of points that the discrete transform needs to be taken on has been

approximately reduced by a factor of 2.

All that needs to be done is to tabulate the (discrete) values of the φK(η) functions

and you have a procedure for a 1D discrete Fourier transform that works in a subspace

of the original 2D system.
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In general for N particles the discrete plane waves can be symmetrized producing a

number of symmetrized plane waves that can be calculated using Young tableau with

the same procedure from section 5.3. In fact what is being done here is essentially

the same thing as in section 5.3 except it is being applied to the Fourier tranform.

The drawback to this method is that it is not clear how to use factorization of

the φK(η) functions to split the transform into two transforms that can then be split

again as is done in the algorithm for FFT. This algorithm is important because it

takes the algorithm from O((pN)2) operations to O(pN log pN). It seems that it should

be possible to come up with some grouping of the symmetrized waves that makes a

similar algorithm possible and results in the same speed up.

As it is, however, the symmetrized discrete transform is an improvement over

certainly the unsymmetrized naive discrete transform, but possibly even the FFT if

N is large enough. As we see from section 5.3 the number of symmetrized waves of

a certain symmetry character is pN/N ! asymptotically. So if x~n has that symmetry

character, using the symmetrized transform results in an improvement from O(p2N) to

O(p2N/(N !)2). The FFT results in an improvement to O(pN log pN). However if N is

considered to be the variable that is becoming large rather than p, the symmetrized

discrete Fourier transform eventually will do better than the FFT. So for certain

implementations the symmetrized transform should already be used instead of the

fast transform.

The general effect for the symmetrized Fourier transform is actually opposite that

of the FFT. In FFT the idea is to split a 1D transform into many nested transforms

and nested transforms behave as multidimensional transforms. The symmetrized
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Fourier transform is taking multidimensional tranforms and synthesizing them into

1D transforms with fewer elements (about 1/N ! for SN).

5.5 Conclusions

Group theory will continue to be a valuable tool and it is useful in a wide range of

application because of the association between symmetries and groups. Much of the

literature on groups is difficult for physicists to penetrate because of the different way

that mathematicians explain things. Many of of the useful ideas that are actually

stated in this chapter are usually obliquely mentioned as an afterthought to a theorem.

For this reason much of the information in this chapter was gathered as a reference

for physicists who would like to increase their knowledge on SN and its applications.
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