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Abstract

Theory of Kondo Effect in Nanoscale Systems
and

Studies of ITI-V Diluted Magnetic Semiconductors

Gregory Alan Fiete
Thesis Advisor: Prof. E. J. Heller

Committee Members: Prof. B. [. Halperin and Prof. C. M. Marcus

In this thesis, we study the interplay of local magnetic moments and quan-
tum particles (electrons or holes) in two qualitatively different systems. The first half
of this thesis describes our efforts to understand a new generation of low temperature
Scanning Tunneling Microscope (STM) experiments that probe Kondo physics at the
single impurity level through the local density of states. We develop a scattering
theory of electrons in the surface states of the noble metals (such as Cu(111)) that
gives exceptional quantitative agreement with recent “quantum mirage” experiments
in quantum corrals. We then study the Kondo physics generated by a small nanome-
ter size ferromagnetic particle in electrical contact with a metallic host and delineate
a number of important regimes and situations that are experimentally accessible. The
second of these projects bears directly on recent STM experiments of Co nanoparticles
on single-wall metallic nanotubes.

In much of the remainder of the thesis we describe work relating to magnetic
impurities in the diluted ferromagnetic semiconductor Ga; ,Mn, As. On both the in-

sulating and metallic side of the transition (occurring for z &~ 0.03), we study the



effects of the strong spin-orbit coupling in the valence bands of GaAs on the Mn-Mn
interactions. In the insulating limit we derive an effective Hamiltonian describing
spin 3/2 polarons hopping between the Mn sites and coupled to the Mn spins. We
study the model in meanfield theory at zero temperature and find a strong disorder-
induced magnetic anisotropy which plays an important role in the physics. In the
metallic limit, we compute the effective RKKY interaction between two Mn spins
within the spherical approximation. In Monte Carlo calculations we find a number
disorder-dependent features of the magnetization, susceptibility and Curie tempera-
ture consistent with experiment but not captured in other models.

In the final chapter we discuss the problem of quantum decoherence in mod-
ern semiclassical language. In particular, using the classical mechanics which underlies
any semiclassical approach, we attempt to present an intuitive and general theory of
quantum decoherence. We place an emphasis on the types of processes that lead to
the loss of quantum properties when a particle interacts with environmental degrees
of freedom. We show that “dephasing” (randomization of the phase of the parti-
cle) almost always contributes to decoherence, but trajectory changes also play an

important role and cannot be neglected in general.
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Chapter 1

Introduction

1.1 Problems Investigated

This thesis is primarily concerned with quantum condensed matter systems.
The entire thesis deals, in some form or the other, with the interaction of a particle
(usually an electron or hole) with some spatially localized degree of freedom (often a
magnetic impurity). In particular, we study the behavior of systems with magnetic
impurities in 2 limits: (1) The limit in which the number of magnetic impurities is
much smaller than the number of itinerant electrons or holes. This is the single-
impurity limit where the impurity can be thought of as a perturbation to the Fermi
sea. One of the most interesting physical situations that occurs in this limit is the
Kondo effect. The Kondo effect is an old and well-studied problem, but here we
address new STM experiments that provide a direct probe of the local density of states
around a Kondo impurity. Since these new experiments are in nanoscale systems,

interesting new finite-size effects appear that need explanation. (2) The opposite
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limit is the limit of few itinerant carriers per magnetic impurity. This is the regime
of the ferromagnetic semiconductor Ga; ,Mn;,As. In this limit, the Mn ions can
no longer be treated as a perturbation on a Fermi sea and interactions between
magnetic impurities can be appreciable, resulting in a ferromagnetic state. We study
this material in the limits of very small Mn concentration (z = 0.01, insulating
regime) and small Mn concentration (z ~ 0.05, metallic regime) using a combination
of analytical and numerical techniques (mean field and Monte Carlo).

All of the effects described above that we study depend on coherent quantum
particles. The last chapter of this thesis is an investigation of quantum coherence

itself.

1.2 Outline of Thesis

In chapter 2 we begin with a discussion of scattering theory and the STM.
We emphasize the importance of surface states for the physics associated with the
quantum corrals that we later discuss. We outline the essential ingredients of the the-
ory of STM measurement. We review the differences between topographic (constant
current) and spectroscopic (constant tip height) measurements, what they probe and
how to calculate the STM signal in terms of the substrate physics. We then show how
scattering theory can be used for metals with surface states to calculate the domi-
nant contribution to the local density of states, which the STM measures. Finally,
we tie everything together to discuss the calculation of the STM signal in and around

quantum corrals.
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In chapter 3 we discuss the two most commonly used models to describe
the physics of a local moment in a metallic host: (1) The Anderson Model and (2)
The Kondo Model. Since a local moment is required to generate a Kondo effect,
it is important for the chapters that follow to understand the basic physics of local
moments in metals. The Anderson model is perhaps the simplest model to study the
conditions under which a local moment forms when a magnetic impurity is placed in a
metallic host. The Kondo Model is simply a special case of the more general Anderson
Model. The Kondo Model is valid in the local moment regime of the Anderson Model
and can be derived from the latter in second order perturbation theory.

In chapter 4 we apply the results of chapter 2 and chapter 3 to develop
a theory for the “quantum mirage”. We discuss both the theory for the original
elliptical corrals as well as unpublished “Kondo Lattice” STM experiments. Our
theory is based on an s-wave phase shift that takes into account the Kondo resonance
at the Fermi energy and incoherent scattering at the substrate adatoms. For both
experimental situations the agreement between theory and experiment is excellent.
This suggests that understanding the “Kondo Lattice” experiments does not require
anything beyond single impurity Kondo physics. We conclude this chapter with a
discussion of recent results, developments and outstanding questions on both the
theoretical and experimental side.

In chapter 5 we round out our discussion of Kondo effect in nanoscale sys-
tems with a discussion of the Kondo effect generated by a ferromagnetic nanocluster

in contact with a metallic host. Compared to the Anderson Model, there are essen-
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tially two new ingredients: (1) There is more than one relevant “local” level on the
nanocluster and (2) the nanocluster may have a diameter comparable to the Fermi
wavelength making an s-wave scattering approximation very unrealistic. Using a
modified Anderson Model, we derive an effective Kondo Hamiltonian whose coupling
constant is generally a matrix (due to its finite spatial size) rather than a number, as
is the case for the familiar Kondo Hamiltonian. The coupling constant depends on the
many details of the problem such as the nanocluster-host tunneling matrix elements,
the Coulomb charging energy of the cluster and the spin-dependent density of states
of the cluster. In contrast to the Anderson model, it is possible to have ferromag-
netic cluster spin-conduction electron coupling. We also use our theory to calculate
the spectrum of a ferromagnetic nanocluster coupled to a metallic substrate and we
find that a large asymmetry for positive and negative tip biases can result, consistent
with what is often seen in experiment. To conclude this chapter we estimate the
Kondo temperature of a ferromagnetic nanocluster and find that it is exponentially
suppressed with increasing cluster size.

In chapter 6 we give an introduction to the second part of the thesis which
deals with the diluted magnetic semiconductor (DMS) Ga; ,Mn,As, which is of in-
terest because of its possible use in a “spintronic” device. When Mn substitutes for
Ga in a GaAs host, local moments are added as well as holes. The local Mn moments
are the source of the magnetism and the holes are the source of the Mn-Mn spin
interaction, which happens to be ferromagnetic on average for a specific range of x

and temperaturesl. As a function of the doping concentration, z, the material under
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goes two zero temperature transitions: (1) A metal-insulator transition and (2) A
ferromagnetic to paramagnetic quantum phase transition. The value of z for both
transitions is approximately the same and is around z ~ 0.03. Because magnetic
impurities are generally insoluble in semiconductors, it has been quite difficult to cre-
ate materials that are both magnetic and semiconducting. Nonequilibrium molecular
beam epitaxy is required to fabricate the samples and the physical characteristics of
the material such as hole concentration, magnetization, resistivity and the Curie tem-
perature all depend very strongly on the post-growth annealing protocol. We discuss
common theoretical approaches to both the dilute and the metallic doping limits.

In chapter 7 we derive an effective Hamiltonian for Ga;_,Mn,As in the dilute
limit (z ~ 0.01) which describes spin 3/2 polarons hopping from Mn site to Mn site.
We begin by first solving the problem of a bound hole to Mn in a GaAs host. This
is done with a variational calculation that includes the strong spin-orbit effect of the
GaAs host and the effective spin-orbit coupling of the Baldereschi-Lipari “spherical
approximation”. Using the wavefunctions from the single-impurity variational solu-
tion, we study the problem of a hole hopping between two Mn centers in the GaAs
host. We compute the parameters of an effective tight-binding Hamiltonian for this
problem from the single-impurity wavefunctions. Because of the effective spin-orbit
coupling, the hopping parameters turn out to have strong angular dependence. We
then generalize the hole hopping to an arbitrary number of centers. We also include a
coupling of the Mn spin to the spin density of the bound hole at the Mn site and the

effects of on-site hole-hole interactions to obtain a final Hamiltonian. We conclude
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the chapter by studying the effective Hamiltonian in the mean field approximation
(spin orientations and spin density at the Mn sites are computed self-consistently).
We find that because of the strong effective spin-orbit coupling, the random positions
of the Mn generates a strong anisotropy in the orientation of the net magnetization.
In our final calculation of the chapter, we demonstrate that for parameters reasonable
for GaAs, there is a well formed impurity band at z = 0.01 with delocalized states
present before the impurity band has merged with the valence band. Many of the
more technical details of the calculations in this chapter have been relegated to the
appendixes.

In chapter 8 we turn to a study of Ga; ,Mn, As in the metallic limit (z ~
0.05). We take as a starting point a valence band partially filled with holes. We
then calculate the RKKY kernel of Mn-Mn interactions by integrating out the heavy
and light hole sectors to obtain an expression for the interaction of two Mn spins a
distance R away from each other. Because of the effective spin-orbit coupling in the
spherical approximation, the energy depends not only on the relative spin orientations
(as it does without the effective spin-orbit coupling) but also on the orientations of
the spins relative to the axis joining them. Using this interaction kernel as an input
to Monte Carlo calculations (treating the Mn spin as a classical variable) we compute
the temperature dependence of the magnetization, the susceptibility and the Curie
temperature. We also compute the distribution of angles between individual Mn spins
and the net magnetization of the sample. This measures the degree of non-collinear

magnetism. We study the effects of hole concentration and Mn positional disorder on
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these quantities.

In chapter 9 we round out the thesis by discussing an issue central to all
the previous chapters—quantum coherence. We present a semiclassical theory of co-
herence and decoherence. Our approach is based on modern semiclassical methods
(coherent state wavepackets) which avoid many of the singularities inherent in a
more traditional Van Vleck propagator approach. Because all semiclassical methods
are ultimately based on classical dynamics, our approach can provide a more intuitive
physical picture of the mechanisms that lead to quantum decoherence. We study the
relative role of phase randomization or “dephasing” and trajectory changes in deco-
herence and find that decoherence can not generally be described as “dephasing”.
Strong system-bath interactions always lead to rapid decoherence, so we investigate
the perturbative regime in detail using a density matrix (and therefore basis indepen-

dent) formulation.



Chapter 2

Scattering Theory and the STM

2.1 The Importance of Surface States

The beautiful standing wave patterns observed in STM corral experiments|1,
2, 3, 4] result from the presence of Shockly surface states' on the metallic substrate.
These are the same surface states responsible for the standing wave patterns observed
near a step edge[6]. Surface states are the result of a particular crystallographic cut
of the material, usually a noble metal, which places the Fermi energy in a band
gap for electrons propagating normal to the surface. The surface states of Cu(111),
Au(111) and Ag(111) are commonly used in STM experiments. In the direction
normal to the surface (and in a range of angles around the normal), Bloch states are
forbidden at the Fermi energy. However, solutions to the Schrodinger equation exist
with exponentially decaying amplitude into both the bulk material and the vacuum.

For such solutions electrons are still free to move in the plane of the surface and form

'For more details and experimental results for several materials see [5].
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a type of two dimensional electron gas (2DEG) there. Often, the surface state band
is only partially filled, giving a low density on the surface, and a nearly quadratic
dispersion relation with a constant effective mass.

The scattering theory that we develop for quantum corrals in Sec. 2.3 is
based on these free two dimensional surface state electrons. We will see that although
the quantum corrals are two dimensional systems in many respects, there are some
important ways in which the underlying bulk material makes its presence felt. This is
especially true with the quantum mirage experiments where the bulk electrons play
an important role in the formation of the Kondo resonance|[7].

Before we leave our brief discussion of surface states it is important to give
some typical numerical values of important quantities such as the wavelength of elec-
trons in the surface states, A, the effective mass of surface state electrons, m*, and
density of states of the surface state electrons, og,s. These three quantities are all

related through the dispersion relation

h2k2

Eaui(k) — Ep = E ,
surt (K) F 0+2m*

(2.1)

where gt = % includes both spin up and spin down electrons. In the case of
Cu(111), Au(111) and Ag(111) the surface state band minimum, Ey, is very close to
the Fermi energy. Typical values are fractions of an eV below the Fermi energyl[5],
Er, where Ep is typically 5-10 eV. For Cu(111), Ey ~ —450 meV and m* = 0.38m,
with m, the mass of the free electron. The surface state electron density of Cu(111)
is n ~ 7 x 10¥ cm~2 which corresponds to approximately one surface state electron

per 12 Ax12A square.
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There are three important physical consequences of small Ey. The first is
that it makes the dispersion relation quadratic and isotropic (in the plane of the
surface) to a very good approximation. An isotropic dispersion relation is very conve-
nient for the application of scattering theory because one does not need to know the
orientation of the underlying crystal lattice. Secondly, a small Ey makes the filling
of the surface state band rather low compared to bulk bands, which in turn makes
the typical wavelength of the surface state electron, A\p = z—;, very large compared
the lattice spacing and the size of atomic impurities on the surface. For Cu(111),
Ap = 29.5 A. Since A\ is much larger than the underlying Cu(111) lattice spacing,
the standing wave patterns are easy to separate from atomic scale charge density vari-
ations and since Ag is large compared to the surface adatoms, we can make an s-wave
approximation in the scattering theory. Thirdly, a small £ makes the electron filling
small so the density of surface states is small compared to bulk states at the same
energy. This has implications for the microscopic details of the Kondo effect from a

magnetic impurity like Co on the Cu(111) surface. We will return to this point in

Chapter 4.1. We now turn to the STM measurement.

2.2 STM Theory: Topographic Images and Spectroscopic

Measurement

In this section we briefly review the physics of the tunneling measurement.
The basic tunneling geometry and energy diagram is shown in Fig. 2.1. The STM tip

usually sits a few A above the surface. The STM data can be taken in two ways: (i)
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Tunneling Geometry
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Figure 2.1: (a) Schematic of the STM tip above the substrate. The STM tip states
are labelled by 7/, and the eigenstates of the substrate are labelled by ,. The current
is exponentially sensitive to the tip-surface distance, d. (b) Energy diagram of the
tunneling process. Electrons must tunnel across a vacuum barrier of thickness d from
occupied states of the tip to unoccupied states of the surface (energies E% < e <
EL). The total current, Eq. (2.5), is given by sum of all such processes while the
conductance, Eq. (2.6), just measures the tunneling rate for electrons at a particular
energy in this window.

A feedback loop can be used to control the height of the tip above the surface so that
the total tunneling current is kept constant as the tip is scanned over the surface.
This is called a “topographic” image and, as we will soon see, at each point it is a
measure of the energy-integrated local density of surface states. (ii) In the second type

of measurement the feedback loop is opened so that the tip height is kept roughly
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constant with respect to the surface and the voltage is swept to measure the local
spectroscopy at the tip position.

Tunneling measurements of quantum corrals are typically done at small
voltage biases, V' < 0.3 Volts, and low temperatures, 7' < 70 K. In such a situation
perturbation theory can be applied to compute the tunneling current in terms of the
unperturbed tip states and surface states. According to Fermi’s Golden Rule, the

current at position r and STM bias voltage V is[8, 9]

2me

I(r) = —~ tZ [ My (x)*f (&) (1= f(en)) 0(er + €V —€) (2.2)

where e is the charge of the electron, ¢ (v) labels the tip (surface) states, f is the
Fermi function and M, ,(r) is the matrix element from the tip state ¢ to the surface
state v at position r. The expression, Eq. (2.2), has a simple physical interpretation.
It says that the tunneling current is proportional to the square of the matrix element
connecting the various tip states to the various surface states times a factor which
gives the probability of an occupied tip state and an empty surface state. The delta
function enforces energy conservation. Finally all tip states and surface states are
summed over. When the tip is treated as a point source, |M;,(r)|* o |4, (r)[*[8],
where 1, (r) are the eigenfunctions of the surface. Assuming also that the temperature
is low enough to replace the Fermi functions by step functions, using the relation
Jdwi(e;+ eV —w)d(w—¢€,) = d(e; +€eV —¢,) and converting the sum over tip states

to an integral, we obtain

10 o [ " () LDOS(r, €)de , (2.3)
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where g;(€) is the density of states of the tip and

LDOS(x,€) = >_ [1h,(r)|*(e — E,) . (2.4)

v

Usually the density of states of the tip is assumed constant so it can be pulled out of

the integral,

I(r) /0 " LDOS(r, )de (2.5)
and
dI
W(r, €) o< LDOS(r,¢) . (2.6)

The last three equations above, Egs. (2.4), (2.5) and (2.6) are the most
important formulas for the interpretation of the quantum corral experiments. The
central quantity to calculate is Eq. (2.4) as the current, Eq. (2.5), and the conduc-
tance, Eq. (2.6), depend on it. The LDOS is expressed in terms of the eigenstates,
labeled by v, of the surface. It is through the calculation of these eigenstates from
scattering theory that Eq. (2.4) provides the bridge between scattering theory and the
tunneling measurement of the STM. We will develop this connection fully in Sec. 2.3.
From Eq. (2.5) and Eq. (2.6) it is evident that the STM signal is related to the square
of the surface state wavefunctions at a given location. If the wavefunction has large
(small) amplitude at a particular location the current and conductance will tend to
be larger (smaller) there.

A topographic measurement corresponds to Eq. (2.5) in which a feedback
loop is used to modulate the tip height to keep the current constant. This is usually
the type of measurement used to produce data like the standing wave patterns in

quantum corrals. Typical bias voltages are on the order of 10 meV so that the
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current at position r is an integral over approximately 10 meV of energy. In most
experiments, the density of states at any given position r does not vary much over 10
meV. However, in the mirage experiments the Kondo effect actually produces strong
variations in the local density of states over 10 meV([3].

In the spectroscopic measurement the STM tip-surface distance is held fixed
by turning off the feedback loop. The voltage is swept (at a given position) to reveal
the energy dependence of the LDOS, Eq. (2.6). This is the type of measurement that
reveals the energies and widths of resonances in quantum corrals which appear as
peaks in a plot of dI/dV vs. V. The Kondo resonance at a Kondo impurity also has
a strong signature in dI/dV[10, 11, 3]. The quantum mirage is most easily probed in

this way|[3, 12].

2.3 Scattering Theory for Surface State Electron Density

In this section we develop a scattering theory for the electron density in
quantum corrals. In Sec. 2.1 we emphasized the importance of the surfaces states on
the (111) surfaces of noble metals and gave the important properties for the develop-
ment of scattering theory: two dimensional electron states on the surface, isotropic
and parabolic dispersion of the energy and long electron wavelength compared to the
lattice spacing and the size of the adatoms. We now describe how the quantities
of the STM measurement described in Sec. 2.2, namely Eq. (2.4), is obtained from
scattering theory. The physical picture to have in mind is of a circularly symmetric

electron amplitude emanating from the STM tip into the surface states of the sub-
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strate. This amplitude spreads radialey outward from the tip until it encounters a
defect (such as an impurity) on the surface or a step edge, at which time it scatters.
Part of this amplitude is reflected back to the STM tip (possibly scattering several
more times along the way from different impurities) and interferes with the outgoing
amplitude leading to fluctuations in the LDOS, and hence the tunneling current, as
a function of position. Note that the fluctuations are a result of the coherent part of
the backscattered amplitude.

Let the Hamiltonian of an electron on the surface be H = Hy+ V, where H,
is the Hamiltonian describing free propagation in the surface states and V accounts
for the spatially local and separate potential perturbations due to the impurities on
the surface. The amplitude to propagate from point r to point r’ in time ¢ on the
surface is given by the retarded Green’s function, G*'(x', r,t) = —if(t){r'|e *A!/%|r),
where 6(t) is the step function. The eigenstates of H are the scattering eigenstates of

the particle in the presence of the potential V. Inserting a complete set of eigenstates,

G™H(r',x,t) = —if(t) Y_(r'|e” ", ) (W Ir) (2.7)

v

and taking the Fourier transform of this,

G r ) =Y 71(’%%2; . (2.8)

v
Here 1, (r) are the eigenstates of the Hamiltonian H and ¢ is an infinitesimal positive

quantity. For the STM measurements, we are interested in the part of the amplitude

that back scatters to the tip. Thus, we are interested in ' = r. The imaginary part
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of the diagonal amplitude is proportional to the local density of states,
1
LDOS(r,€) = ——Im [Gret I,T,€ } Z [, (r)|?0(e — E,) . (2.9)

What we have established is a relationship between the full Green’s function,
Eq. (2.8), the scattering eigenstates of the Hamiltonian H, 1, (r), and the local density
of states. What remains is to develop a method for calculating the Green’s function,
Eq. (2.8).

We first consider the case where V represents a single scatterer. Dyson’s

equation can be written

éret — éget + égetf/éret ’ (210)

where G™ is the full retarded Green’s function and G{f’t is the free retarded Green’s
function. When V=0, G™ = G**. The G™" on the right hand side of Eq. (2.10) can

formally be eliminated by iterating the equation. In operator notation,

G = G+ GPVGE + GEVERVEE + - (2.11)

= G+ GV +VERY + )G

The terms in the series have the physical interpretation of a particle that (i) does
not scatter at all from the potential, (ii) scatters once and leaves, (iii) scatters once,
propagates, scatters again and then leaves (iv...) and so on to infinite order. Trunca-
tion of the series at V, for example, is just the first Born approximation. The terms
within parentheses can be grouped into into a single object called the t-matriz. The
t-matriz is defined by

T=V+VGV 4.... (2.12)
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When the spatial extent of the scattering potential is small compared to the wave-
length of the incoming particle, as is the case for adatoms on the Cu(111) surface,
the scattering is s-wave (isotropic) because the wavelength of the incident particle is
too large to “feel” the spatial structure of the target. In the s-wave approximation,

the t-matriz takes a particularly simple form in position representation[13, 14]:

G () = G +
//d2r'd2r"GBet(r, rl)

xsd(rg —1")d(ro — )G (", 1) | (2.13)

where s(k) = 2i(e%*(9) — 1), rg is the position of the impurity and §(e) is the energy
dependent phase shift in the s-wave orbital channel (which can be computed once
V(r) is known or determined directly from experiment). The integral can then be

done trivially to yield
G™'(r,r) = Gy (r, 1) + sGy' (r,10) Gy (T, T). (2.14)

Note that when V(r) goes to zero, 6(€) goes to zero and one obtains G™(r,r) =
Gyt (r,r). That is, the full Green’s function reduces to the free Green’s function.
The extention to several scatterers is straightforward. The schematic situa-
tion is shown in Fig. 2.2. The new ingredient in the many scatterer case is an extra
self-consistency condition on the scattered amplitude. Imposing this self-consistency
condition is equivalent to calculating the scattering among all the impurities to in-
finite order. This is the heart of multiple scattering theory. (The t-matriz gives the

result of scattering from a single impurity to infinite order.)
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Figure 2.2: Schematic of the scattering geometry of multiple scattering theory. The
scattering centers, shown as little beads, are adatoms on the surface of a noble metal
such as Cu(111). In the approximation that the STM tip is point-like, a circularly
symmetric electron amplitude, Gy(r',r,€), eminates from the tip into the surface
states of the metal and encounters the impurities on the surface. Since the wavelength
of the electrons in the surface states is much larger than the size of the scatters, one
can treat the scatterers as s-wave scatterers and ignore all higher orbital channels.
Because the scatterers are far apart compared to their size, we assume that electrons
propagate freely between impurities. ¢ and j label different impurities.

In the presence of N scatterers the t-matriz equation Y | T;,G™ = SN ViG™t
V; are nonoverlapping scattering potentials, the 7} are the corresponding ¢-matricies
g g g

for these potentials) generalizes Eq. (2.13) to

N
Gret (I‘, I') — GBet (I', I') + Z / / erIerIIG(r)et (I‘, I‘I)
=1

x8;0(r; — r")0(r; — )G (", 1)
N
= (;(r)9t (I‘, I') + Z SiG(r)et (I‘, ri)Gget (I‘i, l‘) J (215)

=1

where the G}** are the self-consistently calculated values of the Green’s functions at
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the locations of the scatterers,

N
G;_‘et (I'z', I') = G{)et (I‘i, I') + Z SiGBet (I'i, rj)G;et (I‘j, I') y (216)
j#i
and
4ih2 .
si(e) = 2 et _ 1y (2.17)

m*

for the i scatterer. The solution of Eq. (2.16) is given by the equation
G=A"Gy, (2.18)

where A is an N x N matrix with elements A;; = 6;; — s;Go(r;,r;) containing all
the information about the propagation between the impurities and Gg and G are
N-dimensional column vectors of elements Go; = Go(r;,r) and G; = G(r;, 1), re-
spectively, containing the information about propagation from the STM tip to the
impurities and from the impurities to the STM tip.

The STM signal is then calculated from scattering theory by specifying the s-
wave scattering phase shifts J;(€), the locations {r;} of the IV impurities on the surface
and the incident electron amplitude. Given the dispersion relation, Eq. (2.1), the free
Green’s function, G{**(r', r, €), is determined from Eq. (2.8) in the case of V=0. In
two dimensions, the outgoing Green’s function from a point source is Gy (r',r, €) =
—i% (Jo(k|r' —r|) +iYo(k|r' — r|)) where Jy (V) is the Bessel function of the first
(second) kind. The final step is to solve the system of equations, Eq. (2.15) and
Eq. (2.16) by Eq. (2.18) at a particular energy. The solution is then substituted into
Eq. (2.9), which directly gives the STM signal through Egs. (2.5) and (2.6).

The theory just developed applies equally well to electrons or holes near the

Fermi energy. Although the STM tip is the source (or sink in the case of positive
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bias, i.e., the tip has larger voltage) of electrons (or holes), we have not made one
correction that in principle is present, namely any residual unscreened potential felt
by an electron near the STM tip. In fact the tip itself can be thought of as a source of
scattering, causing disturbances to any electron passing under it. However, we have

so far not seen any experimental evidence indicating this correction is needed.

2.4 Application to Quantum Corrals

The scattering theory of Sec. 2.3 may be directly applied to quantum cor-
rals. Here we discuss the case of Fe atoms on Cu(111)[2] which do not show a Kondo
effect at 4 K. Our goal is to calculate the standing wave patterns and corral spec-
troscopy of the type first observed by [1]. To do so we pull together the results
of Sec. 2.1, 2.2 and 2.3. Since we know the dispersion relation, Eq. (2.1), for the
Cu(111) surface as well as the positions of the iron impurities from STM measure-
ments, all that remains to determine the current and conductance at a given position
is a determination of the phase shift, §(¢), of the Fe atoms. Once d(¢) is determined,
the LDOS(r, €) is determined everywhere by the scattering theory except within 7 A
of an adatom, where there is extra charge density not accounted for in the theory.
Electron amplitude from the STM tip is assumed to emanate in a circularly sym-
metric fashion into the surface states, so we use the outgoing free Green’s function,
GF(r',r,¢) = —iZ%5 (Jo(k|r' — r|) + iY, (k[ — r[)), as the incident amplitude.

Early measurements[15] of single iron impurities on the surface of Cu(111)

pointed to a phase shift near -80°. However, from Eq. (2.17), it is clear the the Green’s
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function is invariant with respect to a phase shift of 7, so the phase shift could equally
well have been near +100°. When the scattering theory was applied with a phase
shift of +100° to circular corrals to compute dI/dV, Eq. (2.6), the widths of the
resonances were far too narrow compared to experiment, indicating a longer electron
confinement than was actually inferred from the broader, measured linewidths. The
important insight[2] was that the resonances could be broadened if one allows electron
amplitude to be absorbed from the surface states at the Fe impurities. A phase shift
of nearly +100° is quite close to +90°. This leads to

c32 ™ 232
_ 427?/ (e2i(51(5) _ 1) 5:4— 4Zh

m m*

si(€)

(=2) . (2.19)

On the other hand, if the Fe atoms are assumed to be maximally absorbing “black
dots”[2], 6 = ioo, so that

iR’
=—

22
d=ioo 41k

2i6;(e) 1
(e _ 1) t=izp 41

si(€)

(—1), (2.20)

and so that the overall scattering amplitude has the same phase but is reduced by

a factor of 2. Thus, the two phase shifts, 6 = 7 and 0 = 700, are equivalent except
that the “black dot” approximation, § = ioco, leads to an attenuation of the scattered
wave and a broadening of corral resonance widths. When 6 = ioo is used to eval-
uate the LDOS(r, ¢), at the center of a circular quantum corral the agreement with
experiment is excellent. Fig. 2.3 shows a direct comparison between theortical and
experimental dI/dV curves for a 88.7 A diameter, 60-atom circular corral of Fe atoms

on the Cu(111) surface. Note that except for the first peak? the agreement with ex-

periment is excellent. Both the resonance energies and the widths of the resonances

2The first peak has been investigated in more detail by [16].
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Figure 2.3: Figure courtesy of Rick Heller. The experimental and theoretical voltage
dependence of dI/dV, with the tip of the STM located at the center of an 88.7 A
diameter, 60-atom circular corral of Fe atoms on a Cu(111) surface. The experiment
has a smooth background removed.

are remarkably alike and scale together except for the highest energy peak®. Fig. 2.4
shows a comparison between theory and experiment for a “topographic” image for a
cut across the diameter of the same circular corral. Note again the excellent agree-
ment: Every experimental oscillation is quantitatively reproduced by the scattering
theory. Finally, the full standing wave patterns for both theory and experiment for a
“stadium” shaped quantum corral are shown in Fig. 2.5.

The Fe adatoms can be located only at the available triangular lattice sites
in the Cu(111) surface. This lattice allows arcs, ellipses, and other shapes to be only

approximated. The locations where one can place atoms can be seen in Fig. 2.6, for

3The scattering theory can be brought into nearly perfect agreement with even the highest energy peak
by allowing for a quartic correction to the parabolic dispersion, Eq. (2.1)[17].
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Figure 2.4: Figure courtesy of Rick Heller. The experimental data and theoretical
curves for the tip height as a function of position across the diameter of a circular
corral (88.7 A diameter, 60-atoms) for low bias. Various voltages are given; they are
measured relative to the bottom of the surface state band.

the case of a 48 atom stadium, where the smooth boundary is drawn for comparison.
It is important to put in the correct atomic positions in order to get the best agreement
with the experiments. The corral walls, while acting like smooth (although absorbing)
bondaries for some purposes, still reveal their roughness and granularity.

We now turn to a physical interpretation of the “black dot” approximation.
If electron flux is absorbed at the Fe atoms where does it go? We believe that
much of the lost surface state amplitude goes into to the bulk®. This idea has been
supported by theoretical studies of [18] and [19]. Shortly after the work of [2], [20]
developed an elastic scattering theory of quantum corrals. The elastic theory was

able to qualitatively reproduce the standing wave patterns inside the corrals but

4Spin-flip processes at the Fe impurities would also appear as a loss of coherent amplitude.
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Figure 2.5: Figure courtesy of Rick Heller. Local density of electron states (LDOS)
near Ep for a 76 Fe atom “stadium” of dimensions 141 x 285 A. Right Hand Side:
Experiment, bias voltage 0.01 V (e=0.45 eV); Left Hand Side: Theory (e=0.46 eV).
The density near the center of the Fe adatoms is not accounted for in the theory and
appears black.

does relatively poorly compared to the scattering theory for dI/dV. (See Fig. 3
in [20].) The inelastic scattering theory presented here accounts properly not only
for the widths of the resonances in corrals but also gives the height, weight and
energy dependence of the resonances and resonance widths much more accurately
than the elastic theory of [20]. For this reason we believe that a purely elastic theory
which ignores the presence of the bulk states is incorrect. One should also note the
possibility of spin flip upon the electron’s interaction with the Fe adatom; this would
only add to the decoherence of the electron and bring the absorbing s-wave, black dot
assumption closer to actuality.

It is important to summarize what we have learned from the application
of scattering theory to quantum corrals thus far: (i) Corrals do confine electrons
in surface states, but do so rather poorly (resonance widths are broad) because

the adatoms tend to couple surface states quite strongly to bulk states. A host
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Figure 2.6: Shown is a grid of the underlying lattice of the Cu(111) surface. Adatoms
cannot site at exact ellipse positions, but must site on the nearest site of the under-
lying lattice. When the exact positioning of the adatoms in taken into account, the
agreement with experiment is enhanced.

of studies[18, 19, 12, 7, 21] suggest that it is quite generic for adatoms to strongly
couple surface states to bulk states. (ii) The standing wave patterns in corrals de-
pend on coherent electron propagation in the surface states to give interference effects.
For temperatures below 70 K, the coherence length of surface state electrons on no-
ble metals is hundreds of Angstroms|[22|, while the corrals typically have maximum
dimensions on the order of a hundred Angstroms thus allowing coherent electron
propagation across the corrals. (iii) “Particle-in-a-box” models[1] may qualitatively
agree with the observed resonance energies of closed structures, but they have no
predictive power for resonance widths or standing wave patterns in open structures.
Scattering theory works equally well for one atom as for any arbitrary arrangement
of any number of atoms (provided the structure is small enough to allow coherent
electron propagation across it). (iv) The only place the scattering theory fails to agree

with experiment is within 7 A of an atom. Here the assumptions of the theory break
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down because the extra charge density at the impurity is not properly accounted for.

One comment is in order on the multiple scattering theory. As simple as
it is to invert a matrix of the dimension equalling the total number of atoms to
obtain the Green’s function, it is still perhaps curious to do a multiple scattering
expansion in terms of 0,1,2,... scattering events. It turns out that this fails for
typical configurations, due to the presence of closely spaced pairs, triplets, etc., of
atoms. Even though the Q-factor of the cavity, as indicated for example by the line
widths of the dI/dV resonances, is only around 2, suggesting about two bounces
are important before leakage occurs, the Q-factor and the low order of scattering is
an appropriate concept only for walls thought of as smooth scattering units, with
the local multiple internal scattering between neighboring atoms included to infinite
order.

If one performs a calculation for a plane wave of appropriate wavevector
impinging normal to a line of Fe adatoms at the closets experimental Fe atom spacing,
one finds that only about 25% of the amplitude is coherently backscatted (also normal
to the line), while 25% is transmitted, and 50% is lost to decohering inelastic events.

The scattering theory does not have to confine itself only to atomic surface
impurities. The experiments abound with step edges for example, even though one
looks for regions as far away as possible from such defects to build corrals. The
step edges affect the images, although not so much inside closed corrals, which have
enough attenuation at the wall to prevent those paths which begin inside the corral,

get out, hit an edge, and come back inside from having any important weight.
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Essentials of Kondo Physics

3.1 The Anderson Model

The Kondo effect! is the name given to the low energy response of the Fermi
sea of a metal to a magnetic impurity. In the mirage experiments, the magnetic
impurity (Co) sat on the surface of Cu(111). The canonical (and simplest) model? of

a local magnetic moment in a metallic host was given by [27],

Hpnderson = ) €kofihe + D €4Pde + Uliar gy

k,o o
+ Y (vél,d, +he.). (3.1)

k,o
The first term represents the energy of the electrons of the Fermi sea (assumed to be
non-interacting), the second term represents the energy of a single localized site (an

approximation to the d or f atomic level of an atom), the third term represents an

'For an overview of Kondo effect and a list of references see [23]. For a brief survey of the Kondo effect
in mesoscopics see [24] and references therein.

2The Anderson model applies to a spin S = 1/2 impurity. However, it can be shown[25] that impurities
of higher spin can be treated with an effective spin S = 1/2 model. For a discussion of the Kondo effect for
spin S > 1/2 see [26].

27
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on-site repulsion if two electrons try to occupy the localized level, and the last term
represents hybridization between the local moment and the conduction electrons.
Here €, (7igs) is the energy (number operator) of an electron of the Fermi sea with
wavevector k and spin o and €4 (7i4,) is the spin degenerate energy (number operator,
not generally spin degenerate) of an electron in the localized d or f-level with spin
o. Here U represents the charging energy of doubly occupying the localized level.
In the fourth term, V' is the hopping matrix element connecting the electrons of the
Fermi sea to the localized impurity level and vice versa, and ¢l (d}) is the creation
operator for an electron in the state with wavevector k& (d or f-level) with spin o.

In the case V = 0, Eq. (3.1) can be solved exactly. The states are just direct
products of the local moment states and the Fermi sea. The energy is just the sum
of the energy of the Fermi sea and the energy of the electron(s) on the localized level.
The energy cost for having one electron on the localized level is ¢; and the cost for
adding the second is €; + U. If one considers a small nonzero V', the Hamiltonian is
no longer exactly solvable. The singly and doubly occupied states of the local level
will be broadened (by an amount that can be estimated by Fermi’s Golden Rule,
[ ~ 27V 20y, where g, is the density of states of the Fermi sea at the Fermi energy).
For the Kondo problem one particular regime of Eq. (3.1) is of central importance:
the case where ¢ < Er and ¢; + U > Ep. This is shown in Fig. 3.1. [27] showed
that Eq. (3.1) will lead to local moment formation at low enough temperatures when
[~ 27V?2%0 < |eq|, €4 + U.

The impurity (d-level) density of states in the Anderson model in the local
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Local Moment Regime
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Figure 3.1: Local Moment Regime of the Anderson Model. The Kondo effect occurs
when the impurity level energies are situated as shown. The spin degenerate singly
occupied level has energy ¢; < Er. The cost for adding the second electron of opposite
spin to the impurity level is ¢4 + U > Er. Thus, the impurity ground state has only
one electron electron on the local level giving it a net spin.

moment regime we have just discussed is shown in Fig. 3.2. The peak in the density of
states at zero bias is sometimes referred to as the “Kondo” peak[23]. The Kondo peak
always sits near the Fermi energy and corresponds to the formation of the many-body
Kondo state. It is this peak that shows up in the form of a “Fano resonance” in the
dI/dV spectra near (within 10 A) a Kondo atom on the surface of a metal[10, 11, 3,
25, 28, 29]. Although the Kondo resonance is associated with many-body correlations
of the Fermi sea and has no single-particle level analagous to the two spectral peaks
corresponding to the bare levels at ¢; and ¢; + U in Fig. 3.2, it still behaves as
a single-particle resonance when it is fully formed at T < Tkx[30, 25, 29]. It is this
single-particle like behavior or “local Fermi liquid theory” [30] of the Kondo resonance
that allows us to use a single-particle scattering theory for the mirage experiments.
The density of states of Fig. 3.2 translates into a strongly energy dependent phase

shift for electrons of the Fermi sea near the Fermi energy [23]. For a single impurity



Chapter 3: Essentials of Kondo Physics 30

Impurity DOS in Kondo Regime
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Figure 3.2: Density of States of the Anderson Impurity Model in the Kondo
Regime.The figure is not an actual calculation but illustrates the central features
of the density of states in the Kondo regime. Both axis are in arbitrary units, but
for a real system energy units of eV would not be unrealistic. The broad upper and
lower peaks (at energies €5 and ¢; + U) have width I' & 27V?2gy. These peaks are
due to single-particle energy levels of the impurity. They are broadened by coupling
to the Fermi sea. The central peak is a many-body resonance sometimes called the
“Kondo peak”. It arises from correlations beyond a mean-field calculation such as
Hartree-Fock and its width is exponentially small in the coupling parameter Jog,

__1
Ty ~ De 27e0,
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in a host (or on the surface) the density of states is (to a good approximation) just
the sum of the two: p(€) = po(€) + Oimp(€). Therefore, the change in the density of
states due to the impurity is Ap(e) = o(€) — 0o(€) = Qimp(€). It can be shown to be
equal to[23]

196 (e)

AQ(G) = ; e

(3.2)

The resonance at the Fermi energy in Fig. 3.2 can be approximated as a Lorentzian
and leads to a tan! in the phase shift 6(¢) of Eq. (2.17) when Eq. (3.2) is integrated
over energy. It is highly non-trivial that one can treat a many-body problem like the
Kondo effect phenomenolgically with a single-particle theory and a resonant phase
shift. It is the single most important reason for the sucess of our approach to the

quantum mirage.

3.2 The Kondo Model

The Kondo model is a special limit of the Anderson model, Eq. (3.1), valid in
the local moment regime shown in Fig. 3.1. It was used by J. [31] (hence the name) to
explain the minimum in the resistivity (as a function of temperature) of metals with
magnetic impurities. The Kondo model can be derived by second order perturbation
theory in V from the Anderson model®. The Kondo Hamiltonian (including a purely

potential scattering term that also appears in second order perturbation theory) is

2 At Taa ~
Hyxondo = Z kol + TS et Tl
koK

+ K Z c,mck:g, (3.3)
k.k' o

3This result was first derived by [32].
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where the first term is the same as in Eq. (3.1),

1 1
J V2 - —]>0, 3.4
<U+€d €d> ( )
and
V2 1 1
K~—— — . .
2 <U+€d +€d> (3 5)

Here S is the spin operator of the impurity and 7 are the Pauli spin matricies. The
crucial feature of Eq. (3.3) is that it leads to spin-flip scattering events* through terms
like Sy7p + Sy1y = (S47— + S_74)/2. Kondo’s explanation of the divergence comes
by looking at the effect of the second term of Eq. (3.3) in a second-order perturbative
calculation of the t-matriz. It turns out that because ;S # S S, one of the sums
over the intermediate states of the Fermi sea is cut off at the Fermi surface, leading
to a logarithmic divergence in the resistivity[31, 23].

Besides the features of the Kondo problem we have already mentioned, one
more result is worthy of note. In order to understand the low energy behavior of
many physical systems it is often useful to integrate out the high energy fluctuations
and compensate for this by “renormalizing” the parameters of an effective low energy
theory. This can be quite complicated in general, but for the Kondo Hamiltonian
a particularly simple version known as “poor man’s scaling”, introduced by[33], can
be used to identify the low energy properties[23]. The idea is to look again at the

second order contributions to the second term of Eq. (3.3) to the ¢-matriz. The sum

4These spin-flip scattering events can also be looked at from the point of view of the Anderson model. A
spin-flip would occur if, e.g., the intial electron on the local level were spin up, a second spin down electron
hopped on in the intermediate state and then finally the original spin up electron hopped off leaving behind
the spin down electron on the local level.
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over the intermediate states of the conduction electrons contains electrons that are
at the band edges. Anderson suggested removing a few states at the band edges and
adjusting J so that the scattering amplitude remains invariant (ignoring the potential
scattering terms). When this is done a set of “scaling equations” is generated for J
which can then be solved. It turns out that a “scaling invariant” appears and it is

generally denoted by Tk and referred to as the Kondo temperature:
1
Ty ~ De 27e0 . (3.6)

The quantity Tk is invariant under a rescaling of J in response to a shrinking of the
bandwidth, D. As D — 0, J — oo, which from the second term of Eq. (3.3) implies
that the spin-flip processes are “frozen out” in the low energy theory and the scattering
becomes purely potential scattering. As before, gy is the density of states of the host
at the Fermi energy. The Kondo effect, in this simplest of models, is thus characterized
by only one energy scale, Tx. This is the width of the “Kondo peak” that appears in
the low temperature density of states of the Anderson model in Fig. 3.2, the width of
the Fano resonance[10, 11, 3, 34, 25, 28, 29| and it is also the width of the scattering
resonance[12], from Eq. (3.2), of the Co atoms (for experimental temperatures lower

than Tk when the Kondo resonance is well formed) on the surface of Cu(111).
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Scattering Theory of Quantum

Mirages

4.1 Elliptical Quantum Corral Mirages

In the Kondo effect a magnetic impurity in metallic bulk or on a metallic
surface has its local moment screened by a cloud of conduction electrons, called the
Kondo cloud, that forms in its vicinity[23]. Until recently, only bulk measurements
were possible on Kondo systems, leaving isolated Kondo atoms and their scattering
phase shifts unstudied. The atomic resolution of the STM now makes the study of
single, isolated Kondo atoms possible [3, 10, 35]. Kondo adatoms are identified by a
sharp (~ 10 meV wide) feature in the differential tunneling conductance (dI/dV) as
a function of STM tip bias with respect to the surface of the material. The feature

typically appears as a dip near the Fermi energy (Er) in dI/dV, is localized to within

34
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~ 10 A of a Kondo impurity and is only observed at low temperatures (~ 4 K). If the
temperature of the substrate becomes to high (~ 100 K), the correlations between
the impurity spin and the conductions electrons are broken and the Kondo signature
disappears.

Landmark STM experiments have recently discovered the remarkable fact
that when a Kondo atom(Co, for example) is placed at one focus of a properly sized
empty elliptical quantum corral built from Kondo adatoms, a “mirage” of the Kondo
feature is cast to the opposite focus [3] more than 70 A away. Since the Kondo effect
arises from electron correlations, what does the Kondo feature at the unoccupied focus
imply about local electron correlations there? An important feature of the mirage
experiments is that they were done on the surface of Cu(111) which is known to have
surfaces states which act as a 2-dimensional electron gas. The central result of this
Letter is to present a theory of the Kondo mirage based on electrons in this surface
state scattering to infinite order from all Kondo atoms—both the Kondo atoms that
make up the walls of the corral and the Kondo atom that sits at the focus. The
theory is valid for all arrangements of adatoms, whether arranged in a corral shape
or any other arbitrary structure including “open” structures. Electron scattering on
the surface can be directly related to the dI/dV of the STM measurements. Thus, by
solving the electron scattering problem on the surface in the presence of impurities
we can compute the STM conductance|2].

The basic Hamiltonian in the Kondo problem is given by

. J
H = Z ekcltgckg + N Z S Tyor CIWCk'a' (4.1)

ko k,k'co’



Chapter 4: Scattering Theory of Quantum Mirages 36

where ¢ is the dispersion relation (given by band structure calculations or experi-
ment) of the conduction electrons, CLG is an operator that creates an electron in the
state k with spin ¢ and ¢, destroys an electron in the state k with spin o. This first
term describes the energy of free conduction electrons. The second term describes
spin-flip scattering processes where a conduction electron flips its spin and the im-
purity changes its spin in response during a scattering event. N is the number of
sites in the lattice, J is the coupling constant, S represents the impurity spin and 7,4
represents the conduction electron spin. It is well known that the Kondo effect occurs
when J > 0 [23] and the low energy properties of this Hamiltonian are described by an
effective Hamiltonian with J — oo so that the conduction electrons become “locked”
into an anti-aligned state with the impurity moment. Spin-flip process are thus frozen
out. We do not attempt to solve this Hamiltonian, but assume that we are working
in the low temperature regime where spin flips are frozen out as experiment suggests
from the feature in dI/dV described in Refs[2-4].

In the Fermi liquid description of Kondo impurities below their Kondo tem-
perature, Tk, the impurities may be characterized by a scattering phase shift that
they impart to impinging electrons (quasi-particles) [30]. For 7" << Tk Kondo im-
purities act as potential scatterers with all the many-body physics appearing as an
energy scale in the (resonant) scattering phase shift[23, 30]. We apply our theory to
experimental data to extract the phase shift with full energy dependence of a single
Kondo atom, report its value and present calculations that show beautiful quantitative

agreement with experiment. Our theory clarifies what the STM does and does not
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measure in mirage experiments regarding local correlations of electrons. In particular,
our theory suggests that the mirage experiments do not probe local electron-electron
correlations because the Kondo correlations only appear in the theory as an energy
scale, Tk, in the scattering phase shift (or alternatively, in the density of states).

We emphasize that our theory is phenomenological in that we do not attempt
to compute the tunneling conductance from first principles on top of an atom as was
done in[34, 28]. Our theory is based on electron scattering which is by its nature
asymptotic—an electron comes in, strikes a Kondo adatom, and leaves with a phase
shift. Therefore, our theory only makes accurate quantitative predictions when the
STM tip is more than 7 A away laterally from a Kondo adatom on the surface. This
is precisely the region where we can make accurate predictions about the quantum
mirage with our theory. When the STM tip is within 7 A laterally of an impurity there
is accumulated screening charge and orbital density present that is not accounted for
in our theory and thus the theory has no predictive power there.

When an STM tip is biased negatively with respect to the surface of a metal,
such as Cu(111), electrons can tunnel from the tip onto the surface, creating a region
of enhanced electron amplitude under the tip which travels outwards as a wave on
the surface. Heller et al.[2] showed that because the Fermi wavelength of the surface
state electrons on Cu(111) is much larger than the size of adatoms and because the
adatoms are separated by a distance large compared to their size, it is permissible
to use a multiple s-wave scattering expansion to calculate the electron amplitude

on the surface. In this picture, the scattered electron wave, and therefore the STM
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signal, are determined by a single quantity: the s-wave phase shift of the scattered
wave, dg(€), which will typically be complex. The imaginary part of the phase shift
represents “absorption” (incoherent scattering of electrons) by the adatoms which
tend to couple surface states to bulk states[2, 19, 18] resulting in a loss of electrons
from the surface states.

To compute dI/dV from a scattering calculation, we follow the method of
Heller et al[2]. For s-wave scattering from a single adatom in two dimensions, the

wave function is [36],
i(kr—7)

T

where the scattering amplitude, f, is f = 8215/02%’1. ¢(r) is the amplitude of the

(&

p(r) = o(r) + f

(4.2)

circular electron wave emanating from the STM tip. There is no angular dependence

of f in the s-wave approximation. k£ = QT“, where A, the wavelength of the electrons

on Cu(111), is 29.5A. €(k) = gj:z is known from the surface state electron dispersion
relation of Cu(111) which has an effective mass of m* = 0.38m,. Once dy(e) is

determined, the surface scattering can be computed. In the limit of small bias voltages

and low temperature|[8],

dI . 9
v x LDOS(7, €) = XV: |, (7F)|“0(E, — €), (4.3)

where € is the energy determined by the bias voltage V and the Fermi energy Eg, via
e=Er+eV; v labels the scattering eigenstates in the presence of the adatom. When
several or many adatoms are present as in this paper, a multiple scattering approach

[2] is used to compute LDOS(7, €). By definition the LDOS is related to the Green’s
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function by

LDOS(7, €) = —%Im[Gret(F, )], (4.4)

where

Gret = G() + G()TG() (45)

is the retarded Green’s function and 7" is the T-matrix whose dimensions are N by N
when there are N scatterers present. The T-matrix contains all the information about
the physical positions of the scatters relative to each other and their corresponding
phase shifts which could be different for each scatterer. Gy(7, €), is the free electron’s
Green’s function in two dimensions. Thus, dI/dV of the STM may be obtained by
solving the scattering problem.

Our theory, then, involves the following approximations, assumptions and
limitations: (i) The scattering of electrons from the adatoms is determined by a single
parameter, the s-wave phase shift, and this must be determined from experiment
or otherwise (ii) The internal degrees of freedom (spin) of the Kondo adatoms are
frozen out at the temperature of the experiment (~ 4K) so we may use the results
of Nozieres[30] to treat the Kondo atom as a potential scatterer with a phase shift
(iii) The adatoms are far enough apart so that we may treat the electron propagation
between them as free and that RKKY interactions are sufficiently weak so that the
single-impurity Kondo physics is not altered (iv) The theory does not include any non-
equilibrium effects and does not treat the charge density right at an atom correctly.

To make a direct comparison with experiment, we must obtain the phase

shift of the Kondo adatoms. We do not have an ab initio calculation of the phase
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shift of a single Co adatom. Rather, we fit the resonant form of the phase shift,
including inelasticity, and calculated the multiple scattering problem with this single
atom data.

Since the on-atom electron orbital density is not accounted for in scattering
theory, we used an on-atom fit (from experimental data of a single, isolated Co atom
on Cu(111) at 4K) involving only a renormalization of the free-space Green’s function
and a change in the background phase shift to compute the STM signal on top of a
Kondo adatom[34, 28]. This on-atom fit is not part of our theory, but only a means
of setting a reference point between on-atom density not accounted for in our theory
and the electron density anywhere more than 7 A away from an atom on the surface
which s accounted for properly in our theory. This fit in no way compromises our
fundamental result that the mirage is due to resonantly scattering electrons from the
Kondo atoms of the walls and focus. It is used only as a method to determine as
accurately as possible the phase shift of the Co on Cu(111). Determining the phase
shift this way from experimental data constitutes a measurement of the single Kondo

atom phase shift. We find a good fit to the s-wave phase shift to be

. —1,€— €
60(6) = 5bg + 26” + tan 1( F/Q ) s (46)

where 8y = 7 £ 75, 0" = %:I: i, ['=(94+1) meV and ¢y = Er -1 meV are determined

i
by experiment. Jy, is a background phase shift (possibly due to static charge screening

at the impurity) that controls the resonant line shape of the adatom scattering cross-

section. 0" is a measure of the inelasticity in adatom scattering and controls the

attenuation of the mirage at the empty focus. Tan_l(fr_/zo) reflects resonant scattering
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due to the presence of Kondo physics. A similar form of phase shift has been derived
by Ujsaghy et al. from a more microscopic point of view in [25]. The narrow spectral
peak near Fr leads to resonant scattering Fermi surface electrons and sets the scale
of the resonance in the phase shift. It is likely that both bulk and surface states are
participating in the Kondo effect at an adatom, but the STM signal is dominated by
the surface state Kondo effect in the regime of validity of our theory (> 7 A away
from adatom).

Applying the theory to elliptical corrals results in the images shown in
Fig. 4.1 and Fig. 4.2. The agreement with experiment is excellent. Our calculation
of the tunneling spectrum at the two foci is compared with experiment in Fig. 4.3.
Note that the signal at the unoccupied focus is attenuated by approximately a factor
of 8, both experimentally and theoretically. The calculated spectroscopy in Fig. 4.3
most clearly demonstrates that the Kondo mirage is due only to resonant scattering of
electrons from the Co adatom at the opposite focus, even though the electrons are also
resonantly scattering from the wall adatoms. (Calculations performed with 6 = ico
[2] instead of dy(€) for the wall atoms show the wall atoms’ Kondo resonances play no
essential role in the projection of the mirage to the empty focus. Experimentally the
same result is found when the wall Co adatoms are replaced by CO [3].) Only cer-
tain sized ellipses will give a good mirage effect-those which have large surface state
amplitude at the foci when the scattering problem is calculated—and this depends on
the relative size of the ellipse and Ar. Only then will there be appreciable surface

state electron amplitude at the focal adatom to give a Kondo effect in the surface
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Figure 4.1: Topograph standing wave patterns of a Kondo corral. Using the scat-
tering theory and phase shifts described in the text, these STM topograph images
were computed using exact Co adatom positions on Cu(111) at 4 K. The agreement
between theory (a, ¢ and e) and experiment (b, d and f) is remarkable. All the
experimental images have been symmetrized by adding the image to itself after being
reflected about its major axis. Topographic images were calculated by numerically
integrating the LDOS(7, €) over € for Er < ¢ < Er+ 10 mV. This corresponds to the
topographic images taken experimentally in b and d at a bias voltage of 10 mV. e is
the difference of a and c. fis the difference of b and d.
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Figure 4.2: dI/dV Standing wave patterns of a Kondo corral. Same theory vs. exper-
iment arrangement as in Fig. 4.1. dI/dV measurements were taken simultaneously
with topographic images at a 10 meV bias. Note that e and f resemble an eigenstate
of the ellipse. The ellipse was constructed to have large surface state amplitude at
the two foci.
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a  Left Focus: No Atom b Right Focus: Atom
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Figure 4.3: Tunneling into the focal atom and empty focus: The Mirage. Tunneling
spectroscopy is calculated (dashed lines) with the scattering theory and phase shift
given in the text at the empty focus a. Tunneling spectroscopy at the occupied
focus is shown in b. A constant background slope has been removed from both the
experimental data and the calculation. The attenuation of the mirage is determined
by inelasticity in the scattering of electrons at the walls of the ellipse. The theoretical
signal 5 A away from the empty focus in a is lost in the noise of the experiment.
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states of Cu(111). (The relative size of surface state amplitude at a given position
in the ellipse also explains why the projection of the Kondo mirage is insensitive to
whether the walls are Kondo (Co) or not (CO). Near the walls, this amplitude is
small in ellipses that have peaked amplitude at the foci.) Our theory predicts that
the Kondo mirage is not restricted to an ellipse or even a “closed” structure. Any
time one can construct an arrangement of adatoms or other defects that lead to a
build up of surface state electron amplitude at two locations within the electron’s
coherence length, a mirage can be projected.

In conclusion and returning to our original question of whether the mirage
reveals any information about local correlation, we conclude that it does not. There
is no explicit information about electron correlations in our theory, which gives re-
markable agreement with experiment in reproducing the Kondo mirage and standing
wave patterns in the elliptical corral. We are thus led to the conclusion that the mi-
rage at the empty focus of the elliptical corral is not a result of electron correlations
under the tip, but rather resonant scattering of electrons from the focal adatom and
scattering (resonantly or not) from the adatoms of the walls of the corral. Intuitively
this makes sense because the electrons tunneling out of the STM are unpolarized so
it is not possible for the STM to give any direct information about electron spin cor-
relations. The unpolarized STM only returns an average signal of spin up and spin

down electrons tunneling into the surface.



Chapter 4: Scattering Theory of Quantum Mirages 46

4.2 “Kondo Lattice” Mirages

To date, only a few controlled STM studies have been reported on impurity-
impurity interactions in Kondo systems. It was experimentally established by W.
Chen et al.[37] that the formation (using the STM as an atom mover) of Co dimers
on Au(111) leads to a loss of Kondo signal in the local density of states (LDOS) that
would be present for an isolated Co atom[10, 11, 3, 38]. Later, V. Madhavan et al.
experimentally found that the Kondo effect can persist at some (approximately 14%)
Co atoms on Au(111) up to nearly a monolayer of “clustered” coverage[35]. In this
section we apply the scattering theory of the previous section[12] to make contact
with recent STM experiments in which Co atoms were positioned (using the STM)
into a lattice on the Cu(111) surface[39]. The experiments of Ref. [39] were motivated
by the the possibility of observing “Kondo Lattice” physics in STM experiments. A
periodic array of Kondo atoms may lead to additional collective effects beyond the
single-impurity Kondo effect [40] with a variety of possible ground states depending
on the details of the system[41].

The lattices built by Manoharan et al. consisted of 18-36 Co atoms arranged
on the Cu(111) surface in a triangular or square lattice pattern with a vacancy left
in the center of the lattice[39]. They studied square lattice constants of 9.18, 12.7,
17.8, 25.1, 30.6 and 34.2 A and triangular lattice constants of 8.83, 10.2 and 13.5 A.
See Fig. 4.4. These lattice constants should be compared with the Fermi wavelength

of the surface state electrons of Cu(111) (29.5 A) since this is the scale on which the
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Figure 4.4: dI/dV map of triangular lattice of 36 Co atoms on Cu(111). The lattice
constant is A\p/2 ~15 A. The axis labels are plotting artifacts and have no physical
meaning.

spin polarization of the Fermi sea! should change sign[23].

The experiment is done by comparing the STM spectrum above a Co atom
of the lattice with the spectrum above a Co atom on an otherwise clean surface.
If there is a new energy scale associated with the lattice of Kondo atoms (there
is “Kondo Lattice” physics present) this should appear in the width of the zero
bias anomaly[11, 12]. The vacancy in the center of the Co lattice provides a crucial
“second window” into the physics of the lattice because the STM signal in the vacancy

may be compared directly with a recently developed scattering theory[12] for Co on

Tmplicit in their study is the assumption that the Kondo physics is dominated by the surface state
electrons rather than the bulk electrons. Recent experimental studies[38] suggest that this assumption is
probably not correct.
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Figure 4.5: dI/dV spectra in the vacancy of selected triangular lattices. Lattice
constants are given below each spectra. Energies are in units of meV and run from
-20 meV to 20 meV. y-axis is in arbitrary units. The line shape and width are the
important features. Parameters are the same as those used for the original “mirage”
experiments[12].
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9.18 Angstroms 12.7 Angstroms 17.8 Angstroms

Figure 4.6: dI/dV spectra in the vacancy of smaller square lattices. Lattice constants
are given below each spectra. Energies are in units of meV and run from -20 meV to 20
meV. y-axis is in arbitrary units. The line shape and width are the important features.
Parameters are the same as those used for the original “mirage” experiments[12].

Cu(111) below the Kondo temperature. See Fig. 4.5, Fig. 4.6 and Fig. 4.6. The
scattering theory assumes a single-impurity Kondo effect at each of the impurities. If
the scattering theory with single Co atom parameters predicts the right dI/dV curves
as well as the correct topographic images of the lattices then one can conclude the

STM has not detected any evidence of “Kondo Lattice” physics in the structures.
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Figure 4.7: dI/dV spectra in the vacancy of larger square lattices. Lattice constants
are given below each spectra. Axis same as above.

In the experiments both square and triangular lattices were built to allow for
possible frustration effects that could occur at a given lattice spacing in a triangular
lattice that would not be present in a square lattice of the same lattice constant. For
example, suppose that impurity (cobalt) spin-spin correlations were established in the
lattice that favored anti-alignment in nearest neighbors. In a square lattice, this could
be achieved. However, in a triangular lattice, this would lead to frustration and could
destroy collective lattice effects. The STM-built “Kondo Lattices” of Manoharan et
al. were thus studied in two complementary ways: Correlation effects we searched
for (i) on the top of Co atoms and (ii) in the central vacancy of the lattice as a
function of both impurity (cobalt) concentration and lattice symmetry (square or
triangular). The vacancy in the lattice allows for a possible “mirage” effect to be seen.
If the impurity-impurity interactions are appreciable, then as the surface density of
Co atoms increases from very low concentrations and drives the lattice toward a spin
glass phase, one would expect a suppression[41] of the Kondo temperature, Tk, which

would show up as a narrowing of the zero bias feature in the tunneling spectrum on
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top of a Co atom [28, 25, 29]. A change in the effective Kondo temperature of the
system would show up in both the on atom and vacancy spectrum. However, due to
limitations of our scattering theory[12] it can only be directly applied to the vacancy
of the lattice.

When we apply our scattering theory to the experiments of Ref. [39] we
find no signature of deviations from the single-impurity tunneling spectrum. This
means that the STM supplies no evidence for a correlated state across the lattice.
We speculate that this may be due to a relatively high density of electrons that can
screen the impurity (Co) atoms. In the surface state alone, the electron density is 1
e~ /160 A=2 so that one would expect to need a lattice constant at least as small as
~12 A?. Which is about the limit of how close the Co atoms can be placed without the
surface charge disturbances caused by the Co atoms overlapping each other. Although
the 12 A distance corresponds to the smaller lattice constants of Ref. [39], there are
still the electrons in the bulk states which keep the electron density high at the

impurity sites[38].

4.3 Related Work and Recent Developments

Recently there have been several important developments in the study of
quantum corrals, especially related to the recent mirage experiments. While our
scattering theory explains all of the observed features of quantum corrals, including

the mirage experiments, it is phenomenological. A full understanding of the surface

21t should be emphasized that Kondo Lattice physics is expected to occur in systems with a small number
of electrons per lattice site, typically order one[40, 41].
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state response to magnetic impurities requires more detailed studies of single impu-
rities: Experimentally with spin resolved STM and theoretically with first principle
and many-body calculations. It is necessary to go beyond the single-particle theory
to accurately calculate quantities such as spin-spin correlation functions of impurities
in quantum corrals or details of the Kondo effect itself. Some of these studies have

already been undertaken and we briefly describe them below.

4.3.1 Experimental

Since the mirage experiments, there have been few experimental studies spe-
cific to corrals reported, however, Kliewer and collaborators [4] have studied the effect
of the modification of surface state electron density by corrals on the spectroscopy
of Mn on Ag(111). Most STM studies have focused on the Kondo effect from the
impurities themselves. Chen et al. [37] reported the disappearance of the Kondo
resonance for Co dimers on Au(111). Jamneala et al. [42] carried out a systematic
study of 3-d elements on Au(111). Odom et al. [43] reported Kondo effect from Co
clusters adsorbed on single wall metallic nanotubes®. Madhavan et al. [35] studied
Co on Au(111) as a function of impurity coverage from isolated impurities up to one
monolayer. Nagoaka et al. [45] looked at the temperature dependence of the broad-
ening of the Kondo resonance of Ti on Ag(100). Schneider et al. [21] measured the
scattering phase shift from isolated Co atoms on Ag(111) and Knorr et al. [7] have

studied the role of surface and bulk state contributions to the Kondo effect for Co on

3The Kondo effect generated by a ferromagnetic cluster turns out to have several interesting and nontrivial
new features compared to a single impurity ([44]).
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Cu(100) and Cu(111).

4.3.2 Theoretical

On the theoretical side, much more work has focused on the quantum mirage
in corrals rather than on the single impurities. Agam and Schiller [46] and Porras
et al. [47] and Weissmann and Bonadeo [48] have also developed theories for the
quantum mirage based on a single-particle picture. More recently, Aligia [49] has
developed a many-body theory of the quantum mirage. Chiappe and Aligia [50] and
Correa et al. [51] have undertaken studies of the interaction between two magnetic
impurities in a quantum corral. A model of interactions between two impurities in
states confined to the surface of a sphere was studied by Hallberg et al. [52]. A recent
renormalization group study carried out by Cornagli and Balseiro [53] for Kondo
impurities in nanoscale systems also makes contact with the mirage experiments.

While there are now several theories addressing the physics of the mirage,
we feel the least addressed question is that of the relative role of surface and bulk
states in the formation of the Kondo effect at a single impurity. Many theories tend
to neglect the bulk states and treat the quantum corral as a confined 2-d system.
We believe theory should now move beyond this and include the role of both surface
states and bulk states in Kondo resonance. It remains clear, however, that the mirage
effect is dominated by a Kondo effect that involves the surface state electrons because

the phase shift, Eq. (4.6), demands it.



Chapter 5

Kondo Effect from Ferromagnetic

Nanoparticles

5.1 Introduction

Kondo physics[23] has seen a revival in recent years due to an exciting series
of new experiments on mesoscopic|54, 55, 56, 57] and nanoscale[10, 11, 42, 3, 58, 43, 59]
systems that has enabled a more thorough and controlled study of the basic prob-
lem of a local moment interacting with a sea of conduction electrons. It is now
possible, for example in quantum dots, to tune the Kondo temperature, Tk, with
externally applied gate voltages[54, 55, 56, 57, 58] or, with the scanning tunnel-
ing microscope (STM), to study the Kondo effect at single magnetic impurities on
metallic surfaces[10, 11, 42, 3]. The superb spatial resolution of the STM permits

unprecedented direct local spectroscopic detail of Kondo impurities.
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Recent low temperature(~ 4 K) STM experiments[43, 59] have probed the
spectroscopy of isolated nanometer and sub-nanometer ferromagnetic (Co) clusters
on metallic single walled carbon nanotubes'. The tunneling spectrum of these small
ferromagnetic clusters exhibited several interesting features—most notably Kondo ef-
fect in sub-nanometer diameter clusters and well resolved discrete level spacing in
nanometer size clusters. Both sub-nanometer and nanometer size clusters exhibited a
Coulomb charging gap in the spectrum near zero bias. The Kondo effect in the sub-
nanometer size clusters appeared in the spectrum as a Fano-like sharp peak? [25]with
a half-width ~ 15 meV (Tx ~ 80 K) at 4 K. This peak was not present at 100 K,
presumably due to thermal destruction of the Kondo resonance.

The goal of this paper is to present a theoretical framework to study the spin-
flip scattering of conduction electrons from finite size ferromagnetic clusters adsorbed
on metallic surfaces. In particular, we are interested in understanding some of the
size-dependent features observed in the tunneling spectrum. We focus on how the
Kondo Effect, the level spacing and the level widths depend on the size of the cluster.

Cluster ferromagnetism may be described by two alternate models: (i) In the
experiments of Odom et al.[43, 59] magnetism of the cluster is most likely itinerant

in nature as bulk Co is an itinerant band ferromagnet. The basic physics of itinerant

! As far as we are aware, no STM experiments on metallic nanotubes supported on metallic substrates
have shown evidence of Luttinger-Liquid effects in the tunneling spectrum, perhaps due to charge screening
by the substrate. We therefore neglect electron-electron interactions in our model of the nanotube conduction
electrons. (Transport measurements on ropes of SWNT supported on an insulating substrate have, however,
shown Luttinger-Liquid behavior: M. Bockrath et al., Nature, 397, 598 (1999).)

*In the experiments with magnetic atoms adsorbed on metallic surfaces like those described in Ref[10, 3]
a dip-like feature was typically observed rather than a peak. The dI/dV vs. V line shape depends sensitively
on the details of the impurity—conduction electron coupling and STM tip location. For a discussion see: M.
Plihal and J.W. Gadzuk, Phys. Rev. B 63 085404 (2001); A. Schiller and S. Hershfield, Phys. Rev. B 61,
9036(2000) and Ref.[25].
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clusters is captured in the model of Refs.[60, 61] (see Sec. 5.2). (ii) In some other
cases, however, including the case of many semiconducting ferromagnets [62] and rare
earth materials, ferromagnetism is better described in terms of local moments that
couple ferromagnetically or antiferromagnetically to the cluster conduction electrons
(holes). This motivated us to introduce another exactly solvable model, where d-
electrons produce highly localized magnetic moments. While the excitation spectrum
of the two models turns out to be very similar, the way they couple to the metallic
substrate is rather different. The most appropriate model to use in a given physical
situation depends on the material that composes the nanoparticle and whether it
is more appropriate to think of the magnetism of the particle as due to localized
moments or itinerant electrons that, although free to move about, are nevertheless
polarized strongly enough to give a net spin to the cluster.

We make several assumptions during our computations: We assume the clus-
ters to have between, say, eight and forty atoms and that they are large enough that
bulk properties, such as the magnetization per atom, are not changed substantially
due to their finite size. Furthermore, we assume that the single particle states on
the island are of extended character, and therefore the single particle level spacing
decreases as ~ 1/N4 with an increasing number of cluster atoms, N4. We also assume
that the ferromagnetic spin splitting A, of the extended states on the island is much
larger than the single particle level spacing and is approximately independent of the
size of the cluster. Thus the total spin of the cluster is rather large and is roughly

proportional to ~ N4 > 1.
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Depending on the strength of the electron tunneling between the metal and
the cluster we may distinguish two regimes: weak and strong. For weak tunneling
we derive an effective Kondo Hamiltonian in second order perturbation theory in
the tunneling. In this regime we find that at very low energy scales the cluster
behaves most similarly to a quantum dot with a single unpaired electron. However,
ferromagnetic interactions induce a large spin on the cluster and at the same time
reduce the value of the effective exchange coupling between the spin of the cluster
and the electrons in the metal.

The sign of the exchange coupling depends on the specific details of the band
structure on the nanoparticle. For a Co cluster, in particular, the itinerant model
gives a tendency for antiferromagnetic coupling, and possibly produces a Kondo effect.
However, the Kondo temperature T, decreases very fast with increasing cluster sizes,
and therefore the Kondo effect can be observed only for very small clusters.

The effective couplings we obtain, J°F, turn out to be in general M x M
matrices describing spin-flip scattering among the M conduction band orbital modes
that couple to the cluster (M=4 for metallic nanotubes[63]). Therefore we expect
that a series of Kondo effects takes place at Kondo temperatures corresponding to
the antiferromagnetic eigenvalues of J*f. The total spin of the impurity, Sy gets
successively screened at each Kondo temperature as the temperature is lowered:
Sr — Sy —1/2 — Sp —1... . For a nanotube this compensation can never be
complete[26] for any spin greater than 2 since there are only four channels available

for screening[63]. The degeneracy of the remaining unscreened spin will ultimately
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be lifted by magnetic anisotropy induced by spin-orbit coupling[64, 65, 66].

To make closer contact with the experiments of Odom et al.[43, 59] we
compute the STM tunneling spectrum using the itinerant model. The simultaneous
observation of the Coulomb gap and the discrete levels, whose widths almost equal the
level spacing, suggest that the clusters investigated are in the intermediate tunneling
regime. Nevertheless, carrying out perturbative calculations in the weak tunneling
limit, we are able to reproduce the essential features of the STM spectrum above the
the Coulomb charging energy. We find that small fluctuations in the charging energies
can give rise to very asymmetrical STM spectra.

From the STM spectra of the clusters at higher voltages, we can crudely
estimate the Kondo temperature, Tk, of a small Co cluster of the size that exhibited
a Kondo effect in Ref. [43, 59]. However, our estimates tend to give a Tk that is too
small. We find that typical mesoscopic fluctuations in the charging energies of a ferro-
magnetic cluster can considerably increase the Kondo temperature, however, they do
not account for the difference between our theoretical estimates and the experimen-
tally observed T [43, 59]. Nevertheless, the fact that some small Co clusters exhibit
Kondo effect while others do not, indicates that these mesoscopic fluctuations may
indeed play an important role in determining T: Since Tk depends exponentially on
Jf relatively small changes in the latter can induce large variations of Tk.

This paper is organized as follows. In Sec. 5.2 we introduce the itinerant
model of nanoscale ferromagnets. In Sec. 5.3 we study the spin-flip scattering of

conduction electrons from an itinerant cluster using second order perturbation theory
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in the cluster-substrate tunneling, and we derive a general expression for the matrix
of Kondo couplings, J*. In Sec. 5.4 we make contact to the experiments of Odom et
al.[43, 59] by calculating in a simple approximation the STM tunneling spectrum of
a ferromagnetic Co cluster on a metallic substrate in the limit of weak tunneling. In
Sec. 5.5 we introduce a new local moment model for ferromagnetism and show how to
compute the effective interaction Jf in this case. In Sec. 5.6 we discuss in detail the
connection between our work and recent experiments. Finally, in Sec. 5.7 we present

our conclusions.

5.2 Itinerant Ferromagnetic Cluster Model

An itinerant mean field model of a magnetic nanoparticle was first proposed
by Canali and MacDonald[60] and later extended by Kleff et al.[61] to explain the
dense spectrum in tunneling measurements of nanometer size Co particles[67, 68].

The basic Hamiltonian is

& — 1
Hcluster - Zejcjgcja -

J,o

(N —ny)? (5.1)

where c;'-a (¢js) creates (destroys) an electron with spin o at the j* energy level of
the cluster with kinetic energy ¢; (See Fig. 5.1). The first term in Eq. (5.1) represents
the kinetic energy of the hybridized s, p and d-band electrons. The parameter U > 0
is the effective ferromagnetic exchange interaction on the cluster, N4 is the number

of atoms that constitute the cluster, and

1 o
S = z 5 Z C;[ao'aa’cja’ (52)

J T o
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(A) (B) (©)

~

(N, Sp) (N, Sy+1) (N, Sp—=1)

Figure 5.1: Spin excitations of a ferromagnetic nanoparticle. For the precise definition
of €a/r, 041, and A, see text. Fig. A: The fully porarized ground state. Figs. B and
C: Lowest lying particle-hole excitations having energy ~ d4/z.

is the total spin of the cluster. The second term in Eq. (5.1) corresponds to ferromag-
netic exchange on the cluster: It gives rise to a spontaneous polarization of the cluster
by making spin alignment of different levels energetically favorable. Finally the last
term describes the charging of the cluster with F- the Coulomb charging energy,
N = > j Mjo the total number of electrons on the cluster, and n, a dimensionless
gate voltage that determines the number of electrons in the ground state3.
Throughout this paper we are neglecting fluctuations in the level spacing.
In a real nanoparticle, the level spacing between the j and j + 1** energy level can
be written as §; = (d,) +n;, where (4,) is the level spacing corresponding to the bulk

energy-dependent density of states, (9;) ~ 1/0(¢;), and n; ((n;)=0) is a fluctuating

3In a semiconductor quantum dots[54, 56] and nanotube quantum dots[58] n, can be tuned by a variable
external gate voltage, thereby controlling the equilibrium number of electrons on the dot (cluster). For a
ferromagnetic cluster adsorbed on a metallic surface, ng is set by the chemistry of the cluster-metal interface
and can not be freely changed in an experiment.
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part due to shape irregularities in the nanoparticle. In this paper we take n; = 0,
corresponding to an infinitely strong level repulsion.

The advantage of this model is that S*, S? and n; are conserved quantities
and therefore the Hamiltonian in Eq. (5.1) can be diagonalized exactly. In the more
general situation a magnetic anisotropy term should be added to the Hamiltonian.
Nevertheless, for the experimentally investigated clusters this anisotropy is estimated
to be much less then the width of the Kondo resonance observed, and therefore it can
be neglected?.

The ground state can be explicitly constructed:[61]

nT 'I’li
S0, 5% = Soyoy = [ ¢l+ I ¢l vac) (5.3)
7j=1 7j=1

with Sp and NV the spin and particle number in the ground state. The remaining states
within the ground state multiplet may be explicitly constructed using the lowering

operator:

06 = J st S ) IS0 S0 (5.4

In itinerant ferromagnets there is an approximate rigid band splitting be-
tween spin up and spin down electron density of states[69]. Throughout this paper,
we will assume that our clusters are large enough that the band splitting energy, Aq,
is well approximated by the bulk value of the specific material we are considering. In

our model A; can be defined as the energy difference between the highest occupied

“The itinerant model presented has a (250 + 1)-fold degeneracy. In a real ferromagnetic cluster there
will be anisotropy which, in the simplest case, will appear as a uniaxial anistropy[61]. For Co, the anistropy
energy can be estimated to be of the order[61] .01-.1 meV = .1-1.0 K which is safely below the experimental
temperature range of 4-100 K[43] so we ignore it.
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spin up level, €4, and the highest occupied spin down level, €;:

Ay =€4 — €1,

and from band structure calculations it is known to be typically of the order of a few
electron volts[69] (see Fig. 5.1). It can be determined by demanding that the ground
state of the ferromagnetic cluster be stable to fluctuations of energy level occupations

with constant particle number, and is related to the interaction parameter U as[60]

N
U="2A,+dy, (5.5)
So

where dy is a small quantity that scales as 1/N4, while the first term is roughly
independent of the cluster size, since Sy ~ N,4. Using Eq. (5.5), one can estimate the
energy cost of a particle-hole excitation (see Fig. 5.1B,C). This turns out to be of the

order of the level spacing (x 1/N4) (and not the exchange splitting Ay):

5E(SO + 1, N) = min{Eexcited(So + ]_, N) — Eg} ~ 6A, 51 , (56)

where Eg denotes the ground state energy, and d4 (d;) is the level spacing near e,
(€r). If U is large enough to fully polarize the cluster, the energy scales outlined above
may change®.

The minimum cost of adding a particle or a hole to the cluster can be defined
as,

§E:, =min{E(N £1,5 + 0/2) — Eg}, (5.7)

®This definition is only appropriate for a partially polarized conduction band. If U is large enough to
fully polarize the bands a more appropriate definition could be the energy difference of the highest occupied
spin up level and that of the lowest empty spin down level. In this case the particle-hole excitation energy
can clearly be substantially larger than the single particle level spacing and be of the order of the band
splitting.
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where the minimum is over all possible excited states. To determine 6 E , we consider

processes like those in Fig. 5.2. These energies can be estimated as

SE s ~é+ EL+ <6A—%]€—°Ado—§§—:> : (5.8)
0B, ~e+ Ef + <61+%§—2d0+%§—;> , (5.9)
SE_s=~é+ Eg — (%]‘\gf—ido + g%ﬂs) , (5.10)
0E_ | ~ e+ E; + (%Ji—idwr%?—:) , (5.11)

where the corrections scale as O(1/N3%), and EZ denote the charging energies
in the limit of vanishing ferromagnetic coupling and an infinitely dense single particle
spectrum:

E% = EC(% + (N —n,)) . (5.12)

The parameter € = (€4 +€7)/2 in Eq. (5.8) can be absorbed into the definition of ng,
and we will set it to zero in what follows.

The last terms in Egs. (5.8-5.11), proportional to A,/Sp, are specific to
the mean field model discussed here and have little physical meaning. Their effect
can be fully taken into account by renormalizing the ‘chemical potential’ € and the
mesoscopic parameter dy, and they therefore do not modify our results.

Using a stability analysis similar to the previous one it is a trivial matter to
show that typically

5E:|:’J ~ Ec/2 . (513)

For later purposes it is also useful to have excitation energies of particles

and holes added to any level defined, (5Ei,o.(N +1,S0+0/2). For example, increasing
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Figure 5.2: Charging excitations of a ferromagnetic particle. Circles indicate particles
added to (removed from) the ground state. Fig. A (B): Lowest energy state for adding
a majority (minority) electron to the cluster. Fig. C (D): Lowest energy state for
adding a majority (minority) hole to the cluster.



Chapter 5: Kondo Effect from Ferromagnetic Nanoparticles 64

the total spin by adding an electron to the j** unoccupied level rather than the one

immediately above €4 gives,
0F’ . =¢j— (€a+0a)+6E ;. (5.14)
Removing an electron from level j below €; so that the total spin increases gives
SE! . =e¢;—€;+0E_. (5.15)

It is important to point out that in our model all effects of mesoscopic
fluctuations have been put into the quantities E¢, dy and ny. All other quantities
of the itinerant model are specified by the bulk band structure and the number of

atoms, N4, in a given nanocluster.

5.3 Weak Tunneling between a Ferromagnetic Cluster and a

Metal

5.3.1 General Expression

A finite size ferromagnetic cluster can scatter electrons between different
orbital channels in the substrate and flip their spin while doing so. If the spin-orbit
coupling is sufficiently weak then SU(2) symmetry in the spin sector implies that the
low-energy effective interaction between the cluster spin and the electrons takes the

form (apart from a potential scattering term):

~ 1 o .
HIe(f(f)ndo = 5 Z JHS - aLkaaaa’ Qug’ o (516)
k.k'
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where J* is a Hermitian matrix of spin-flip exchange couplings among the various
orbital channels, indexed by p and v. (In a one-dimensional system, such as a carbon
nanotube, u labels left-going and right-going modes of different symmetries. In an
isotropic two or three dimensional host p labels angular momenta about the cluster.)
The total spin of the cluster is S and the aL,m (aukqe) are creation (annihilation)
operators for conduction electrons of the metal in orbital channel u, wavenumber &

and spin a. A finite size cluster in an isotropic host will generally scatter electrons

among all orbital channels, but in practice J*” can be truncated to include a finite

L

py where L is the size

number of channels, the largest angular momentum being [ ~
of the cluster and A is the Fermi wavelength of the conduction electrons.

In the limit of weak tunneling, J#*” can be calculated in second order pertur-
bation theory in the tunneling. The Hamiltonian we consider is H = Hy+V, where

v 2 2 . t . . .
Hy = Hmetal + Heauster and where Hipetal = 22,k o €k g Ok 18 the Hamiltonian of

the free conduction electrons of the metal and

V= > (Vuj’kc}gaukg + h.c.), (5.17)
u,a-,j,k
where
. Np — N
VIR =3 Vel (Ba) ik (Rn) (5.18)
n=1

and NN, is the number of points of electrical contact between the cluster and the
metal. The wj(ﬁn) are the wave functions of the j levels on the cluster at the
points of contact R, and the %L,k(én) are the wave functions of the metal at R,.
The tunneling amplitude V;, can be estimated with a knowledge of the wave functions

near the cluster-metal contact points and the work functions of the cluster and the
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metal.

We can determine J*” by equating

A Vil
(gl = 3 LR, (519

n

where [i) = [So, S*)X|v, ki,0) and |f) = [So, S* )|, ks, 0') denote the initial and
final states with energies E; and Ef, respectively, and |n) stands for all possible
intermediate states with energy F,, Hy|n) = E,|n). Here |v, k, o) denotes the Fermi
sea with an additional electron in the vth channel with momentum £ and spin o.
The easiest way to determine J*¥ is to focus on purely spin-flip process
to which potential scattering does not contribute, and choose S* = Sy,0 =] and
S# = Sy — 1,0’ =t, giving (f|HE 4li) = 1v/25,J*. The RHS of Eq. (5.19) is
evaluated by summing over both states with an extra particle and states with an
extra hole in the intermediate state (See Fig. 5.3). After a rather straightforward

computation we find that J*” is given by the sum of three contributions:
J = J8 TR+ g (5.20)

The couplings J4” and J* describe the contributions from tunneling processes in-

volving doubly occupied and empty single particle levels:

1 e 1 1
JH _ V],kf VJJ% —_ 5.21
d So+1/2j§ n v (SE,,T—}-GI—GJ' 5E,,¢+A3+61—€j ( )
1 ok 1 1
JH _ V],kf V]:ki — ,
€ SO+1/2J.>ZA s v <5E+,T_€A+1+€j (5E+,¢+A5—6A+1+6j>

(5.22)

and the incoming and outgoing electrons were put at the Fermi energy. Since A, >

dE, , both contributions are ferromagnetic, i.e., all eigenvalues of Jj” + J* are
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Figure 5.3: Kondo scattering from a ferromagnetic cluster. Figs. A and C: Time
ordered diagrams in second order perturbation generating the single particle con-
tribution Eq. (5.23) to the effective exchange J#”. Continuous lines represent the
incoming and outgoing electrons while dashed lines denote the intermediate excited
state of the nanoparticle. In A an electron in state |v,k,]> hops on the cluster
onto level 57 and another electron leaves the cluster from level j with outgoing state
|, k', +>. In C first an electron hops out from level j into state |u, k', 7> and then
the incoming electron hops onto level j. Level occupation changes are shown in D.
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negative. To see this let us first neglect the k-dependence of the Vuj”“’s. Then the
matrices J& (a = e, d) can be expressed as a sum: J/ = 3. P/". Each of these
terms is obviously negative semidefinite, i.e. for any vector a* the product a;Pj“”a,,
is negative or zero. As a consequence, J* and J}" are also negative semidefinite, i.e.,
in a diagonal basis all their eigenvalues are negative or zero. This simple proof can
readily be extended for k-dependent Vuj’k’s.

The physical reason that the doubly occupied and empty single particle
states give rise to a ferromagnetic contribution to J*” is that in the intermediate state
in second order perturbation theory an electron (hole) that hops onto the island with
spin parallel to that of the cluster has smaller energy than than an electron (hole)
with opposite spin orientation, due to the ferromagnetic exchange on the cluster.
Therefore an electron (hole) on the substrate with spin parallel to that of the cluster
can lower its kinetic energy more efficiently through hopping to the empty (doubly
occupied) states. This is reflected by the smaller energy denominator in Egs. (5.21)
and (5.22).

Singly occupied levels, on the other hand, give an antiferromagnetic contri-

bution to J#":

1 & e 1 1
Jéw - VJ,kf Vlf:ki( —+ >, 5.23
So j;—l g OB —ernt+e OB | +ea—g (>23)

with J# having only non-negative eigenvalues®. This is a result of the Pauli principle,
because only electrons (holes) in states with spin antiparallel to that of the cluster

may hop onto singly occupied levels in second order perturbation theory, and thereby

SAn alternative proof was given independently for the special case of a 2 x 2 J** in Ref. [70].
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reduce their kinetic energy.

Egs. (5.21), (5.22), and (5.23) constitute one of the central results of the
paper. They describe how J#” depends on the density of states of the singly occupied
levels on the cluster, the excitation energies to the N £ 1 manifold of states and the
tunneling amplitudes to the various levels of the cluster.

In general, there is a competition among the three terms of Eq. (5.20), and
thus the sign of eigenvalues of J*” depends on the specific structure of the single
particle density of states on the cluster, and other mesoscopic parameters such as
dE. ;. In the absence of ferromagnetic interactions on the cluster, U = 0, however,
the ferromagnetic contributions J* and J}” identically vanish, and the effective in-
teraction is always antiferromagnetic, provided there is an odd number of electrons
on the cluster.

The itinerant model has been used independently in Ref. [70] to describe
spin S = 1 metallic nanoclusters with similar results. In that case the ferromagnetic
interaction is weak, U < 4, the island is far from a ferromagnetic unstability, and
the S =1 ground state of the island results rather from two single particle states of
the island having energies accidentally closer than U < §. Then the ferromagnetic
contribution of the doubly occupied and unoccupied levels is usually negligible, and
the effective exchange interaction is dominated by the antiferromagnetic contributions
of the singly occupied levels[70].

The off-diagonal elements of J*” are a sum of random numbers since the

©; (R,)¢ur(R,) of Eq. (5.18) have random phase for different j and z1’s. Therefore the
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: : Vo 1 (6a,1)
size of the off-diagonal elements of J*” will be down by a factor of ~ / 350 ~\/ 2—:
compared to the diagonal ones with 4 = v, and the matrix J* will be dominated by

the diagonal elements if the number of scattering channels M is much less than 25j.

5.3.2 Weak Tunneling at a Single Point of Contact

It is instructive and also useful to specialize the results of Sec. 5.3A to
the important case of a ferromagnetic cluster that makes contact with a metallic
substrate in only a single point. Then we can choose a basis where J*” consists of
a single non-zero element as all but one conduction channel will decouple from the
cluster (that is, a linear combination of the host orbital modes can be found such
that only one orbital mode in the new basis has non-zero amplitude at the impurity
location). With the origin taken as the single point of contact, Vlf’k of Eq. (5.18)

reduces to V; = V7(0)9,(0). Eq. (5.23), e.g., then becomes

J —ZW"'Z ! + ! (5.24)
5 J So 5E+,¢—€I+1+€j 5E_,¢+€A—6j ’ ’

In the limit A;,0E;, > 6 Egs. (5.22), (5.21), and (5.23) can be approximately
evaluated by assuming that the tunneling matrix amplitudes do not vary too much

from level to level, and replacing the sums by integrals. For J;, e.g., we obtain:

Vil e 1 1
Js ~ SO /0 dé-Q(CI +€) <6E_|_,¢ + 5 + 5E—,,|, + As _ f) ) (525)

with g(e) the single particle density of states on the cluster, and (|V;|?); the average
hybridization strength. The ferromagnetic couplings J; and J. can be expressed by

similar integrals. For Sy > 1/2 these integrals can be combined in a straightforward
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1

calculation where the integrand 3Bz, 1¢

is separated into the two regions £ > 0E, ,
and ¢ < 0F., and then approximated in each region. We obtain the following

estimate for the effective exchange coupling valid when 6E , > ¢:

B S () ()] o

This simple expression is one of the central results of this work. Eq. (5.26) describes
the dependence of J% on the particular details of the density of states of an itinerant
ferromagnetic nanocluster. The first term involves a principal value integral (denoted
by P) over energy and clearly shows that whenever e; < & < €4 the contribution to J&
is antiferromagnetic; otherwise it is ferromagnetic, i.e. electron and hole excitations
in the singly occupied states give rise to an antiferromagnetic coupling while electron
(hole) excitations of the empty (doubly occupied) states give rise to a ferromagnetic
contribution. The last two terms of Eq. (5.26) are mesoscopic fluctuations that depend
on the specific charging energies of the nanocluster and the density of states at the
top of the minority and majority bands. Other mesoscopic fluctuations come from
variations in the tunneling matrix elements and in the level spacing, which are ignored
in our model. These mesoscopic corrections become more pronounced for smaller
cluster sizes and lead to strong fluctuations around Je%.

For Co, the single particle density of states has a maximum within the
spin-polarized part of the spectrum, ¢; < £ < €y4, resulting in a J* that tends to
be antiferromagnetic. Numerical evaluation of Eq. (5.26) using the actual density
of states for Cobalt [69] shows that the ferromagnetic contributions to J& from .Jy

and J, reduce the dominant antiferromagnetic contribution from J; by roughly 50-
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60 percent. Fluctuations of dEy , in small clusters by a factor of 2 can lead to
sample to sample fluctuations of ~10% in J°f for Co. This ultimately leads to large
fluctuations in the Kondo temperature, Tk, from cluster to cluster, since J*¥ appears
in the exponent of the expression for 7T'k.

Eq. (5.26) also describes how J°I scales with cluster size. From the nor-

malization of the cluster wave functions we find (|V;])? ~ Assuming that the

L
magnetization of the cluster per atom is determined by microscopic mechanisms and
thus U ~ A, does not depend on the cluster size, both Sy o N4 and o o< N4. This
results in a fast decrease of J°T with increasing cluster size (spin), J*" o< 5 o 5-, and
therefore an exponentially suppressed Tx. Note that this suppression in Tk depends
only on the level structure of the ferromagnetic nanocluster, not on any interference
effects which may come from several points of contact[71].

It is useful at this point to mention what would happen if U < 6; 4 and
we had an odd number of electrons on the cluster. There is then only one singly
occupied level on the cluster, the sums in Egs. (5.21) and (5.22) vanish, and the

sum in Eq. (5.23) reduces to just two terms. As a result, for the spin 1/2 cluster,

Jf% x “—};('/%)2 o8 El__a with a > 0 since E¢ o« 1/N§. Thus, for sufficiently large Ny,
J°f for the ferromagnetic cluster (U > 47, 4) will scale to zero faster with N4 than for
the non-magnetic cluster. In Sec. 5.4.2 and in the conclusions, we will comment on
what this means for the scaling of the Kondo temperature with the number of atoms

in such a cluster.
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5.3.3 Weak Tunneling at Several Points of Contact

For tunneling at several points of contact we again turn to Egs. (5.20-5.23).
In this case, J* is necessarily a matrix reflecting the scattering of electrons in more
than one orbital channel. As Eq. (5.18) shows, there will be significant random
fluctuations in the matrix elements J* from the o;(R,) as cluster size is changed.
For N, points of contact there are a maximum of N, orbital channels that will be
scattered. However, if N, is large, the number of orbital channels that are scattered
may be much smaller. The largest angular momentum (orbital) channel scattered
being [ ~ %, the matrix J* is approximately of size ~ 2 x [2 for a cluster in bulk or
~ [ x [ for a cluster in contact with a two-dimensional electron gas. For a nanotube
at most 4 orbital channels can scatter low energy electrons[63].

As we discussed earlier in this case, in principle at least, one may observe a
series of Kondo effects. The cluster displays an under-screened Kondo effect, where
the spin of the impurity is large and several channels with different coupling constants
try to screen it. The channel with the largest coupling to the impurity screens half a
spin first and ceases to interact with the impurity. Then the channel with the largest
coupling from the remaining channels screens half a spin and so on. In practice,
however, the various Kondo temperatures are exponentially separated, and the very
small Kondo temperatures are likely to be much smaller then the spin-anisotropy
energy of the cluster. Therefore in a realistic situation one can only observe one, or

possibly two Kondo effects|72].
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5.4 STM Tunneling Spectra and Kondo Effect

5.4.1 STM Tunneling Spectra of Ferromagnetic Clusters

In the simplest model of STM spectra the tip is treated as a point source of
electrons and the resulting signal is proportional to the local density of states (LDOS)
at the tunneling position 7,[73]

-
dav

7.V) & LDOS(F,w = V') = —%Im[GR(F, w=eV). (5.27)
Here G®(F,w) is the retarded Green’s function of the substrate below the tip, and V
is the voltage difference between the STM tip and the substrate. Below we consider
only tunneling directly into the cluster, ignoring any Fano-type interference effects’
[25].

Let us first focus on the high-energy part of the spectrum at w > Tk, where
the Kondo-type strong correlations are negligible. Using standard manipulations we

can express the retarded Green’s function as

G~ 5 T (t6lomm)

BB

(G5 (7)E) (

1
(w— (£~ Eg)) — MR(w)

1 "o (7
w+ (B~ Eq)) - MR<w>>EE, " ""”'@) ’
(5.28)

) (B (7)|G)

where now |F) denotes excited states of the system in the absence of tunneling, i.e.

|E) is a direct product of the excited states of the isolated cluster and the excited

"In the experiments with magnetic atoms adsorbed on metallic surfaces like those described in Ref[10, 3]
a dip-like feature was typically observed rather than a peak. The dI/dV vs. V line shape depends sensitively
on the details of the impurity—conduction electron coupling and STM tip location. For a discussion see: M.
Plihal and J.W. Gadzuk, Phys. Rev. B 63 085404/1 (2001); A. Schiller and S. Hershfield, Phys. Rev. B
61, 9036(2000) and Ref.[25].
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states of the isolated substrate and E = 6 F. The operator ¢f(7) (¢(7)) creates
(annihilates) an electron at position 7 on the cluster. We average over the ground
state multiplet |G) with degeneracy Ng = 2S;+1, and M % is the generalized retarded
self-energy matrix.

Assuming that T = 2wy 3, |VJ|? < min{6E. , 64,67}, we can do pertur-
bation theory in the tunneling. In this case the ground state |G) can be approximated
in leading order by the product of the independent ground states of the cluster and
the metal, and the summation over the excited states |E) turns into a sum over the
states |E’ia) defined in Sec. 5.2 (see Fig. 5.2). With these assumptions the retarded

self-energy M*%(w) is approximately diagonal in E and E’

M*®(w)pg ~ real part —idgpm Y 6(w — E,)|(n|V]E)?, (5.29)

where summation is carried out over all possible intermediate states |n) and V is
given by Eq. (5.17). The real part of the self-energy produces only a slight shift of
the levels, and it can be neglected. The imaginary part, on the other hand, describes
the broadening of the spectrum.

Within these approximations the STM spectrum can be expressed as:

IS o, @) Ly
av < 2 1 S E 2y

(5.30)

where Fft,(, is the total decay rate of the excited state with excitation energy 5Ei’0.
Eq.(5.30) assumes that no two states of the cluster in the same spin sector
are closer to each other than I'y. Otherwise they may produce Fano-type resonances

due to the interference between electrons (or holes) that tunnel through these states.
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For our mean field models with maximum level repulsion, however, this condition
is always satisfied if 'y < d7,04. Also, if the ground-state energy difference for the
cluster with N and N 4 1 electrons on it (or with spin Sy and Sy & 1) is too small
compared to Iy the initial state will not have a definite electron number (or spin) and
our computation breaks down.

For (5Ei’a > 04,7 we find that the decay rate Fji’o. is typically larger than the
single particle tunneling rate ~ F%. This can be understood as follows: Assuming that
the STM-cluster voltage is already large enough to overcome the Coulomb blockade,
an energy ~ E¢/2 is transfered to the cluster as an electron or hole hops onto the clus-
ter from the STM tip. The extra charge carrier then tunnels into the leads. However,
for 5Ei,g > 04,1 the island can be left behind in a state that contains electron-hole
excitations. Assuming for the sake of simplicity that I =T, is independent of the
single particle state index j we obtain the result that the width of a given level is
proportional to the number of ways it can decay: Pi,g ~ (gg’cib’,”)Po, where Ncﬁgf;;”’ 1s

the number of island states with N electrons whose energy E(N) — Eg < (5Ei,a and

which are accessible by the addition (or subtraction) of just one electron from the

N(jaiao—)

state corresponding to (5Ei,(,. There is no simple expression for the N+ "’s; they
depend sensitively on the level j, Ny, Ec and the fluctuating mesoscopic parameters
dy and ng, and we have to determine them for each set of parameters and each level
separately.

Within the mean field model we are using and to leading order in the tun-

neling V the number of decay channels of the state with energy Ei,o. does not depend
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(A) (B)

[Sp+1/2, N+ 1) Sy +1/2, N = 1)

Figure 5.4: The dashed lines represent possible decay channels for the states
|E4+)(N + 1 electrons) and |[E_4) (N — 1 electrons) to lower energy states with
N electrons. In an actual decay, only one of processes indicated by the dashed lines
would occur.

on j. This is an artifact of the mean field approximation: In higher orders of the
tunneling (virtual tunneling processes) or in the presence of electron-electron inter-
actions on the island (which may also change level occupations) excited states with
larger energies generally have a larger decay amplitude. Examples of decay processes
for a given excited state are shown in Fig. 5.4.

According to Eq. (5.30), the weakly coupled cluster spectrum is simply a
series of Lorentzian peaks centered at the particle and hole addition energies deter-
mined by Eq. (5.1), Eq. (5.5) and the actual band structure of Co [69] with a weight

modulated by a random amplitude |¢;(7)[*>. In our calculation (See Fig. 5.5) of the
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Figure 5.5: Calculated STM spectra of nanometer-size ferromagnetic clusters with
parameters Ny = 32, B/, = .01eV, E; = .08eV, 'y = .02eV, and = 0 at 4 K (see
main text). We took I} = 27|V;|?0p ~ Ty, independent of j, and |p(7)|*> = const in
Eq. (5.30). In Fig. A we set dy = .07eV while in Fig. B dy = —.05eV. The difference
between the two cases demonstrates the sensitivity to mesoscopic parameters.
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STM tunneling conductance we ignore (i) the amplitude modulation, (ii) fluctuations
in the level spacing of the cluster beyond that given by band structure calculations[69]
(as we discussed in Sec. 5.2) and (iii) fluctuations in the hybridization I'} & T'y. These
effects could be included with some effort, but they would not be expected to change
our conclusions.

In principle, contributions from phonon scattering or electron-electron in-
teractions also contribute to the relaxation rate Fi’g; however, in the experiments
of Ref. [43, 59] these can probably be neglected with respect to the single particle
relaxation channel considered here.

To compute the tunneling spectrum of an actual cluster with N4 atoms we
generated a discrete set of levels ¢; with a level spacing corresponding to the single
particle density of states in Co[69]. As discussed above, the non-uniform density of
states is important to obtain a predominantly antiferromagnetic coupling, but is also
important to obtain a stable ground state with a partially polarized band. The STM
spectrum for low bias voltages is governed by the level structure near €4 and e; since
these are the only states probed in an STM measurement at low voltage bias. The
majority and minority level spacing at these energies can be estimated from band
structure calculations as 04=5.55 eV/Ny, 6;=1.43 eV/N4 and Sy = 0.855N4[69].
For Co, A; = €4 — €7 = 2€eV.

For the sake of simplicity we set € = (¢; + €4)/2 = 0 in our computations,
effectively absorbing it into n,. This corresponds to a specific choice of contact

potential between the lead and the cluster, and does not influence the overall features
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of the spectrum.

Eq. (5.30) assumes the cluster is in its ground state before the electron from
the STM tunnels into it. Thus, in the numerical calculation it is important to ensure
that the parameters of the model give a ground state with definite Sy and N. Using
Eq. (5.1) and Eq. (5.5) and keeping track of the 1/N, corrections which are all put
into dy, one can derive the conditions for stability of the ground state, which we
assume to have Ny ~ 1.71 N, singly occupied levels. By considering the fluctuations
in the ground state spin shown in Fig. 5.1B and C one can show that to guarantee

stability, dq must satisfy the conditions:

NA NA As

For Co this simplifies to —1.675- < do < 3.21 555

1% . .. .
NI Similar conditions can easily

be derived for the quantities E} and E; by considering fluctuations to the N + 1
manifold of states like those in Fig. 5.2 and requiring dE, , > 0. For our model
applied to Co we obtain E} > —1.0% and E; > 2.48%.

A calculation of the tunneling spectrum of a ferromagnetic cluster with
N4 = 32 atoms and a corresponding spin Sy = 27 is shown in Fig. 5.5. For the
computations we used the parameters Ef = .01eV, E; = .08¢V and 'y = .02eV in
both figures. Then once d is given all the (5Ei,a are determined via relations similar
to Eq. (5.8). The quantity Né{;ﬁ;;’) is computed numerically. In Fig. 5.5A dy = .07eV,
and the ground state is close to being unstable against the lowest lying state within

the (IV, Sy + 1) subspace, while in Fig. 5.5B dy = —0.05 eV, and the ground state is

close to the lowest lying state within the (IV, Sy — 1) subspace.
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In the spectrum in Fig. 5.5A there is a series of sharp peaks at negative bias
(electrons are removed from the cluster) while the spectrum at positive bias (electrons
are added to the cluster) is rather smooth. These features correspond very well with
asymmetrical features seen in some spectra of Ref. [43, 59]. On the other hand, the
lower spectra of Fig. 5.5B has less contrast between positive and negative biases. The

only parameter that has been changed between the two spectra is dy of Eq. (5.5).

N(jviao—)

Different values of dy lead to different values of the number of decay channels Ner,s

for positive and negative bias, and hence lead to different widths of the peaks in
dI/dV. This calculation shows how mesoscopic fluctuations may make a significant
qualitative difference in the spectra of two clusters with the same Ny, E¢ and ng.
For real clusters mesoscopic fluctuations in F¢ and ny are also expected for fixed N4
and these will also lead to qualitative changes in the spectra.

A careful comparison of our calculated spectra corresponding to the first
few charging peaks with the experimental spectra shows that at voltage biases up to
~ +FE¢ our calculations are in agreement with experiment, however at larger biases,
eV> E¢ (when two additional electrons (or holes) could be added to the cluster at
the same time), the experimental spectra show additional structure, not present in
our calculations, presumably due to many-body and/or non-equilibrium excitations
left out of our simple model.

As we will see in the next section, for the cluster size of Fig. 5.5 the esti-
mated Kondo temperature is significantly below the experimental temperature, and

no Kondo peak appears at zero bias.
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5.4.2 Estimating the Kondo Temperature

It is obvious that Eq. (5.30) does not include Kondo correlations and there-
fore does not produce a Kondo peak in the spectrum. However, it is generally true
that when the Kondo effect is present, it produces a peak of width ~ Tx at the Fermi
level with relative weight ~ % due to the approximate unitary scattering, provided
the temperature is less than Ty, T < Tk[23, 30].

In order to estimate Tk and its dependence on cluster size, we will use the
results of Sec. 5.3.2 for a cluster contacting the substrate in only a single point of
contact. There are several reasons why we believe this may be a reasonable assump-
tion to make for Co nanoclusters on metallic nanotubes.[43, 59] First of all, the ratio
of broadening I of energy levels on the cluster compared to their separation ~ d4  is
experimentally found to be almost independent of the cluster size. Since 04 ~ 1/Ny4
and ' ~ Np/N4 (Np is the number of points of contact), this indicates that the
number of effective tunneling points is approximately constant for the clusters inves-
tigated in the measurements®. In fact, since the diameter of the clusters (.5-1 nm) of
Odom et al. [43, 59] are comparable to the diameter of a nanotube there is appreciable
curvature at the cluster-nanotube interface, and it is quite possible that the cluster
touches the surface of the nanotube only at a few points. Since the tunneling ampli-
tude is exponentially sensitive to the tunneling distance, it is also possible that only

one or two of these points dominates the conductance between the cluster and the

8Using the experimentally observed level widths of the Co clusters on nanotubes[43] and the density of
states of a metallic nanotube[63] we estimate the bare hopping element (overlap integral) in a tight binding
model from an atom of the nanotube to the nearest Co cluster atom to be ~3-4 eV. This is comparable to
the overlap integral of the nearest neighbor C-C overlap integral in nanotubes: 2.5 eV[63]
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nanotube, resulting effectively in a coupling in the form of a single point of contact.
The standard expression for the Kondo temperature in the Kondo model is
given by[23]

Tx = DyJJef gge= /70 (5.32)

where D is the bandwidth of the conduction electrons of the metallic host and g is
the density of states of the host at the impurity site. For a ferromagnetic cluster,
however, this formula is incorrect, since the Kondo Hamiltonian provides an appro-
priate description of the cluster dynamics only below the characteristic energy of
inelastic excitations, Eineg = min{FE¢,d4,r}. As shown for example in the two-level
system model,[74] above this energy scale fluctuations to various excited states destroy
the coherent spin processes leading to the Kondo effect, and in the renormalization
group approach in the regime above Ej, the Kondo coupling remains unrenormal-
ized. Therefore, for a single point of contact we estimate the Kondo temperature

as
Tk ~ min{Ec, 64}/ JF goe /7" 0, (5.33)

where we replaced the bandwidth D of the conduction electrons by the energy gap
for inelastic processes on the cluster, D — min{E¢,d4,}. Eq. (5.33) is only of log-
arithmic accuracy. In general, Tx contains an overall prefactor that incorporates
corrections from higher excited states as well as possible mesoscopic fluctuation ef-
fects. This prefactor is usually of the order of unity, however in some cases it can be
quite large and considerably increase the Kondo temperature[75].

In principle, the quantities E¢ and 64,; can be obtained directly from the
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STM spectra, and J% gy can also be related to the spectra via the width of the energy

levels of the cluster. Recalling T} = 27|V7|?p, we can write

ff ) g L0 ©  Ase(§)dg 0By, 0B, 4
w= g P e g (g retcam (222 0

where we have used Eq. (5.26) and taken [V7|?2 — (]V;|?). Recall that g(e) oc Na.

As is evident from Eq. (5.30), the actual level width of cluster excited states
observed in experiment is IV = NdecayF%, where Ngecay is the number of energetically
allowed decays for a particular excited state in the N + 1 manifold as described
in Sec. 5.4A. According to our model STM spectra calculations (Sec. 5.4A) (which
computes Nc(if;’cfg,a) numerically) Ngecay is typically 1-3 for clusters with 7-30 atoms.
As the most favorable case for obtaining an experimentally consistent Tk, we take
Ngecay=1 1n our estimates.

To obtain an estimate of the Kondo temperature for Co atoms adsorbed on
nanotubes we used the experimental data of Ref. [43, 59]. For a cluster experimentally
estimated to have N4 = 8 atoms, the value I' ~ 0.24eV and Es ~ .36eV can be
directly determined from the experimental STM spectrum of cluster. Unfortunately,
the level spacing 6; 4 cannot be determined directly from the STM spectra for these
small clusters, but can we estimate them by rescaling the level spacing measured at
larger clusters, giving 67 ~ 0.24 eV.

Assuming that the spin splitting takes its bulk value, Ay ~ 2eV we can
then estimate Tk using Egs. (5.34) and (5.33). We numerically evaluated both the

integral in Eq. (5.26) as well as the discrete sums in Eqgs. (5.21-5.23) using the actual

Co density of states[69] (assuming a single point of electrical contact). Neglecting the
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mesoscopic fluctuations in 6E, ,, the integral and the discrete sum were found to be
within 10% of each other for N4y =8, 16 and 32. The Kondo temperature estimated
this way for Ny = 8, Tk ~ 0.16 K turned out to be about a factor 500 smaller than
the experimentally observed Kondo temperature, 75" ~ 80 K. (We obtain a value
of J*fpy = .12 for Ny =8. This would need to be increased by a factor of ~ 2.5 to
reach agreement with experiment.) Mesoscopic fluctuations of E, , may increase (or
decrease) J°T by ~ 10%. Furthermore, our integrals (and sums) were evaluated with
the assumption that Vj is independent of energy. This is not strictly true and will
lead to additional fluctuations in J*f. These mesoscopic fluctuation effects typically
change the value of J°T altogether by 10 — 15%. It seems unlikely such fluctuations
could bring the theoretical estimate of Tk into the experimentally observed range.
Thus, there is a discrepancy between experiment and theory. There may be several
explanations for this disagreement that we discuss in detail in Sec. 5.6 of the paper.

Eq. (5.34), on the other hand, is in qualitative agreement with the experi-
ments in that it predicts an extremely rapid decrease of Tk with increasing cluster
size. Since for a single point of contact 'y ~ 1/Ny4, So ~ Ny, and o(§) ~ Ny, the

dimensionless exchange coupling scales as JTgy ~ 1/N,4. We also verified numeri-

1

~~ of Eq. (5.26) is maintained for the discreet sum in
A

cally that the scaling J*f o
Egs. (5.22-5.23).
Note that if one were to assume multiple contacts between the cluster and

substrate, while keeping the decay rate fixed, then one would obtain smaller values

for the typical tunneling matrix element VL{”“ and, hence, a lower Kondo temperature.
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As we found in Sec. 5.3.2, the dimensionless coupling constant for a non-
magnetic cluster, Jf%go ~ 1/N3™, so that the Kondo temperature is suppressed less
rapidly with increasing N4. In this sense, the large spin of a ferromagnetic cluster

does not “help” the Kondo effect in anyway.

5.5 Local Moment Clusters

5.5.1 Local moment mean field model

In many magnetic materials it is more appropriate to think of a localized d-
or f-level (as in the Anderson Model) than to think of strongly hybridized s, p and d
bands. These local moments may couple to each-other ferromagnetically and produce
ferromagnetism.

For small enough magnetic clusters with large enough Curie temperature, at
low enough temperature the local moments form a large and rigid ferromagnetic spin,
Sa, that couples to the extended states (a ‘conduction band’) of s- and p-character.

The simplest Hamiltonian that one can conceive to describe this situation reads

R J 5 4 Eq -
Hcluster = Z jS;[gcja + N—ASC : Sd + TC(N - ng)Q’ (535)
J,o

with S, and S, the total spin of the extended states and the local moments, respec-
tively. A justification of Eq. (5.35) is given in Appendix C. Similar to the itinerant
model, the first term describes the kinetic energy of the extended electron states, and
the third term accounts for the finite charging energy of the cluster. The second term

of Eq. (5.35) describes the exchange interaction between the local moments and the
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extended states and tends to polarize the latter. We assume in what follows that
the total spin of the conduction electrons is much smaller than that of the localized
electrons. The exchange J is typically antiferromagnetic, J > 0, and the conduction
electrons are polarized opposite to d-electrons|76].

The local moment model has Sr, S% (the total spin and its z-component),
{n;}, Sa, and S, as conserved quantum numbers, and can thus be diagonalized exactly.

The ground state is given by

|St, S;)fgvc,sd = > (S.,Sq; 8%, S%|Sp, S2Y|S., Sa; SZ, S2VY | (5.36)
52,8557 +55=5%

where |S,, Sq; 57, SZ)N = |S4, S%)|S,, SZ)N and Sr = Sy — S, if J > 0. The state

|S;, Sc)¥ can be computed from Eq. (5.3) with S, replacing Sy everywhere, and

|S,, SZ)N is computed from Eq. (5.4) with S, replacing Sy and S? replacing S?.
Stability of the ground state implies the relation

Ny
T= Gy + O/N). (5.37)

where A, is now the band splitting of the conduction band.

Considering the type of particle-hole excitations shown in Fig. 5.1 and using
Eq. (5.37), one finds that the excitation spectrum is very similar to that of the itin-
erant model. In particular, we find that for charge fluctuations 6E, , ~ E¢/2, and

spin fluctuations have a gap ~ d4,9;.

5.5.2 Computation of the exchange coupling

The coupling constants J# of the local moment model depend on the sign

of the exchange coupling, J, of Eq. (5.35). Let us first focus on the case J > 0 and
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Syq > S.. For the local moment model, (f|HE . |i) = %\/2STJ“”. To evaluate the
RHS of Eq. (5.19) we must again evaluate contributions from the conduction electron

states with double, single and no occupation:
J = Jw o gy e (5.38)

For the sake of simplicity, let us consider the contribution of singly occupied levels,
J# . Various matrix elements of the type } " (Sr + 1/2, Sy — 1/2\c}¢|ST, Sty arise
in course of the evaluation of J#, and in contrast to the itinerant cluster model, the
intermediate states of the local moment model (with J > 0 and S; > S.) have an
increase in total spin on the cluster in this case. To evaluate ;-V“(ST +1/2,Sr —
1/2|c}¢|ST, S)™ we first expand |Sr, St)§, 5, and |Sp +1/2, S — 1/2}?;11/27& using

Eq. (5.36) to obtain

NSy +1/2, 87 — 1/2|cl,|Sp, Sr) =
Se
Z <Sc, Sdu Scza ST - Scz‘ST, ST)
S¢=—Se

<Sc — 1/2, Sd; Sg — 1/2,ST— S§|ST+ 1/2, ST — 1/2>

NS, —1/2,87 - 1/2\c;¢\sc,5§)N. (5.39)

What remains to be computed in Eq. (5.39) is the matrix element Y +'(S, —1/2, 57 —
1/2\0L|Sc, SZ)N. To determine this, we use the states of Eq. (5.4) with S, replacing Sj.
The overlap is computed by first directly evaluating ;V“ (S.—1/2,8.— 1/2|C}L¢|SC, Sy

and then applying the Wigner-Eckhart Theorem for general S?. This yields ;V TS, —

1/2,87—1/2|c},|S., S2)N = \/%5£%. This can then be substituted into Eq. 5.39 which
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finally gives

e+ 172,50 — /21 7,501
Se Se + 57

= 2 25,

Sz=—5,

(Se—1/2,84 5% —1/2, 87 — S?|Sp +1/2,57, —1/2) . (5.40)

<Sca Sd7 SCZ, ST - S§|ST7 ST)

The results of the evaluation of all the matrix elements on the right hand side of
Eq. (5.19) for the local moment model as well as the expression equivalent to Eq. (5.20)
are somewhat lengthy so we relegated them to Appendix D. We evaluated them
numerically for St = Sy — S, (antiferromagnetic J and S; > S.) and found that the
single particle contribution to the final exchange coupling differs in an overall sign
from the itinerant model result of Sec. 5.3, and it is ferromagnetic. On the other
hand, if J is ferromagnetic, then S = Sy + S, and the matrix elements above agree
in sign with those of Sec. 5.3.

This can qualitatively be understood as follows: Suppose the total spin, Sr,
of the cluster points upward. Then by assumption S; > S, the spin of the d-levels, Sy,
also points up. If the internal interaction, J, between S; and S, is antiferromagnetic,
delocalized electrons of the cluster with spin down will partially screen the local spin,
Sg4, so that the singly occupied states tend to have have spin down. A substrate
conduction electron that hops on a singly occupied state must have, therefore, spin
up that is parallel to the total spin, resulting in a ferromagnetic contribution to the
effective interaction between the total cluster spin and the substrate. On the other
hand, due to the antiferromagnetic interaction with the local spin, hopping to empty

states with spin down have an energy smaller than those with spin up (parallel to
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the total spin), and give rise to an antiferromagnetic contribution to the effective
interaction between the cluster spin and the substrate. The case J < 0 can be
understood along the same lines.

Similar to the itinerant case, the signs of J4* and J* are always opposite
to that of .J v regardless of the sign of .J. Therefore, there is in general a competition
between these terms, and the sign of the final coupling depends on specific band
structure features.

For an antiferromagnetic coupling, J > 0, in the limit where A;, Ec > 4,
and S., Sy, St > 1 we can obtain the following simple estimate for a single point of
contact, analogous to Eq. (5.34):

7~ R p [7 SO (G )+ st (5574 ) |
St oo (E—€1)(€a — &) SE_ | SE_ 4
(5.41)

The sign of the effective coupling depends on the sign of S, — S; (here given for
S. — Sq < 0). For completeness, we also give the expression for J < 0, which does
not depend on the relative size of S, and Sy (note changes in mesoscopic fluctuations

and overall sign):

S [ (3 (2]

(5.42)

These expressions are particularly interesting: However large the constituent spins
(S, Sg) of the cluster are, the cluster may still have a large effective coupling Jef if
the coupling J between S, and S, is antiferromagnetic (J > 0) and the total spin

is sufficiently small. In most cases S, < Sy, therefore JF is ferromagnetic and no
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Kondo effect develops. For S, > Sy, however, J°T changes sign (still assuming J > 0)
and becomes antiferromagnetic. In this case a Kondo effect occurs with an effective
coupling proportional to ~ 1/Sr.

It should be pointed out that the results described above are valid only in
the weak tunneling limit. In the strong tunneling limit, the relative signs of J* and
J are switched. For example, when the “internal” interaction J > 0 and the cluster is
in the strong tunneling regime one cannot distinguish the cluster wave functions from
those of the host. Thus, the J would have the same sign as J. Therefore we expect
in this case Jog to change sign as one gradually increases the tunneling between the
cluster and the substrate. We have not studied in detail how this transition would

occur.

5.6 Discussion

This work grew out of an effort to better understand the experiments of
Odom et al.[43, 59] in which Kondo effect was observed at low temperatures ~5 K
for sub-nanometer Co particles adsorbed on metallic carbon nanotubes. Our model
correctly predicts a Kondo temperature that decreases quickly with increasing cluster
size, however our numerical estimates of Tk tend to be too small by a factor of ~500
for a cluster with N4=S8.

There may be several explanations for our low estimate of T.
(a) Mesoscopic fluctuations in Eq. (5.26) can eventually increase the effective Kondo

coupling and thus bring Tk close to its experimental value. However, since the sign
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of the mesoscopic fluctuations is random, this interpretation would appear to contra-
dict the experiments in which a significant fraction of small Co clusters produced a
Kondo effect. In addition to fluctuations in the various charging energies, the tun-
neling parameters V; and the level positions ¢; also fluctuate from cluster to cluster.
These additional fluctuations were neglected in Eq. (5.26), since their contributions
decrease with increasing cluster size. For small clusters, however, they may produce
important additional fluctuations in Je%.

(b) It appears furthermore that the experiments were performed close to the mixed
valence regime as the width of the levels is comparable to the Coulomb charging gap.
The effective Kondo Hamiltonian we derived in second order perturbation theory may
not adequately predict Tk in that case. In general, approaching the mixed valence
regime the Kondo temperature becomes larger than expected by the naive Kondo
model calculation, the Coulomb gap shrinks, and the Kondo resonance gradually
merges with the high-energy part of the spectrum.

(c) It could be possible that some of the Co atoms in the cluster are not strongly
attached to the others, and in the STM spectrum one observes the signal of these
individual atoms. This explanation is, however, very unlikely in our opinion, because
the Co atoms show a very strong tendency to cluster formation, and moreover the
Kondo resonance is observed rather uniformly over the surface of clusters which are
supported on nanotubes.

(d) In our analysis, we assumed that the anisotropy energy is smaller than the Kondo

temperature, and therefore neglected it. However, it is conceivable that very small
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clusters have a considerably larger anisotropy than our estimates based on exper-
iments on large clusters[67, 68]. According to the STM measurements,[43, 59] Co
clusters in the nanotube experiments tend to have 'pancake-shape’ and the relative
position of the Co atoms is probably strongly modified with respect to the bulk due to
the presence of the substrate. Although the value of spin-orbit interaction on Cobalt
is not particularly large, it is still possible, that the highly anisotropic shape of the
cluster and the deformed bonds generate an anisotropy, that is larger or comparable to
the observed Kondo temperature, T ~ 7T0K. The effect of anisotropy on the behav-
ior of the grain is rather complex, and we shall discuss it in a subsequent publication
[77]. We would like to mention, however, two important results that may be relevant
to the experiments. Large spin anisotropy is usually unfavorable to the Kondo effect:
In most cases it leads to an Ising-like behavior with exponentially suppressed effective
Kondo couplings, and gives rise to a dramatic decrease of Tx. However, for very small
grains with a half-integer total spin and an almost perfect planar anisotropy, it can
result in an effective strongly anisotropic Kondo coupling that is considerably larger
than the couplings in Eq. (5.34). We find that for the smallest grains in Ref. [43, 59]
strong planar anisotropy could give rise to a Tk in the experimental range.

(e) Another possible source of error is our assumption that the calculated bulk density
of states can be used for a small cluster. If the peak in the density of singly occupied
states is shifted significantly from the energy value shown in Ref. [69], the value of
J°T might be increased. It is also possible that many-body corrections, omitted from

our mean field model, could increase the value of J*f sufficiently to account for the



Chapter 5: Kondo Effect from Ferromagnetic Nanoparticles 94

discrepancy with the experimental T'k.

It is interesting to compare the results for ferromagnetic Co clusters with
nonmagnetic Ag clusters studied on single wall metallic nanotubes[43, 59]. The Ag
clusters showed no Coulomb gap or discrete level spacing in the STM spectrum.
This suggests that the Ag clusters were not in the weak tunneling regime where
valence fluctuations can be ignored, and where an effective Kondo Hamiltonian can
be derived for a particle with an odd number of electrons. (Indeed, if the coupling to
the substrate is sufficiently large, the mean number electrons on the cluster may be
far from an integer, and the distinction between even and odd becomes meaningless.)
Our analysis suggests that a Kondo effect can occur for a particle of a non-magnetic
metal, with odd electron number, if the coupling to the nanotube is in an appropriate
intermediate regime.

It is also interesting to compare the results for Co particles on nanotubes
with measurements of several Co particles on a highly-oriented pyrolytic graphite
(HOPG) sheet reported in Ref. [43, 59]. The STM measurements did not show appar-
ent single particle levels in the latter case. Assuming that the coupling to a nanotube
and graphite were not too different, this could be explained by a higher density of
states on the HOPG surface[78]. (Recall that for 1 nm Co clusters on nanotubes,
the level broadening was roughly equal to the level spacing. Thus the levels may be
broadened beyond resolution on the HOPG surface.) The STM measurements typ-
ically show a minimum in the dI/dV spectrum near zero bias, when tunneling into

the Co cluster on HOPG, but the width of the feature is relatively large. When fit to
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a Fano formula for a Kondo resonance, the authors of Ref. [43, 59] obtained values
of Tx of order 700 K even for clusters as large as 1 nm in diameter. Since it was
not possible to raise the temperature enough to observe a temperature effect on the
tunneling feature, however, supporting evidence for existence of a Kondo effect could
not be obtained from this source. We note that STM measurements for tunneling
directly into the HOPG substrate also show a mininum at zero bias.

Differences in the coupling of Co clusters to a nanotube or graphite surface
may also play a role in the observed spectral differences. Theoretical and experimental
studies of STM images of graphite surfaces have indicated that there is an asymmetry
in the local density of states at nearest neighbor atoms[79, 80]. This difference may
also play a role in the interpretation of the spectra of Co on HOPG. Finally, it is
possible that the matrix element for coupling between the cluster and the nanotube

is reduced relative to the coupling to graphite due to the curvature of the nanotube.

5.7 Conclusions

In this paper we have studied electron scattering from ferromagnetic clusters
on a metallic substrate. We studied two cluster models. The first model describes
itinerant ferromagnetism [60] and is probably appropriate for the description of exper-
iments such as those of Odom et al.[43, 59] on Co clusters. We also proposed another
solvable cluster model, where spins on the d-levels are treated as localized entities.
This latter model may be more appropriate for nanoscale rare earth ferromagnets

or semiconducting ferromagnets such as GaMnAs, though in both cases spin-orbit
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interaction plays an important role and leads to strong spin-anisotropy effects.

We derived a general expression for the Kondo couplings J* for both fer-
romagnetic cluster models. The sign of the obtained coupling depends in both mod-
els on the details of the band structure. For the itinerant model, virtual tunneling
onto the singly occupied levels on the cluster induces an antiferromagnetic exchange
interaction, while doubly occupied and unoccupied levels generate a ferromagnetic
contribution to the exchange coupling.

We have shown that for Co clusters the itinerant model leads to dominantly
antiferromagnetic coupling between the cluster spin and the conduction electron spins.
However, fluctuations to doubly occupied and empty states give a large ferromagnetic
contribution to the exchange coupling that reduce it to roughly half its original value,
and thus cannot be neglected. (As we discussed in Sec. 5.3, for the non-ferromagnetic
spin S = 1 islands studied in Ref. [70] these ferromagnetic contributions are small.)

The exchange coupling J#” involves various scattering channels. Therefore,
in principle, the cluster could produce a series of Kondo effects where the spin of the
cluster is gradually screened[72].

It is important to emphasize that in the regime of weak electron tunneling
between the metallic substrate and the cluster, ferromagnetism has no special role
in producing the Kondo effect as we have emphasized in Sec. 5.4.2. In fact, our cal-
culation shows that ferromagnetism tends to suppress the Kondo temperature with
increasing N4 more so than for the case of a non-ferromagnetic cluster. Besides the

“strength” of the ferromagnetism, U,the Kondo scale is also affected by the den-
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sity of states on the cluster and finite charging energy, as well as the cluster-metal
conductance.

The weak tunneling analysis we performed is only appropriate if the con-
ductance between the cluster and the metal lead is smaller than the quantum con-
ductance. Increasing the number of tunneling points leads to an increase in the
cluster-metal conductance. Once this conductance becomes larger than the quantum
conductance, the effective charging energy is renormalized to a value close to zero,
and a perturbative computation in V breaks down. In this regime extended states
on the cluster are strongly hybridized with those in the metal, and can be viewed as
part of the extended states in the metal.

In the regime of strong electron tunneling between the substrate and clus-
ter, it is not clear whether the itinerant model is able to produce a Kondo effect. On
the other hand, our local moment cluster model gives a natural description of the
strong tunneling regime. In the local moment model the localized d-electron spins
can be viewed as a magnetic cluster embedded in the metallic host. This model has
been analyzed in detail in Ref. [71]. In our local moment model, antiferromagnetic
exchange (J > 0 in Eq. (5.35)) between the local moments and the conduction elec-
trons produces a Kondo effect in the strong tunneling regime, though, the Kondo
temperature decreases very fast with increasing cluster size. We have also argued
that within the local moment model, the effective coupling between the electrons in
the substrate and the cluster spin must change sign as one gradually increases the

tunneling between the cluster and the substrate.
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Both the itinerant and local moment calculations show that the Kondo cou-
pling is ¢nversely proportional to the total spin St of a ferromagnetic cluster, which in
turn, is proportional to the size of the cluster’. The Kondo effect is due to quantum
fluctuations of the cluster spin, and these are suppressed as 1/St for large ferromag-
netic clusters. Thus Tk goes to zero erponentially with increasing cluster size.

To make stronger contact with the experiments of Ref. [43, 59] on Co clusters
on a carbon nanotube, we also calculated the STM spectra of a ferromagnetic cluster
as described in Sec. 5.4A. We found that mesoscopic fluctuations in the charging
energies may give rise to interesting qualitative changes and asymmetries in the STM
spectrum. It is possible, for example, that the positively and negatively charged states
of the cluster have very different decay rates and therefore the positive (negative)
voltage side of the spectrum shows discrete levels while the negative (positive) voltage
side displays a continuum spectrum.

We can use the model parameters extracted from the high energy part of the
STM spectra to make an estimate of Tx and predict how it scales with cluster size.
Our results agree with the experiments in that they produce a rapid decrease of Tk
thereby rendering the Kondo effect impossible to observe in larger clusters. However,
the Kondo temperature we find is already too small by a factor of ~ 500 compared
to the Tk observed for a small cluster of ~ 8 atoms. In Sec. 5.6 we have enumerated
a number of effects which might raise Tk relative to the predictions of our simple
model which may be a possible explanation for the discrepancy between theory and

experiment. We remark that by neglecting the ferromagnetic contributions to the

9We assumed that the magnetization per atom on the cluster is independent of the size of the cluster.
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exchange coupling one would obtain a Tk that is larger by a factor of ~ 103. Thus
the ferromagnetic contributions to the effective coupling are essential and cannot be
neglected.

Many open questions remain regarding the physics of small ferromagnetic
clusters. Among them are: (i) Accurate estimates of the net spin of 5-50 atom clusters
supported on a substrate. (ii) Magnetic anistropy energies in clusters this size. (iii)
The nature of non-equilibrium and other many body effects. We believe that the STM
is a crucial tool for gathering cluster-specific data for ferromagnetic nanoparticles and
will undoubtedly reveal even more intriguing physics of these tiny systems in the years

to come.



Chapter 6

Introduction to the Diluted
Magnetic Semiconductor

6.1 Brief Review of Central Experimental Results

Semiconductors have been the subject of intense research for decades due
to their technological uses in electronic devices. Recently there has been a surge of
interest in diluted magnetic semiconductors[81] (DMS)' because of their potential use
in spin-based computation[83, 84] or “spintronic” devices. In particular, Ga;_,Mn, As
has been shown to be ferromagnetic (at least for 0.03 < z < 0.07, at sufficiently low

temperatures) and to have a bulk Curie temperature as high as T, ~ 110 K[62].

'Diluted refers to the fact that in materials like Gaj_,Mn,As, a ITI-V semiconductor, the magnetic ions
(Mn) only occupy a fraction of the available lattice sites. Earlier diluted magnetic semiconductor compounds
were often based on II-VI materials such as CdTe and ZnSe. See Ref. [82] for reviews.

100
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Diluted ferromagnetic semiconductors are very difficult materials to produce
because magnetic ions (such as Mn) are often insoluble in the semiconducting host.
The breakthrough in fabrication has been the ability in recent years to grow such ma-
terials by molecular beam epitaxy[85]. The technique involves nonequilibrium growth
conditions. The properties of GaMnAs, such as the magnetization and Curie tem-
perature, depend on the details of the annealing protocol[86]. In order to obtain the
highest possible Curie temperature and magnetization, there is an optimal annealing
time and temperature[87]. For Ga;_,Mn,As with z ~ 0.05 the optimal anneal is
about 2 hours at 250° C. (The sample itself is grown near or at 250° C; the relatively
low temperature is required to prevent the Mn from diffusing out of Ga lattice sites.)

Creating diluted magnetic semiconductors from a III-V semiconductor like
GaAs has has a number of advantages over the older II-VI compounds?. Namely,
GaAs is already used in many common electronic and optoelectronic devices (such
as cellular phones (microwave transistors) and compact disks (semiconductor lasers)
to name a couple) so there is potential to use the magnetism of a material like
Gaj;_Mn, As in already existing devices, or at least with minimal modification.

In Ga;_,Mn,As the Mn ions are believed to be in the Mn2* configuration
corresponding to a half-filled d shell with spin S = 5/2 [89, 90, 91]. When Mn
substitutes for a group III element like Ga, it gives a hole to the lattice. So both
magnetism and doping are achieved at once. The doping, it turns out, is necessary for
the ferromagnetism of Ga;_,Mn,As. When Mn is substituted into a II-VI material,

no doping occurs, and those materials are often antiferromagnetic. Where these

For a condensed summary of early experimental data on Gai_,Mn,As see Ref. [88].
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doped holes go in Ga;_;Mn;As has become a subject of interest®. Several recent
experiments[92, 93, 94| suggest the formation of an impurity band in the material at
low (z < 0.03) concentrations of Mn, but at higher concentrations the impurity band
must merge with the valance band.

The hole concentration of Ga;_,Mn, As is typically determined by Hall mea-
surements, but lack of saturation of the magnetization in fields as high as 27 Tesla[95]
have complicated its determination. Recent electrochemical capacitance-voltage pro-
filing measurements have indicated that the actual hole concentration may be a factor
of 5 or so larger than determined by Hall measurements[96]. The hole concentration
is crucial to determine because many quantities depend sensitively on its value, as
we will show in the next two chapters. In our calculations to follow, we typically
assume a hole fraction of f = 0.1 — 0.3. Holes trapped at As antisite defects (As
substituted for Ga) and Mn interstitials are generally thought to be responsible for
the compensation. As of the writing of this thesis, it has become increasingly appar-
ent that the details of different types of defects (interstitial Mn, Mn;j, As antisites,
Asga, antiferromagnetically ordered pairs, Mn; — Mng,, etc.) in the material play an
important role in the physics[97, 98, 87, 99]. Understanding the effect of these defects
on the basic physics is a very active area of research.

Related to the issue of hole states are the two experimentally observed
T=0 transitions as a function of z: (1) A metal-insulator transition and (2) a ferro-

magnetic to paramagnetic phase transition. Both of these transitions occur around

3Also how many holes there are is of interest. Depending on how the hole concentration is measured
there may be as much as 90% compensation. (For every 100 Mn there are only 10-30 holes given to the
lattice.)
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x = 0.03, but it appears that ferromagnetism sets in (as a function of z) before metal-
lic behavior[92, 93, 94]. Which side of the metal-insulator transition one is interested

in determines the best theoretical approach to use to study the material.

6.2 Theoretical Approaches to Ga;_,Mn, As

There are two physically important limits to understand, the dilute (insu-
lating) and the metallic limit. In this thesis, the dilute limit corresponds to x = 0.01
and transport is characterized by hopping conduction and an impurity band. The
metallic limit corresponds to x &~ 0.05 and the sample behaves for the most part as a
metal (there is a Fermi sea of nearly free charge carriers) indicating that transport is
dominated by the valence band. From the point of view of the theorist, the important
difference between the two limits is the Hamiltonian one takes as the starting point.
Typically in the dilute limit, some type of atomic-like or tight-binding approach is
used while in the metallic limit a partially filled valence band (a Fermi sea) is taken as
a starting point. Each approach has some advantages and some drawbacks. Below we
emphasize the important features of each. Meanfield and Monte Carlo calculations

are a staple for both limits.

6.2.1 Dilute Limit

In the dilute limit (z & 0.01) a reasonable starting point is to assume an

atomic-like description for the holes[100] (doped in by the Mn)*. The hole wavefunc-

“For a review of this approach see R. N. Bhatt et al., J. Superconductivity INM 15, 71 (2002).
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tions tend to be concentrated around the Mn ions because they are oppositely charged
(at least for substitutional Mn which carry a -1 charge). Conduction is dominated
by holes hopping from Mn to Mn. When the Mn concentration (and hence the hole
concentration) becomes sufficiently large, there is appreciable overlap between the
wavefunction tails of the holes centered on different Mn sites and an impurity band
forms[101]. In this limit, then, the positional disorder of the substitutional Mn im-
purities is very important and affects many observable quantities, such as the Curie
temperature, the shape and magnitude of the magnetization curve, the resistivity and
the spin-wave spectrum[102]. While the interstitial Mn are thought not to participate
in the magnetism, they are believed to be very important in clustering substitutional
Mn during growth and therefore correlating the disorder[99]. In the dilute limit,
the charged centers (Mn and other defects) are not well screened (compared to the
metallic limit) and play an important role in the physics as well.

In chapter 7 we discuss our approach to the dilute limit which includes for the
first time the effects of spin-orbit coupling in the hydrogenic-like states of a hole about
a Mn impurity. This leads to a d-wave component of the wavefunction of a bound
hole around a Mn ion and results in direction-dependent hopping parameters of an
effective Hamiltonian that we derive. We show by means of a mean-field calculation
that this direction-dependent hopping, coupled with positional disorder in the Mn
ion locations produces a strong anisotropy in the magnetization. We also calculate
the density of states and find a well-formed impurity band and a Fermi energy that

sits at the mobility edge for reasonable sample parameters.
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6.2.2 Metallic Limit

By contrast, in the metallic limit (z &~ 0.05) many of the holes are in the
valence band and behave essentially as free particles’. The screening of the charged
Mn and other defects is much more effective and can sometimes be neglected. One
approach to take is to neglect disorder altogether by coarse graining the ions[103] into
an effective field. Much progress can be made this way and many of the results are
quite general (because they do not depend on disorder). However, it turns out that
many features of the data require that the disorder be properly taken into account
and nearly all current research on GaMnAs takes this point of view.

In chapter 8 we present results from our study of the metallic limit in which
we keep the disorder in the system but assume the holes are free and reside in the va-
lence band. As in chapter 7 we keep the effects of spin-orbit coupling in the GaAs host
band structure and calculate the interaction kernel between two Mn ions a distance
R away from each other within the Baldereschi-Lipari spherical approximation. We
use the fact that the holes behave as spin-3/2 objects rather than the usual spin-1/2
objects familiar for metals. Using this kernel, we carry out a Monte Carlo study of
the magnetization, susceptibility, Curie temperature and distribution of angles the
individual Mn ion spins make with the net magnetization direction. We study how

these quantities depend on Mn positional disorder and hole fraction, f.

SFor a review of this approach see J. Konig et al. in Electronic Structure and Magnetism of Complex
Materials, edited by D.J. Singh and D.A. Papaconstantopoulos (Springer Verlag 2002).



Chapter 7

Effective Hamiltonian for

Gaj_,Mng;As in the Dilute Limit

7.1 The Effective Hamiltonian

In this chapter we focus on one of the most studied magnetic semiconductors,
Gaj_,Mn,As, with a maximum bulk Curie temperature Te ~ 110K [62], though most
of our calculations carry over to other p-doped III-V magnetic semiconductors[104].
In Ga;_,Mn,As substitutional Mn?" play a fundamental role: They provide local
spin S = 5/2 moments, and they also dope holes into the valence band[89]. Since
the Mn?" ions are negatively charged compared to Ga*', in the very dilute limit
they bind these holes, forming an acceptor level with a binding energy of about
Ey ~ 112meV [89]. As the Mn concentration increases, these acceptor states start to

overlap and form an impurity band, which for even larger Mn concentrations merges
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with the valence band. Though the actual concentration at which the impurity band
disappears is not known, according to optical conductivity measurements|[94], this
impurity band seems to persist at least up to nominal Mn concentrations of about
x =~ 0.05. ARPES datal92, 93] and the fact that even “metallic” samples feature
a resistivity upturn at low temperature[88] and seem to be on the localized side of
the transition, suggest that for smaller concentrations (and maybe even for relatively
large nominal concentrations) one may be able to describe Ga;_,Mn,As in terms of
an impurity band [101].

In Ga;_;Mn,As the Coulomb potential created by the Mn ions is by far the
largest energy scale in the problem [99], but spin-orbit coupling in the hole band is
also quite large compared to the exchange coupling between the holes and the Mn
spins|[89].

Fortunately, in the dilute limit Coulomb scattering on the Mn ions can
be handled non-perturbatively. We can therefore attempt to derive a many-body
Hamiltonian in this limit that captures spin-orbit effects, treats the large Coulomb
interaction non-perturbatively, and also incorporates the exchange coupling between
the local moments and the holes. As we mentioned above, the model we construct
is very general and appropriate for describing other p-doped III-V semiconductors
as well, and a slightly modified version of it can be used for p-doped II-VI magnetic
semiconductors [104].

The top of the valence band in Ga;_,Mn,As can be described in terms of

spin j = 3/2 holes [105]. Ignoring for the moment the exchange interaction between
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the Mn spin and the holes, in the so-called spherical approximation, the motion
of the holes in the Coulomb potential of an Mn ion is described by the following

Hamiltonian[106],

2

€
Hy = %@2 — 1Y JapPas) — — F Veelr) (7.1)
a’ﬂ

where v & 7.65 is a mass renormalization parameter, m is the free electron mass, y ~
0.77 is the strength of the effective spin-orbit coupling, € ~ 10 is the dielectric constant
of GaAs, and V. is the so-called central cell correction [107]. The spin-orbit coupling
term in Eq. (7.1) couples the momentum tensor of the holes pas = paps — das P?/3
to their quadrupolar momentum, J,p = (jajs + jgda)/2 — 0ap 5(j + 1)/3.

The bound states of Hy (without the central cell correction) have been stud-
ied in detail in the seminal paper of Baldereschi and Lipari [106]. Due to the spherical
symmetry, the total momentum, F=L+ j, is a conserved quantity, where L is the
orbital angular momentum. The ground state of Hj is a four-fold degenerate F' = 3/2
multiplet that contains a substantial d-wave contribution in the case of GaAs due to
the strong spin-orbit coupling. In Fig. 7.1 we illustrate the importance of this d-wave
component by presenting the spatial dependence of the hole polarization, j(r), for
the state |F' = 3/2,F, = 3/2) which we calculated directly from the Baldereschi-
Lipari wave functions with the central cell correction. (See Appendix F for exact
expressions of the hole polarization and see Appendix E for details of the variational
calculation of the Baldereschi-Lipari wave functions.) The direction of the induced
hole polarization has a strong angular dependence due to the d-wave component.

In the dilute limit, for most purposes, we can restrict ourselves to this four-
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Figure 7.1: Polarization of a bound hole in the state |FF = 3/2,F, = 3/2) in
Ga; xMnyAs around a Mn ion (dark arrow pointing downwards represents the Mn
S=5/2 spin). Only the direction of the polarization is indicated. The magnitude falls
off on a scale ~ 10 A.

fold degenerate F' = 3/2 acceptor level. In the presence of a Mn spin the fourfold
degeneracy of the state is lifted due to the exchange interaction between the Mn spin
S at the origin:

Heyen =GS - F | (7.2)

where the exchange coupling, G ~ 5 meV, can directly be determined by infrared
spectroscopy[89]. Thus, in this limit, we can think of the charge carriers in Ga; Mn, As
as spin F' = 3/2 holes hopping between Mn sites and exchange coupled to the localized
Mn spins. However, because of the large d-wave component of the Baldereschi-Lipari
wave function, we expect the hopping of these carriers to be strongly spin-direction

dependent. This expectation is born out by our microscopic calculations below.
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To determine the numerical values of the parameters of our model we carried
out a variational study of the molecular orbitals for a pair of Mn ions [104, 108].
(See Appendix G for details.) For the case where both the Mn-Mn bond and the
quantization axis of F' are parallel to the z-axis, F), is conserved and the spectrum of

the lowest lying levels can be fully characterized by the following Hamiltonian:

v = Y tu(R) (el 20 +hoc))

+ > (K(R) (1/2 — Z) +E(R)) c;-{,,c,-,,,

i=1,2
+ G Si- (el Fociy) (7.3)
| ] LU BV LY
T
Here cZT’,, creates a hole at the acceptor level |F' = 3/2, F, = v) at position i (i =

1,2). By time reversal symmetry, the hopping parameters satisfy ¢3/2» = t_3/» and
t1/2 = t_1j2. All parameters depend only on the distance R between the two Mn
sites. The R-dependence of the four independent couplings is shown in Fig. 7.2. The
most obvious effect of the spin-orbit coupling is that the hopping parameters ¢3/, and
t1/2 substantially differ from each-other; Holes that have their spin aligned with the
Mn-Mn bond are more mobile.

As indicated by the arrows, at the typical Mn-Mn distance for x = 0.01, K
and 71/, can be entirely neglected compared to the energy shift £ and the hopping
t3/2. Therefore, in many cases it is enough to keep the latter two terms only in the
effective Hamiltonian.

Having determined the effective Hamiltonian for a pair of Mn ions, we can

proceed and approximate the Hamiltonian for a given set of positions {R;} of the Mn
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Figure 7.2: Parameters of the two-impurity Hamiltonian Eq. (7.3) obtained from the
variational study of two Mn ions. The arrows indicate the typical Mn-Mn distance,
diyp, for z = 0.01 Mn concentration.

ions as:

H = Z C;r’uti;jcj',,, + Z C}lyu (KZIW + Ez 5””) Civ
() i

+ G Z 5’1 . (CZT’NF'W Ciy) - (7.4)

ity
The Hopping matrix ;" above can be obtained by rotating the z-axis along the bond
direction 7i;;, t;; = D(7;;)t(Ri;)DI(7;), where D(7;;) is a spin 3/2 rotation matrix,
and t(R) denotes the diagonal matrix diag (tg/Q(R), t1/2(R), t1/2(R), t3/2(R)). The
anisotropy term, K;, and the energy shift E; are given by K; = %E#i K (R;j) (7 -
F)? = %) and E; = 1 ¥,; E(R;;), respectively.

So far we have neglected the interaction between holes. In the localized

phase, however, this interaction may play an important role. In general, the Coulomb



Chapter 7: Effective Hamiltonian for Ga;_,Mn,As in the Dilute Limit 112

interaction between holes on different Mn sites has a very complicated form [104],
though for large separations the interaction takes on a much simpler form. For-
tunately, the dominant interaction term is the on site hole-hole interaction term.
Within the spherical approximation this interaction can be simply expressed as (See

Appendix H for details):

- Unx N Up 2,2
Hint:7 : :NZ?:_}_?Z:F’L':’ (75)
(2 (2
where Ni =>, c;r,uci,,,, ﬁ, =2 cg,”ﬁu,,ci,,,, and : ... : denotes normal ordering. We

estimated the constants appearing in Eq. (7.5) by evaluating exchange integrals as
Uy = 2600 K and a Hund’s rule coupling Ur = —51 K.

Egs. (7.4) and (7.5), together with the microscopic parameters of Fig. 7.2,
constitute our central results. They provide a well controlled theoretical framework
that is able to capture the most important aspects of dilute magnetic semiconductors
such as the localization phase transition, random anisotropy, disorder effects, and
frustrated ferromagnetism. Postponing much of our detailed analysis to a longer
publication, here we only demonstrate the power of this model on a few examples.

Parameters for other materials will be presented elsewhere [104].

7.2 Mean Field Study of Effective Hamiltonian

To get a better understanding of the model we first computed the ground
state of four Mn atoms at a separation of ~ 154 due to the interaction mediated by
a single hole on the cluster. We treated the Mn spins classically and used the simple

mean field approximation of Ref. [101]. We considered only configurations where the
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Mn ions were positioned on a slightly distorted tetrahedron with three edges of length
a = 154 and three edges of length b (see Fig. 7.3). In all cases, in the ground state,
the Mn spins are relatively collinear apart from a slight tilt of the order of 5 — 10°.
However, the spatial position of the Mn ions generates a strong anisotropy. Thus, the
energy depends strongly on the directional orientation of the net spin relative to the
underlying lattice. To demonstrate this we calculated the ground state energy as a
function of the Mn spin direction (assuming full alignment). For a perfectly regular
tetrahedron this anisotropy is rather small, less then 0.5K. However, the anisotropy
increases with the ratio b/a, and for b/a = 1.2 it can be as large as 20K/Mn. In
other words, random positions of the Mn ions induce a random anisotropy term that,
depending on the disorder, is much larger than the bulk anisotropy, which is of the
order of 1 K. Thus disorder and spin-orbit coupling together can induce a large random
anisotropy energy that can easily be comparable to Tx. These findings are in good
agreement with earlier results obtained in the metallic limit [109].

Finally, let us discuss some of the results we obtained for a finite system
of Ga;_ Mn,As of linear sizes L = 10a1,; and L = 13a1a (With ayy = 5.65121, the
size of the conventional unit cell) and active Mn concentration Z,eive = 0.01, using
the above-described mean field techniques at zero temperature. In the calculations
presented below, we have not included the effects of Eq. (7.5). We have to emphasize
that Z.ctive can be substantially less then the nominal Mn concentration, x, which also
includes inactive Mn sites [98, 96], and therefore these calculations may be relevant

even for systems with larger nominal Mn concentration. The concentration of holes is
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Figure 7.3: Anisotropy induced by the distortion of a regular Mn tetrahedron in the
presence of a single hole. The Mn-Mn distances are a = 154 and b = 154, b = 16.5A4,
and b = 18A, respectively. Note that the distortion generated anisotropy can be
almost two orders of magnitude larger than the undistorted anisotropy, which is of
the order of about 1K.

also reduced compared to x due to strong compensation effects. In these calculations
we assumed that the number of holes is reduced by a factor of f = 0.3 compared to
the number of Mn ions.

To take into account correlations induced between interstitial Mn ions dur-
ing the experimental growth process, we introduced a screened Coulomb repulsion
between the Mn ions and let them relax for some time %, using classical 7" = 0
Monte Carlo simulations. For very large t.¢.x we found that the Mn ions form a regu-
lar bee lattice with some point defects. The data we present here are for intermediate
relaxation times, where there is still a lot of disorder in the system.

Once we fixed the Mn positions in a given instance, we solved the mean
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Figure 7.4: Top: Computed hole density of states for an L = 10a lattice. We used
z = 0.01 and f = 0.3. For comparison, we also show the density of states of the
valence band (dashed line). The Fermi energy is &~ —6500 K. Bottom: The inverse
participations ratio for L = 10a;,; and L = 13a;,;. States in the tails are localized
while states in the middle of the impurity band seem to be delocalized. States in the
valence band side tail probably mix with the band and are delocalized in reality.

field equations derived from (7.4) self-consistently [101]. In our calculations we used
periodic boundary conditions and implemented a short distance cutoff in the hopping
parameters of Eq. (7.4) which corresponds to about 8 neighbors for each Mn. The
use of this cut-off is justified by the observation that our molecular orbit calculations
are only appropriate for “nearest neighbor” ion pairs, and in reality, holes cannot
hop directly over the first “shell” of ions. In course of the calculations we started
from a configuration with fully aligned classical Mn spins, Q’z =9 /S, and then let

the system relax to the nearest metastable state. Similar to the metallic case [109],
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we find a ferromagnetic state with a largely reduced magnetization, |(€;)| ~ 0.4 for
L = 10a,,;. We find that this reduction is largely due to spin-orbit coupling, and that
the cosine of the angle € between the spins and the ground state magnetization has
a broad distribution similar to the metallic case [109].

The density of states is shown in Fig. 7.4 (as a comparison, we also plotted
the approximate density of states for the hole band). The half-width of the impurity
band is about 0.2 eV at this density, which therefore slightly overlaps with the bulk
density of states of the holes. However, comparison with the valence hole density of
states suggests that at this concentration a well-formed impurity band may still be
present, and it might even persist up to higher concentrations. Indeed, as mentioned
in the introduction, this scenario seems to be supported by many experiments[94, 92,
93].

The impurity band has a tail of localized states that reaches somewhat inside
the band gap. These localized states can be identified by computing the inverse
participations ratio, IPR= [Zi (> \wm|2)2]_1 for various system sizes (see Fig. 7.4).
This tail gradually disappears when we introduce correlations between the Mn ions
which tend to form regular structures [104]. In agreement with ARPES data[92], we
also find that the chemical potential lies deep (~ 0.5 eV) inside the gap, in the vicinity
of the mobility edge, a regime where our model is probably more reliable. This raises
the interesting possibility that the localization phase transition in Ga; ,Mn;As could
happen inside the impurity band and that the ferromagnetic phase for smaller Mn

concentrations is governed by localized hole states [99, 110].
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We emphasize that, though our calculations are based on microscopic model
calculations, they are certainly only approximate, and more realistic band structure
calculations would be needed to give a quantitative answer concerning the role of
the impurity band. Also, though the spherical approximation we used is able to
reproduce rather well the spectrum of a single acceptor, it might overestimate the
effect of spin-orbit coupling.

In summary, based on microscopic calculations we constructed a many-body
Hamiltonian that is appropriate for describing Ga;_,Mn, As in the dilute limit. We
find that the hopping of the carriers is strongly correlated with their spin, F' = 3/2.
This spin-dependent hopping is absolutely crucial for capturing spin-orbit coupling
induced random anisotropy terms, the lifetime of the magnon exitations, or even to
capture the universality class of the localization phase transition correctly. Our calcu-

lations suggest the presence of an impurity band for z,ve = 0.01 Mn concentration.



Chapter 8

Effects of Positional Disorder and
Spin-orbit Coupling in Optimally

Doped Gaj_, MngAs

8.1 Effective Impurity-Impurity Interaction

Optimal doping in Ga; ;Mn,As (z &~ 0.05) is the doping level that results
in the highest observed bulk Curie temperature, T¢ ~ 110 K[62, 86]. For these
concentrations it is believed that the Fermi energy lies within the valence bands (in
contrast to the case that we discussed in the previous chapter for z &~ 0.01 in which
the Fermi energy is thought to lie an impurity band)[93]. For this chapter, we will
take this as a given and assume moreover that all (assuming, of course, there is still

the compensation of 70-90% that we mentioned before) of the holes occupy valence

118
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band states. We will also assume that the individual Mn ions can be treated as a
perturbation on this Fermi sea of holes. Because of compensation effects, the number
of holes is actually less than the number of Mn, so we are not strictly in the single
impurity limit discussed in Chapter 3 of this thesis. However, making this assumption
allows us to explore some of the effects of spin-orbit coupling on the magnetization
and other quantities to be discussed below as a function of hole concentration and Mn
positional disorder. We still expect our results to qualitatively apply to Ga;_,Mn,As.

The main effect of the strong host spin-orbit coupling is to couple spin-1/2
holes to the p-like states of the top of valence band at the I' point in the Brillouin
zone to form spin-3/2 (denoted by J) particles that move through the material. It
has recently been pointed out[109] that the strong spin-orbit coupling in the valence
band of Ga;_,Mn;As results in highly anisotropic spin-spin interactions (within the
Baldereschi-Lipari spherical approximation) that generally lead to orientational frus-
tration. We re-derive and extend this result below.

The full Hamiltonian is H = Hg, + Hjn, where

Hy, = N (p2 —vy Jaﬂpaﬂ> , (8.1)

2m o

is the Baldereschi-Lipari spherical Hamiltonian[106] and
Hy(R)=GS-J(R), (8.2)

is the coupling of the Mn spin, S, with the valence hole density, J(R), at the location
of the Mn ion, R. Here G > 0, so the coupling is antiferromagnetic. We have used

the convention that Jus = 5(JaJs + JpJa) — 50asTr{JoJs} (likewise for the linear
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momentum tensor p,g) and v = (673 + 4v2)/5v1 ~ 0.77 for GaAs[106]. The various
7v; are the so-called Luttinger parameters[105] that characterize the band structure
of a given semiconductor. The terms left out when Hg, is taken to describe the
band structure are those terms that contain only the strict symmetry of the crystal;
only those terms that are fully rotationally invariant are kept in Hg,. Thus, there
is no explicit reference to the underlying lattice structure (information about it is
still encoded in v through the Luttinger parameters) in Eq. (8.1) which contains a
spin-orbit like term. It is the effect of this spin-orbit term that we will focus on in
the remainder of this chapter.

H, can be diagonalized in the chiral basis:

A k2
HSP = Z Q—CLuCkII ) (83)

kpu ¢y
where cLu denotes the creation operator of a hole with wavevector k and spin projec-
tion y along k. Diagonalizing Hsp, however, produces a strongly momentum depen-
dent carrier-impurity interaction:

H V Z Z Sa kH MN k k)Ckl e i(k-k')R . (84)

kK a,p,u’
Here J3,/ (k,K') = PR DLJ- (lAc)J;‘;, Dj (k') where D(k) is the spin 3/2 rotation matrix
and V is the volume of the sample. The rotation matricies are defined by the operator

~ ,j2¢

U = e ¢ % and the matrix element D;,(k) = (j|U(k)|p). Fig. 8.1 illustrates

the rotation.
Using Eq. (8.4) one can calculate the effective interaction between two Mn

impurities by second order perturbation theory. The result is a Hamiltonian of the
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Spin—3/2 Rotations

X

Figure 8.1: Spin 3/2 rotations. The rotations used to transform a general state k to
lie along the z-axis where its effective mass and energy are determined.

form

Hes = _Kvpar(R)S!l| ’ Sg - errp(R)Si_ ) Sé_ ) (85)

where R = |R; — Ra| and S; is the Mn spin at position R;.
The first order correction to the Hy, eigenstates are given by

G I (kK5

0Ty X, 1), (8.6)

k, 1)’ = |k, p)

ak €k’ — €kp

where |k, u)o = cLM|F S) and the sum is over all unoccupied states. The quantity we

wish to calculate is

<Hint> = Z I<k,,u"Hint‘k’ :U'>I : (87)

k,u
€y

Dropping a piece of the energy independent of relative spin orientations, and including

the energy of the spin at the origin in the field of the spin at R which leads to an
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overall factor of 2, we find

a 1 ik a
HRKKY_—Q( ) }js So > ——— (MR T o) . (89)
iop Cki — ks
k’[l,’

which can be rewritten as
Hrxxy = — Y S*(R)K**(R)S?(0) . (8.9)
af

It can be shown that only the terms with o = /5 are nonzero which then gives Eq. (8.5).

Converting the sums to integrals and assuming a parabolic dispersion, we can write

oo kew K2dk oo k"dk' 1
K*(R) = 2G22/0 272 /k' o2 K2 k2

2m 2my,
X(| .13, (0,0, 6,8')|? QCos(chos(O) — k'Rcos(0")))e,00 6,6 > (8.10)

where we have taken the angle 0 (') to be the angle that k (k') makes with the
z-axis, ¢ (¢') the angle of rotation about the z-axis as measured from the x-axis (See
Fig. 8.1) and the brackets denote the angular average over the angles 0,6’ ¢ and ¢'.

Making the substitutions k — \/2m,epk and k' — /2m €pq yields the expression

K**(R) =8¢p 3 gugu / dk/ o k2 1% (kpykR, kpwqR),  (8.11)

!

where

I3, (kpukR, kpyqR) = (|J5, (0,0, ¢, ¢")|? 2 cos(kr,uk Reos(0) =k, qRcos(0')) oo .67 -
(8.12)

Here we have used g, = Gp, = G5 ¢,l".
To evaluate K**(R) we first evaluate I, (kr kR, kr,wqR) by doing the an-

gular integrals. We will illustrate the calculation by example. We determine the heavy
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hole contribution to the z-component (parallel component) of the exchange coupling.
The expression is evaluated by first doing the ¢ and ¢’ integrals. Heavy holes have

spin projection +3/2 along the axis of propagation. The heavy hole contribution is
If =18 + I7, + I}, + I, . (8.13)
Since the ¢ integrals can be done separately we can define a quantity
A2 = (J200,0,6,8) Mg (8.14)
then
A, = AL+ AL+ AL+ AL = 1—96(1 + cos?(0) + cos®(6') + 5cos? ()cos®(#)) . (8.15)
The integral over # and #' remains to be done:

T2, (kpnkR, kpngR) = <%(1 + cos?(8) + cos®(¢') + 5cos® (8)cos(9'))

x2cos (kg nkRcos(0) — krpgRcos(0')))opr

(8.16)
which evaluates to (setting r = kpR),
7, (rk, rq) = 9 sin(kr) sin(qr) N 45 (cos(kr) sin(kr) = 3sin(kr)
we\TK,Tq) = 10 kr qr 92 k272 373 5 kr
cos(qr) sin(qr) ~ 3sin(qr)
- T 8.17
X( ¢*r? o3 + 5 qr . (8.17)

so that

7 (rk,rq) = 19_0717(/6]25@) + 4?57(;(25@) , (8.18)
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where F' and G have the obvious definitions. We are thus led to evaluate integrals of

the form

/01 dk /100 dqqf_kaF(k)F(q) . (8.19)

We show in Appendix I that for ' and G of the form that will appear in the evaluation

of Eq. (8.11),

(8.20)

which we can use to do all the ¢ integrals. Returning to the evaluation of K**(R),

we have the heavy hole contribution,

21.2

1 00 k
K#(R) = Sepg? /0 dk /1 dqh[ﬁh(lzmk}%, kengR)

1 o0 1 9 45
= 8€F91%/0 d]f/l dqW [TquF(k)F(Q) + gqu(k)G(Q) ;

(8.21)

for which the ¢ integral can be evaluated by using the identity, Eq. (8.20). Applying

this formula, we obtain (upon making the substitution ¢ = kg, R)

1 s 2 4 2 2
Ki(R) = dmeng] [ dklﬂ’mn( ka) _5(cos</m> 3cos(2ka) _ 3cos(2ka)

20 a? * 2\ adk? 5a? a’k?
_sin(ka)  3sin(ka)  sin(2ka) 1lsin(2ka)  9sin(2ka)
abk3 batk 2a8k3 10a%k 50a?
= A epg;y CoY(a) . (8.22)

The remaining parts of the kernel are given in Appendix J. See Fig. 8.2 for the spatial

dependence of various parts of the kernel.
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Effective RKKY Kernel in Spherical Approximation
1.25F ‘ ‘ _

Figure 8.2: Effective RKKY Kernel in the Spherical Approximation. At the typical
Mn-Mn separation, d¥P ~11A the the kernel is very sensitive to the value of the hole
concentration, which lies in the range f = 0.10—0.25 relative to the Mn concentration.
This corresponds to y™“P,_; 4 = dwpkf=0"°=16 and Y005 = = dwpgf0% =92,
In both cases the perpendicular part of the kernel domlnates and is ferromagnetlc
However, for f = 0.10 the parallel component is ferromagnetic while for f = 0.25 the
parallel component is antiferromagnetic. The effect of this also be seen by looking
at the distribution of ground state angles in Figs. 8.12 and 8.13. The relative size of
Kperp and Kp,r, means that spins prefer to ferromagnetically align perpendicular to
the axis joining them. In general this leads to frustration and noncollinear magnetism.
Shown are the curves for (i) Heavy hole sector only and (ii) Both heavy and light hole
sectors (total). The C are given by Eq. (8.22) and the expressions in Appendix J.

8.2 Monte Carlo Study of the Optimal Doping Limit

In order to investigate several physical properties of Ga;_,Mn,As we carried
out classical Monte Carlo calculations in the spin degrees of freedom. We studied the
effect of the kernel in Eq. (8.5) and Fig. 8.2 on the magnetization, the susceptibility,

and the distribution of individual spin angles relative to the total magnetization
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Mn Positional Disorder vs. Monte Carlo Time
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Figure 8.3: Lattice disorder vs. Monte Carlo time. Two samples sizes are considered—
one with L=12 FCC unit cells and one with L=17 FCC unit cells. The disorder
is quantified by Eq. (8.23) which is computed as a function of Monte Carlo time.
Initially, the Mn ions are placed randomly on an FCC lattice. The Mn ions are
taken to interact with each other via a screened Coulomb interaction. Ion moves are
randomly proposed and accepted according to the Metropolis algorithm. In the limit
of large Monte Carlo time a BCC lattice tends to form with a few defects. Note that
the disorder as a function of Monte Carlo time is independent of system size, as it
should be. The exponential is “fit” for later comparison with the Monte Carlo time
dependence of disorder on other quantities like the magnetization and susceptibility.

direction as a function of temperature, hole concentration (for fixed Mn concentration,
x = 0.05) and Mn positional disorder.

Before we study the interactions of the spins, we first fix the positions of
the Mn ions. We can control the amount of disorder in the system by allowing the
ions to interact with each other and to move to new locations in order to minimize

the energy of the overall configuration of ions. In all of our calculations, we began
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with a random orientation of Mn ions on an L x L x L FCC lattice (the Mn are
constrained to always remain on an FCC lattice) with probability z = 0.05. Each
realization was constrained to have the same number of Mn. We took L = 10,12,14
and 17 for finite-size scaling studies. In order to simulate sample growth conditions,
we allow the Mn to interact with each other through a screened Coulomb interaction
and to hop from site to site. The randomly proposed hops are accepted according to
the Metropolis Algorithm.

We have found that when the Mn are allowed to hop for long times, they
tend to form a BCC lattice. The amount of disorder in the lattice can be quantified
by

P(R;j) = (RZ) — (Ri;)? (8.23)

where R;; is the distance between neighbors. (Neighbors are defined to be Mn ions
within some cut-off distance which results in approximately 5-10 neighbors/ion.)
Fig. 8.3 illustrates how this quantity behaves as a function of Monte Carlo time (the
number of proposed ion moves divided by the number of ions in the lattice) for two
different size lattices. Note that the curves are essentially identical and independent
of system size, as they should be.

In all of the simulations to be described below the Mn spins were replaced
by their classical angular variables (which should be a reasonable approximation for
the S = 5/2 Mn), S —+SQ. To take account of the finite mean free path | ~ 7A
of the valence holes[111], we used an exponential cutoff for the RKKY interaction:

Kpara/perp(R) — Kpara/perp(R)e %/,
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Monte Carlo Magnetization
L=17, x=0.05, f=0.10, 100 realizations
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Figure 8.4: Magnetization curves are shown for the hole fraction f = 0.10 as a
function of Monte Carlo time. Note that for large disorder the curves are quite linear
over a wide temperature range while for smaller disorder they move over to a much
more “meanfield” like shape. The zero temperature magnetization increases smoothly
as the disorder in the Mn positions decreases. Temperature is measured in units of
Amepg:, where g, = G, with gy, the heavy-hole density of states at the Fermi energy.
Note that the isotropic kernel results in nearly full polarization for the completely
disordered sample demonstrating the the reduction of the magnetization is due to
frustration effects from to the anisotropic kernel given in Eq. (8.5) and Fig. 8.2 and
not from the antiferromagnetic part of the RKKY kernel.

8.2.1 Magnetization

In Figs. 8.4 and 8.5 we show the magnetization M = |(€;)|, for different
amounts of disordered (measured by Monte Carlo time and Fig. 8.3), as a function
of temperature for two different hole fractions, f. A spontaneous magnetization de-
velops at low temperatures. For small Monte Carlo times (large disorder) the transi-

tion between the paramagnetic and magnetic phases takes place rather smoothly, and
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Monte Carlo Magnetization
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Figure 8.5: Magnetization curves are shown for the hole fraction f = 0.25 as a function
of Monte Carlo time. Note the difference in temperature scale from Fig. 8.4. For large
disorder the curves are quite linear over a large temperature range while for smaller
disorder they move over to a much more “meanfield” like shape. The zero temperature
magnetization rises sharply as the disorder in the Mn positions decreases and then
tends to saturate. Temperature is measured in units of 4mwepg?, where g, = Gy, with
on the heavy-hole density of states at the Fermi energy. The averaged (isotropic)
kernel results in a substantial increase in zero temperature magnetization, but it still
only saturates to about 90% of its full value due to appreciable antiferromagnetic
interactions at this hole fraction.

then the magnetization increases approximately linearly with decreasing temperature,
qualitatively similar to many experiments[88, 87]. Both properties are characteristic
of strongly disordered magnets[100]. The spontaneous magnetization, however, tends
to a value at 7' = 0 that is much smaller than that of a fully polarized ferromagnet.
On the other hand, for larger Monte Carlo times (smaller disorder) the curves behave

more meanfield-like, also similar to experiments[87] in which the samples were “op-
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Monte Carlo T=0 Magnetization, L=infinity
x=0.05, £=0.10, 100 realizations
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Figure 8.6: Finite size scaling, f = 0.10. By using finite size scaling (see figure inset)
we determine the infinite system magnetization at zero temperature as a function of
Monte Carlo time (disorder). Depending on disorder the infinite system magnetiza-
tion varies between 20% and 80%. Note that the magnetization increases montonically
with Monte Carlo time, with a time scale that is roughly the same as the disorder
changes. (See Fig. 8.3.) The dashed curves are a guide to the eye.

timally” annealed. Note that the simulations with f = 0.25 show a much stronger
reduction of the zero temperature magnetization relative to the case of f = 0.10. We
will show in Section 8.2.3 that this is due to a much larger degree of noncollinearity
of the magnetism for f = 0.25 relative to f = 0.10 by measuring the distribution of
angles of individual Mn spins relative to the total magnetization direction. The ori-
gin of the noncollinearity depends on the hole concentration as we discuss below: for
f = 0.10 the reductions is due entirely to the special form of the anisotropic spin-spin

interaction given in Eq. (8.5) and has nothing to do with the RKKY oscillations of
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Figure 8.7: Finite size scaling, f = 0.25. By using finite size scaling (see figure inset)
we determine the infinite system magnetization at zero temperature as a function
of Monte Carlo time (disorder). Depending on disorder the infinite system magne-
tization varies between nearly zero and 17%. Note that the magnetization increases
montonically with Monte Carlo time, with a time scale that is roughly the same as
the disorder changes. (See Fig. 8.3.) The dashed curves are a guide to the eye.

the Mn-Mn interaction, while for f = 0.25 the reduction is much larger and is due to
both the anistropy and the antiferromagnetic part of the RKKY coupling. To demon-
strate this, we repeated the simulations by replacing the interaction in Eq. (8.5) by
its angular average for both f = 0.10 and f = 0.25 as shown in Figs. 8.4 and 8.5.
The magnetization for f = 0.10 saturates to its maximum value and almost all Mn
spins are fully polarized, while for f = 0.25 there is still about a 10% reduction from
full magnetization with the isotropic kernel showing the antiferromagnetic part of the

RKKY kernel is playing an important role in the reduction of zero temperature mag-
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netization. This can also be understood from Fig. 8.2 which shows that for f = 0.10
the parallel component of the kernel is ferromagnetic for typical Mn-Mn separations,

while for f = 0.25 it is antiferromagnetic.

Monte Carlo Susceptibility
L=17, x=0.05, f=0.10, 100 realizations
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0.08 — t(Mé) =0 I
— t(MC) =0.6
— t(MC)=1.25 I
— t(MC) =25 |
.«?0'06 t (MC) = 5.0
= — t(MC) =10.0 i
p= — t (MC) = infinity
@004 t (MC) =0, isotropic|]
3
N

O 005 01 015 02

Temperature

Figure 8.8: Magnetic susceptibility for f = 0.10 is shown for various amounts of
disorder. The peak in the susceptibility becomes more pronounced as disorder de-
creases. It is unclear what the low temperature divergence is due to. Perhaps glassy
physics is responsible. The istropic kernel has a peak at nearly the same position as
the anistropic kernel for full disorder indicating that T is determined only by the
average value of the kernel.

8.2.2 Susceptibility

In Figs. 8.8 and 8.9 we show the susceptibility,

X(T) = 7 ((M(TY) — (M(T))?) | (324
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Monte Carlo Susceptibility
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Figure 8.9: Magnetic susceptibility for f = 0.25 is shown for various amounts of
disorder. Note that the response near Ty is about the same as for f = 0.10 except
for the zero temperature divergence. By looking at the peak location, one can de-
termine where the critical temperature is. The Curie temperature is nearly an order
of magnitude smaller for f = 0.25 compared to f = 0.10. The istropic kernel has
a peak at somewhat lower temperatures compared to the anistropic kernel for full

disorder indicating that antiferromagnetic interactions may play an important role in
determining 7 for f = 0.25.

expressed in units of (4merg?)~'. Note that for both hole fractions the peak in the
susceptibility becomes better defined as the sample becomes more ordered.

From the position of the peak in the susceptibility, we can determine the
dependence of the Curie temperature, T¢, on the disorder and hole concentration
in the infinite system limit by using finite size scaling. Figs. 8.10 and 8.11 shows
that T tends to be enhanced with more disorder and tends to be nearly an order of

magnitude larger for f = 0.10 compared to f = 0.25.
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Curie Temperature vs. Disorder
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Figure 8.10: Dependence of Tz on Monte Carlo time f = 0.10. Curie temperature is
expressed in units of (4mepg;) '. The Curie temperature actually drops with order,
so it is favorable to have some disorder in the material to achieve the highest Curie
temperatures. However, as Figs. 8.4 and 8.5 show, higher Curie temperatures tend
to come at the cost of lower zero temperature magnetization for fixed hole and Mn
concentration. The Curie temperatures for f = 0.10 are almost an order or magnitude
larger than for f = 0.25.

8.2.3 Noncollinearity of Ground State Magnetization

More information about the ground state properties can be determined by
looking at the distribution of cosf) = €2; - n, where n is the unit vector parallel to
the ground state magnetization and €2; is the unit vector parallel to the 1" spin.
Without spatial anisotropy induced by the spin-orbit coupling, P(cosf) = 6(cosf —1),
at zero temperature since the spins would be fully aligned. As shown in Figs. 8.12

and 8.13 this is not the case once the anisotropic interaction of Eq. 8.5 is used instead

of the familiar istropic RKKY form. With the anisotropic interaction one sees a
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Curie Temperature vs. Disorder
x=0.05, £=0.25, 100 realizations
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Figure 8.11: Dependence of Tz on Monte Carlo time f = 0.25. Curie temperature is
expressed in units of (4mepg;) '. The Curie temperature actually drops with order,
so it is favorable to have some disorder in the material to achieve the highest Curie
temperatures. However, as Figs. 8.4 and 8.5 show, higher Curie temperatures tend
to come at the cost of lower zero temperature magnetization for fixed hole and Mn

concentration.The Curie temperatures for f = 0.10 are almost an order or magnitude
larger than for f = 0.25.

broadened distribution associated with the reduced (relative to the isotropic case)
zero temperature magnetization seen in Figs. 8.4 and 8.5.

Clearly there is a large difference in the ground state spin distribution for
different values of hole concentration, f. For larger concentrations, f = 0.25, the dis-
tribution is much broader than for smaller concentrations, f = 0.10, corresponding to
many more spins antiparallel to the magnetization direction. This can be understood
by considering where one sits on the kernel shown in Fig. 8.2. For f = 0.10, at the

typical Mn-Mn distance, the parallel component of the kernel is ferromagnetic while
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Spin Distribution of Ground State
L=14, x=0.05, f=0.10, 100 realizations
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Figure 8.12: Ground state spin distribution for f = 0.10. The degree of noncollinear
magnetism is measured by the width of the distribution of the cos of the angles
individual Mn spins make with the direction of the net magnetization vector, n :
cost; = ©; - n. When all spins are aligned, P(cosf) = §(1 — cosf). Clearly, the more
ordered the positions of the Mn ions, the more peaked the distribution becomes. This
explains the smooth monotonic increase in the zero temperature magnetization with
Monte Carlo time shown in Fig. 8.4. For this hole concentration the parallel part of
the kernel shown in Fig. 8.2 is ferromagnetic at typical Mn-Mn separations.

for f = 0.25 the parallel component of the kernel is antiferromagnetic.

8.3 Conclusions

There are several messages that can be taken away from the calculations
presented in this chapter of the thesis. Namely, that spin-orbit effects play an im-
portant role in the physics of GaMnAs at “optimal” doping, z ~ 0.05 and should be

included in any realistic study. The main effect of strong spin-orbit coupling in the
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Spin Distribution of Ground State
L=14, x=0.05, f=0.25, 100 realizations
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Figure 8.13: Ground state spin distribution for f = 0.25. The degree of noncollinear
magnetism is measured by the width of the distribution of the cos of the angles
individual Mn spins make with the direction of the net magnetization vector, n :
cos#); = ;-n. When all spins are aligned, P(cosf) = 6(1 — cosfl). Note that in
contrast to Fig. 8.12 there is almost no change in the distribution with Monte Carlo
time. This explains the apparent “saturation” in the zero temperature magnetization
shown in Fig. 8.5; there is an initial increase due to the enhanced order for short
Monte Carlo times, but there is no “tightening” of the spin distribution at later
times to give a further increase in M(0). Note also that this distribution is much
broader than the corresponding one for f = 0.10 shown in Fig. 8.12 which explains
the significantly lower values of the zero temperature magnetization relative to the
case for f = 0.10. For this hole concentration the parallel part of the kernel shown
in Fig. 8.2 is antiferromagnetic at typical Mn-Mn separations.

GaAs host is to make the holes taken an angular momentum value of J = 3/2 due to
coupling of the bare spin-1/2 holes to the p-like states at the top of the valence band.
However, within the Baldereschi-Lipari spherical Hamiltonian there is an effective
spin-orbit interaction that results and this is what we are primarily investigating in

this chapter.
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The most striking direct consequence of this spin-orbit effect is that the
effective Mn-Mn indirect exchange (RKKY) interaction becomes anisotropic, with
a preference for ferromagnetic spin alignment perpendicular to the axis joining the
two impurities. The parallel component turns out to depend very sensitively on
the hole concentration for the experimentally relevant values. (See Fig. 8.2.) This
kernel can be used to interpret the reduction of the zero temperature magnetization
from its fully polarized value as a function of hole concentration at optimal doping.
We find that the reduction of the zero temperature magnetization can be attributed
entirely to frustrational effects only over a certain range of hole concentration, which
lies on the more highly compensated side of the experimentally determined values.
When the hole fraction is on the larger side of the experimental range, it appears
that antiferromagnetic coupling in the RKKY kernel may also be responsible for
the reduction of the zero temperature magnetization!. We emphasize that while the
RKKY calculation is not fully justified (Mn concentration is much greater than free
hole concentration), we believe that the qualitative results and trends should still
apply to GaMnAs.

We used the RKKY kernel shown in Fig. 8.2 to carry out classical Monte
Carlo calculations in the spin variables. We studied the magnetization, susceptibil-
ity and ground state spin distribution as a function of Mn positional disorder and
hole concentrations. Positional disorder was studied by allowing Mn ions to interact

via a screened Coulomb interaction and move according to a Metropolis algorithm.

!This is the same conclusion reached independently by Kennett and Bhatt (private communication)
theoretically and by Yu et al. cond-mat/0303217 experimentally.
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(We also used the Metropolis algorithm for the Mn spins.) Positional disorder was
measured according to Eq. (8.23) and is shown in Fig. 8.3 as a function of Monte
Carlo time. For hole fractions in the range f = 0.10 — 0.25 it appears that disorder
is helpful in increasing the Curie temperature of the material as 7 tends to decrease
with Monte Carlo time over these values of hole concentration. In order for the
magnetization curves to display the characteristic linear behavior over a large range
of temperatures[87], the material must be fairly disordered, corresponding to Monte
Carlo times roughly less than 2.5. As the disorder is further reduced, the curves
begin to take on a more “mean field” shape. (See Figs. 8.4 and 8.5.) Due to the
frustrational effects of the anisotropic RKKY kernel, greater order results in larger

zero temperature magnetization.



Chapter 9

Semiclassical Theory of Coherence

and Decoherence

9.1 Summary

A general semiclassical approach to quantum systems with system-bath in-
teractions is developed. We study system decoherence in detail using a coherent state
semiclassical wavepacket method which avoids singularity issues arising in the usual
Green’s function approach. We discuss the general conditions under which it is ap-
proximately correct to discuss quantum decoherence in terms of a “dephasing” picture
and we derive semiclassical expressions for the phase and phase distribution. Remark-
ably, an effective system wavefunction emerges which controls the decoherence, even
after full ensemble averaging, which is equivalent to a density matrix formulation. We

comment on the relation of our work to studies of Stern, Aharonov and Imry [Phys.

140
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Rev. A 41, 3436 (1990)].

9.2 Introduction

The challenge of understanding to what extent a quantum system can re-
tain its coherence in the presence of interactions with other degrees of freedom has
attracted much attention. Much of this attention is motivated by recent advances in
mesoscopic[112, 113] and cold-atom experiments|[114, 115] as well as keen interest in
quantum computing, which depends crucially on quantum coherence[83, 84].

An essential ingredient in any discussion of coherence and decoherence is
the identification of a “system” and a “bath” which interact with each other in such
a way that a meaningful distinction can be made between the two. In the double slit
experiment, for example, the electrons are taken as the system and the degrees of
freedom in the slits (phonons or spins, for example) are taken as the bath. Because
the experiment only involves detecting the interference pattern on a screen behind
the slits, no direct measurement of the bath (i.e. the slit degrees of freedom) is
made. (Since one has no knowledge of the state of the bath one must sum over all
possible states of the bath, i.e. one “traces over the bath”.) Only the system is
directly observed. As is well known[116], if the bath detects the path of the particle
no interference pattern will be seen; the particle has therefore decohered. On the
other hand, if there is no or only partial detection of the path of the particle by the
bath, some interference pattern will be seen with its intensity reflecting the degree

of coherence of the particle[116]. We will later show how these familiar statements
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appear in a very transparent way in our semiclassical formalism.

The problem of a quantum system interacting with an environment has
been addressed many times in the literature, e.g. [117, 118, 119]. The Feynman-
Vernon influence functional approach is well known, although its usefulness beyond
the context of harmonic baths has been an issue. The influence functional approach to
more realistic systems has been advanced significantly by Makri and Thompson[120,
121], exploiting and developing coherent state methods with smooth kernels suitable
for Monte Carlo sampling. However, the generality of their approach necessarily
means some detailed insights and limiting cases are lost in the machinery, so to
speak.

Another approach is to make a semiclassical approximation for the system-
bath evolution. We describe such a formalism here, involving a semiclassical wavepacket
description. Since a semiclassical approach is based on classical trajectories, we can
present an intuitive picture of the criteria for coherence and decoherence in a cou-
pled system-bath. One of the insights which emerges relates to recent discussions
in the literature concerning the equivalence of a “bath overlap” picture of decoher-
ence with a simpler “system dephasing” picture. (See Stern, Aharonov and Imry
(SAI)[119, 122, 113] and Feynman and Vernon[117].) Indeed our main counterpoint
here is the provocative work of SAI, so we briefly summarize their dephasing argu-
ments in Sec. 9.3. (The challenging and subtle problem of the low temperature limit
of electron dephasing in disordered conductors[123, 74, 124, 125] is left for future

work.)
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9.3 Dephasing Arguments of Stern, Aharonov and Imry

Recently SAI have argued[119, 122] that decoherence may be thought of as
dephasing, i.e. that a quantum particle acquires a distribution of possible phases so
that its phase is “randomized” and thereby loses coherence. SAT argue that decoher-
ence due to shifting a bath into an orthogonal state and decoherence due to a particle
acquiring a distribution of possible phases are equivalent. In this section we give the
skeleton of their argument in their original notation to provide a background for our
discussion that follows.

SAI consider a quantum particle (coordinate z) moving around both arms
of an Aharonov-Bohm ring threaded by magnetic flux with a bath (coordinate 7)
that only interacts with the particle in the right arm as shown in Fig. 9.1. Particles
moving around the left arm are assumed not to interact with the environment. The

initial wavefunction is taken to be

$(t=0) = [l(z) + r(z)] © xo(n) , (9.1)

and corresponds to the particle having just entered the ring region (near point A in
Fig. 9.1), but not yet interacting with the bath. Here [(z) (r(z)) is the initial particle
wavefunction on the left (right) arm, assumed to be a wavepacket, and xo(n) is the
initial state of the bath, assumed to be localized in the right arm. SAI then take a

final wavefunction (near point B in Fig. 9.1)

(1) =Uz,7) @ xi(n) + (2, 7) @ x-(n) , (9.2)

where x;(n) (x-(n)) is the state of the bath had the particle gone around the left
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(right) arm!. SAI distinguish between “dynamical” and “nondynamical” environ-
ments, which either do or do not involve non-trivial dynamics on their own, respec-
tively. From Eq. (9.2), SAI obtain the result that the interference term is (taking the

trace over the environment)

2Re |I*(2)r(z) [ dnxi ()] | 93)

which allows one to interpret the reduction of the interference (loss of coherence) in
terms of a reduction in the overlap of the bath states for the two paths around the

ring?. SAT then argue that one can make the identification

(%) = [ dnxi(xe(m) (94)
where (e%) = (xo|e'®|xo) and where for nondynamical environments the phase angle
o is

¢ =— / At Viz(t)]/h (9.5)

with z(¢) the classical trajectory of the particle around the right ring arm?®. For the

case of dynamical environments
(xoleIxo) = (xolTe™ o V1)) (9.6)

where V;(t')=etfo!' /M e=ifot'/h i5 the potential in the interaction representation and

T is the time ordering operator. A nondynamical environment is distinguished from

!This innocent looking final wavefunction actually neglects entangling on the right arm between the
particle and the bath by writing the term r(z, 70) ® x»(n) as a direct product which is not correct in general.

2One must also also be careful when interpreting the extrema of the interference term of Eq. (9.3) (as a
function of magnetic field in the Ahronov-Bohm experiment, for example) as a measure of the coherence.
The difference of the maximum and minimum of the interference term must be normalized by the direct
terms to divide out Debye-Waller factors which reduce both the the direct terms above and the interference
cross terms[126]. In general one must normalize the interference term by a flux dependent term to prevent
“flux blocking” effects from being interpreted as decoherence.

3As SAI point out, what matters is the relative phase of the two arms of the Aharonov-Bohm ring. We
are taking V(z(t)) = 0 in the left arm.
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a dynamical one in that the interaction picture operator ‘7I(t’ ) commutes with itself
at different times in the nondynamical case. For a dynamical environment it is not
generally possible[119, 127] to write down a simple relationship such as that expressed

in Eq. (9.5). However, for a nondynamical environment,
(%) = [ doP(g)e”. (9.7)

where P(¢) = [xo(n(¢))*%-

The central result of the work of SATI is the equivalence expressed in Eq. (9.4)
which states that the reduction of Eq. (9.3) can be viewed as either the shifting of the
bath states for the two paths around the ring (due to the interactions in the right arm
of the ring) or as the particle on the interacting arm being subject to an uncertain
potential resulting in an uncertain phase shift and hence a reduction in (¢*%).

Certainly the nondynamical bath (realized, for example, in the case of a
particle subject to classical random fields, as in a large, warm electromagnetic cavity)
is more compelling for the pure dephasing argument; one has to work a little to
extract an actual distribution of phases on the case of a dynamical bath, Eq. (9.6), so
there the identification is more formal. In a sense this brings us all the way back to a
path integral evaluation to achieve the influence functional; the influence functional
can always be written as the exponential of an influence phase, which is one way of
realizing Eq. (9.7). But then, at that level, everything is a sum over phase factors.

However, we are not really addressing one’s tastes in this matter here; rather,
there is another issue, having to do with disturbance of the system. The key approxi-

mation of SAT is the assumption that the interaction in the right arm is weak enough
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to neglect changes in the trajectory of the particle, while still allowing the bath to
change in response to the presence of the particle. This approximation eliminates en-
tangling on the upper arm (the overall wavefunction is, of course, still entangled) and
results in the appearance of a direct product of bath states in the interference term,
Eq. (9.3). This simplification is necessary to reach a “pure dephasing” expression. In
the general situation, the trajectory of the particle is in fact altered in the interacting
arm, which leads to entangling with the bath, a dephasing effect not included in the

SAI picture.

9.4 Semiclassical theory of decoherence

We set out to construct a more general formal context for decoherence, with
the goal of reaching a useful and intuitive physical picture, free of the restriction that
the system path is unperturbed. The most general formal structure for decoherence
(e.g. influence functionals for general anharmonic baths) would not involve semiclas-
sical approximations, and could claim formal exactness. However such formulations
must necessarily miss the mark on the issue of “useful and intuitive”. SAI have suc-
ceeded in giving a very intuitive foundation[119, 122], which we will show here is not
completely general. They used certain semiclassical language, but not a formal semi-
classical approach. By using a true semiclassical formulation, we will achieve both
generality and intuitiveness at the same time. We will see that SAI’s results fit nicely
into an important limiting case of our more general approach.

It is useful to have a specific model in mind. The model of a two armed



Chapter 9: Semiclassical Theory of Coherence and Decoherence 147

Figure 9.1: Intuitive picture for discussing decoherence. A wavepacket representing
the “system” in a narrow waveguide is split coherently between two arms, one of which
interacts with a “bath” of particles. Upon recombining on the other side, decoherence
due to the system-bath interaction affects the interference (or lack of it) between the
two arms.

device already introduced and used, for example, in the work of SAI serves that
purpose well. In Fig. 9.1, a wavepacket representing the system is coherently split
into two pieces, one of which later interacts with a bath. The degree of coherence
can be checked experimentally by combining the packets (as in the Aharonov-Bohm
experiments of Ref.[128]), although it is more general to check M = Tr[pZ,], where
Prea 1s the reduced density matrix for the system, after tracing over the bath variables.

An ambiguity in checking for interference fringes of the recombined beams
is illustrated by supposing that there is a static potential maximum in the left arm
but not the right, and no system-bath interaction in either arm. This will cause a
time delay of the left wavepacket compared to the right, so no interference will result,
even though the system is completely coherent. There are ways to avoid this, such as

taking longer coherent wave trains initially for the system, but one must be careful,



Chapter 9: Semiclassical Theory of Coherence and Decoherence 148

and other ambiguities can arise. The treatment of SAI assumes that the interaction
with the bath is sufficiently weak that no changes occur to the interacting trajectory
of the system to lowest order, so this issue does not arise.

On the other hand, M is simply 1 for a completely coherent system, and
less than 1 if some decoherence has taken place. For example, suppose we have a
system wavepacket broken into two nonoverlapping but coherent pieces, i.e. ¥ =
1/vV2( + ), with (iy") = 0 and (!') = (¥"[|1p") = 1. Then the density
matrix, p, is

p=5 X)W (0.5)

1,J

with 7 and j taking on the values [ and r. It is easily seen that Tr[p] = Tr[p?] = 1,
i.e. the system is completely coherent. However, if somehow the two parts [ and
r become completely decohered, (this in fact requires the action of more degrees of

freedom) we loose the off diagonal elements of j, getting

p= 5 ([ + )] - (9.9)

DN | —

Now we have Tr[p] = 1, but Tr[ﬁZ] = 1/2. This is not the end of decoherence for this
system, if the left and right packets somehow undergo their own, “internal” decoher-
ence. This “internal” decoherence will happen on a much longer time scale than the
decoherence of the two initially coherent wavepackets because it is the difference in
the interactions that each wavepacket experiences that determines the decoherence
rate. This rate is almost always larger for two separated wavepackets than for a given
wavepacket. All this is elementary, but it sets the stage for the more detailed work

to follow.
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9.4.1 Coherent States and Gaussian Wavepackets

Casting the system-bath interaction and the decoherence problem in terms
of semiclassical wavepacket dynamics proves to be a useful and insightful exercise, and
we proceed to set up the necessary tools. One may imagine a more traditional van
Vleck semiclassical Green’s function approach; however, this has the difficulty that
caustic infinities abound in the van Vleck prefactors due ultimately to the failure
of stationary phase in the limit of small action changes. For example, suppose we
consider a harmonic oscillator and represent the n'® state, |n), semiclassically so that
(z|n) has singularities at the classical turning points for energy E,,. Suppose now we
displace |n) slightly in position; call this |72). The semiclassical projections onto all of
the original basis states (n|n) are completely wrong for small displacements. All but
one of the projections are incorrectly predicted to be 0, since their classical manifolds
do not overlap, whereas the overlap with the undisplaced original state is nearly
singular. The same displacement of the n'* harmonic oscillator state, expanded in
terms of localized Gaussians, is quite accurate; it has no such difficulties. Essentially,
this is an automatic way to keep track of a unifomization of the WKB result. Slight
displacements of system or bath states is commonplace in the decoherence problem,
so we avoid the caustic difficulties by starting with a wavepacket description, avoiding
the singularities. We have called this the “oil on troubled waters” effect of using a
wavepacket description[129].

We require a brief review of Gaussian wavepacket dynamics to set the stage

for our approach to the decoherence problem. It is well known that the problem of
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the usual kinetic energy operator with a time dependent potential at most quadratic
in the coordinates is exactly solvable, and is especially simple in the case of initial
wavefunctions which are Gaussian; these remain exactly Gaussian wavepackets under
the time evolution.

Before we continue, we note that our goals extend far beyond such quadratic
systems; we will see that a semiclassical approximation permits the use of quadratic
form dynamics in more general contexts. We make use of the so-called “thawed guas-
sian approximation”[130, 131, 132] which employs the auxillary variables Z and Pz,
whose dynamics are given by the equations below. The “thawed Gaussian approx-
imation” allows one to approximate the potential locally as quadratic thus taking
advantage of the exactness of Gaussian propagation on quadratic potentials.

In a multidimensional form, a general Gaussian wavepacket is given by

Y(q,t) = exp{%[(q —aq)” - A¢- (g —qy)
+Pe - (@ —ae) + 54}, (9.10)

where A, is an N x N matrix for N coordinates describing the stability of the center
of the Gaussian wavepacket, and q, ps are N-dimensional vectors describing the po-
sition and momentum evolution of the center of the wavepacket. We have introduced
the more conventional wavepacket notation q; = q(t), etc. Let the classical Hamil-
tonian, H = T + V|, have the usual Cartesian kinetic energy operator and a general
time dependent potential V smooth at least up to quadratic order in the coordinates.

The parameters of the Gaussian then obey[133, 134]

d

et V,H (9.11)
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d
— = —-V,H 9.12
1 -1
Ay, = §PZ -Z (9.13)
d PZ 0 —V”(t) PZ
Z m~1 0 Z
) R
St = Lt + 5TI‘[Z . Z ] ; (915)
where L, is the usual classical Lagrangian. Integrating over time, we have
ih
S = Sg+ St + ETI'[ID Z] y (916)

1

where V" and m™! are N-dimensional matrices of mixed second derivatives of the

Hamiltonian with respect to position and momentum coordinates, respectively. That
is,

V. = 0’H
i aQian ’

(9.17)

and so forth. S; is the usual classical action.
Egs. (9.11-9.15) holds for a general time dependent V. We focus on the

stability equations, Eq. (9.14), which admit the solution

Pz, Pz,
= M(t) , (9.18)
Z: Zo
where
N t ’ '
M(t) =T e KW dt" (9.19)

and T denotes the time ordering operator, needed because

0 —V"(t)
K(t) = (9.20)

m?! 0
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does not commute with itself (in general) at different times. M(t) is the usual classical

stability matrix, where My; = Op;/dpy, etc.

9.4.2 Semiclassical approximation

Consider a narrow (in q) Gaussian wavepacket centered on the classical po-
sition qg and momentum pg. Assuming a reasonably smooth potential, let us expand
around qg up to quadratic terms, arguing that the tails of the Gaussian are negligible
where the Taylor expansion starts to break down. We use this quadratic form to prop-
agate the packet in the next time instant. Thus the Gaussian will propagate in the
next instant according to Eqgs. (9.11-9.15). If we agree to move the center of the Taylor
expansion to the moving mean position of the wavepacket, qs, then Eqgs. (9.11-9.15)
will hold, since the potential is now, by construction, a time dependent quadratic
form. However, the interpretation has changed-the position and momentum param-
eters q¢ and pgy are now just exactly the usual classical trajectories on the ezxact,
anharmonic potential, but the distortion of the wavepacket is governed by the local
quadratic expansion of the potential-thus keeping the wavepacket Gaussian[130]. We
illustrate the idea in Fig. 9.2.

In general this approximation breaks down after some time due to wavepacket
spreading, but that time can be put off as long as we please as A — 0, since we can
take a narrower wavepacket, with position and momentum uncertainties going as
Vvh. This delays the spreading by at least a factor ~ 1/|logh| in time (for chaotic
systems)[135, 136, 137, 138].

Since any quantum state (aside from spin states) can be built out of Gaus-
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Figure 9.2: A Gaussian wavepacket in an anharmonic potential is approximately prop-
agated by expanding the potential to quadratic order locally around the instantaneous
center of the Gaussian.

sians, we have a full semiclassical approach, exact as h — 0. FEach Gaussian is
propagated with its own optimized time-dependent Hamiltonian.

The phase s; of Eq. (9.16) is the usual action, taken along the guiding
trajectory, modified by an extra term which takes the place of a Maslov phase. This
term evolves smoothly in time and therefore is another advantage of a wavepacket
approach as compared to the more troublesome eigenfunctions of Hermitian operators.

There are other approaches based on wavepackets which share the smoothing
property, such as a full semiclassical coherent state propagator[139, 140, 141]. This
differs from the above Gaussian wavepacket (GWP) method in that the propagator is
optimized for both the initial Gaussian and a final Gaussian onto which it is projected.
It is also the “natural” semiclassical approximation if one retains stationary phase as
the defining idea while passing to a coherent state basis. The coherent state method is

usually more accurate at the same value of A compared to GWP, but it suffers several
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complexities. Foremost among these is that complex classical trajectories come in,
(albeit for real time) with their attendant analytical difficulties including Stokes lines.
Therefore, we choose the GWP approach as a best compromise between accuracy and

complexity. In the semiclassical limit, 4 — 0, there is no accuracy compromise.

9.4.3 Perturbation of Gaussian Wavepacket Dynamics

Perturbation theory may seem limited in scope at first glance, but we soon
realize that strong interaction with many bath degrees of freedom leads to such rapid
and near complete decoherence that an analysis of the strong system-bath coupling
regime seems a little post mortem. We therefore focus our attention on the weak
coupling limit.

In the setup in Fig. (9.1), we have a Hamiltonian given by
H=H,+ H,+V =Hy+ \V;, (9.21)

where ﬁp (ﬁb) is the Hamiltonian of the particle (bath) and V is the coupling between
them. Suppose we have solved the Hy = ﬁp—i-ﬁb problem, and now we wish to include
the effects of /\Vl, the system-bath interaction. In accordance with perturbation
theory, the first order effect is determined by the extra potential felt by the wavepacket
as it travels over its old trajectory. Assuming this perturbation is smooth as a function
of coordinates, we include only terms linear in the interaction strength, A. We can
include perturbations to quadratic order as well, at the cost of increased complexity,
but we defer this for future work. A weak interaction with a bath will show up in two

ways in the wavepacket given in Eq. (9.10): (1) Changes to the guiding trajectory, ¢;
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and p; and (2) changes to the phase s;.

Perturbation of the Guiding Trajectory

Let qo(t) be the solution of the H, problem for a particular trajectory.
The first order perturbed solution we take to be q(t) = qo(t) + Mq(t), p(t) =
Po(t) + Adp(t). By substituting this into Hamilton’s equations, we find that dqs, dpy
obey
opt 0 -Vt opt f(t)

a
dt Qs m 0 Qs 0

(9.22)

where f(t) = —=V/(qo(t)) is the time dependent forcing function. The solution is

) o dPo f f(t')
= M) +M(t) / M(#')~! dt’
oqy dqo 0 0
(9.23)
t f(tl)
— M(t) / M(t) dt', (9.24)
0 0
since dpg = dqg = 0 in the present circumstances, with
M(t) =Tt e JKO) & (9.25)

and T forces the reverse order of times; i.e. earliest times to the left in the series
expansion of M(#) 1. Note that (d/dt)M(t)™! = M(t) K (¢). Thus, the perturbation
of a general trajectory in classical mechanics generates a linearly forced oscillator
problem. This is not surprising, since the small additional potential creates small

new forces on the particle near its old trajectory.
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Perturbation of the Phase

To see how the phase of the wavepacket changes under the perturbation, we

examine
dsy = 05
- 6/(T—V0—)\V1) dt’
- 6/(T—V0) dt’—é//\Vl dt’ . (9.26)
We see the change comes in two parts. The first is the change in the “old” action

(it involves the old V4) due to the new trajectory. Assuming the new one has not

wandered too far, we have
5 / (T = Vo)dt' = A pidas , (9.27)

by the stationary principle of the action (the RHS of this equation is not zero since
the perturbation causes a drift in final position, A\dg;.) Thus, the wavepacket phase

change, to first order, is

58,5
=T
1 )
- %5/(T—%—/\V1) dt
_ pt5Qt _ é ! !
- a2 h/VI(qO(t)) dt'. (9.28)

9.4.4 Time-dependent Hartee approximation—a generalization of the per-

turbation approach

Suppose we have a Hamiltonian, H = Hy(z) + Hy(y) + AV (z,y). Within

the perturbation theory just given, we note that a product of Gaussians in different
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degrees of freedom, e.g.

U(z,y) = 91(z)92(y) , (9-29)

will remain a product of the form

e—z’Ht/hw(x’ y) — w(x’ Y, t) ~ g (.I, t)gg(y, t)ei¢t , (9.30)

where g, » are still Gaussian, and ¢, is a phase. This suggests a generalization to the
time-dependent Hartree approximation, first given in a time-dependent variational
context in 1976[142]. The Hartree ansatz is simply that the individual wavepacket
products remain in their product form through time; the optimal form and phase for
the individual packets is determined by a time-dependent variational principle. The
point was made in reference [142] that a great deal of correlation and (in modern
language) entanglement is potentially contained in superpositions of such Hartree
forms. The individual wavepackets evolve, as expected, in the mean fields of the other
wavepackets. This generalizes the formalism thus far in this paper, in the sense that
the key property of the equations to be derived depends on the individual, not global,
separability of the wavepacket description, and not on the individual wavepackets
being Gaussian. Thus, a TDH (time-dependent Hartree) form is suggested. This
might have the advantage of accounting better for anharmonicities in the potentials,
and for stronger than perturbative coupling. This is also a semiclassically correct
procedure, for as A — 0 the Hartree ansatz is arbitrarily accurate for ever narrower
initial wavefunctions. The formulation to follow applies to both perturbative and

Hartree wavepacket approaches.
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9.4.5 Decoherence

Assuming for a moment that the bath has a wavefunction (i.e. it is not
described by a mixed density matrix, such as a thermal bath), it can generally be

written in a basis |y) as
Ybath = Zw7€i§7|7> ) (9.31)
2

where w,, are real, positive weights and the &, are the associated phases. The density

matrix is,

Poath = Z wv’wvei(&igﬁ")ho - (9.32)

7Y

It is an interesting formal trick that the finite temperature density matrix, pr, can be
obtained from Eq. (9.32) by treating the &, as random variables and then averaging

over them,
pr =Y wim{y| - (9.33)

v

For a thermal bath, when the basis |y) are eigenstates of the bath Hamiltonian,
w% o e PEv where 8 = 1/kgT, kp is Boltzmann’s constant and 7T is the temperature.
In other bases one has to show that a “diagonal” representation of the ther-
mal density matrix is possible for some set of wg; this can always be done for coherent
states. A simple semiclassical (high temperature) approximation for a bath with a

(possibly anharmonic) Hamiltonian H in the coherent state representation |¢) is

. 1 ~
pr=rg [ Ve e M lo)el (9.34)

where @ = Tr[py| and (H), = (¢|H|y).
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Returning to the more general situation of a bath described by Eq. (9.31),

we take the initial wavefunction of system and bath to be a product state?

W) = = (1)) + l95) Y wiGa)e' (9.35)

with the intention of averaging over the random phases &; later to obtain the finite
temperature result, as in the discussion above. The states |g;) and |g}) are Gaussian
wavepackets (coherent states) near the region A in Fig. 9.1. The states |G;) are
multidimensional Gaussian wavepackets representing the bath states. We note again
that this in no way implies the bath is harmonic. Under the dynamics, which includes
interaction with the bath in the right arm, the wavefunction becomes, within the

perturbation theory presented above,
ey = L VG V|G i) i
[U) = /2 Zwi <|gOt>|Git> + g3 |Gie ) e, (9.36)

where | girt’(l)) is the wavepacket of the system particle moving in the right (left) arm
at time ¢ if the bath was in state |Gy) initially. The state |G5®") is the perturbed
wavepacket of the bath (according to Sec. IIT C 1) at time ¢ for a particle moving in
the right (left) arm where the bath was initially in state |Gj). Note that since the
particle in the left arm does not interact with the bath, |GL,) = |G%) and |¢},) = |g},)-

Several remarks are in order. First, we have split off the perturbative phase

change
A
o; = 5 T (pt&Zt - /W(%(tl)) dt') ’ (9.37)

which applies only to the right arm and is different for each bath state 7, since the

4One has to be careful with the form of the initial condition as it may affect the transient behaviors on
time scales longer than the inverse frequency cut off of the bath[143].
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trajectory the bath takes, and thus the interaction potential, depends upon the initial
bath wavepacket. The initial bath wavepacket specifies the positions and momenta
of all the particles in the bath, within the wavepacket uncertainty. Second, notice
that the wavefunction involves a sum over products of Gaussian wavepackets in the
system and bath variables. This is the exact form within the perturbation theory,
since the forcing function f(t) = —V/(¢) only affects the positions and phase of each
multidimensional Gaussian representing system and bath, but not the quadratic terms
in the exponent (which could entangle the system and bath coordinates in individual
Gaussian wavepackets). To be sure, the sum of such separable products (labeled
by i) is, in general, highly correlated, and gives the exact wavefunction evolution
in the semiclassical limit. The expressions Eq. (9.36) and Eq. (9.37) generalize and
correct formulas Eq. (9.2) and Eq. (9.5) of SAI, in such a way that the convenient
and intuitive form of products of system and bath wavefunctions appears, albeit in
combinations which allow for quite general state changes and entanglements.

When obtaining the reduced density matrix corresponding to |\IJ{5}>, namely

ﬁiﬁ = Tream [ﬁt{gt} ]
= Trpam [ﬁm{i} + prider 4 pinted 4 ﬁll,{i}] , (9.38)
where pyo; = [P (W& It is necessary only to examine the off diagonal cross

terms, since they carry the information about the decoherence induced by the bath

interaction. Carrying out the trace over the bath, we have

) 1l , o itmit 0r
P:elahg = 2 Z 9, <gét‘wiwjez¢lez& i O;')i ) (9.39)
ij



Chapter 9: Semiclassical Theory of Coherence and Decoherence 161

where
O;'): = <G2t|G;t> ) (9-40)

with a similar expression for ﬁlrz’f. In deriving Eq. (9.39) we have used the approximate

relation (GY,|GY;) = dij. The bath wavepacket |GY,) has a superscript 0 to indicate that
it is unperturbed from its trajectory if the system travels in the left arm. Eq. (9.39)
is the appropriate reduced density matrix for a completely coherent bath; in order to
simplify our expressions, we will average over the random phases, £. This would a
apply to a bath which has been kicked into several states, or as we mentioned earlier,

it can be thought of as a formal trick to obtain the finite temperature density matrix,
. 1 i
Prea = 5 22 90 (Gorlwie” OF (9.41)
i
Note that |g},) does not interact with the bath and therefore does not develop an index

1 depending on the bath state. When p,..q is squared and traced over to obtain the

decoherence measure M = Tr [p2,4], the terms Mo, = Tr [ﬁ:édﬁlrgd + ﬁigdﬁﬁéd] contain

all the information on inter-arm coherence. These give

1 *0r T _th;—1P;

Meon = ZZ(g§t|g{t)wfw§Oj? OFe™i=0i 4 h.c. (9.42)
ij
= (P[P, (9.43)
where
1 .

VY = — N w20%ei|gn) | 0.44
W > \/i; 171 ‘gzt> ( )

and M., encodes the inter-arm coherence information. Remarkably, M .is the self
overlap of a (generally non-normalized) effective system wavefunction. The emergence

of a wavefunction form is unexpected because we have already performed the ensemble
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average over random phases. We can check this result in the limit of no interaction
with the bath: then, the overlap factors are all unity, the phases ¢; = 0, and all the

gaussians |g%;) are the same (normalized) unperturbed state |gf,) . Then,

1 1
[Py = —= > wi lgg) = —= 190 (9.45)
V25 V2

implying (¢Y*%(¢™®) = Mo, = 1/2, i.e. maximum coherence.

Eq. (9.42) is the central result of this section. It applies to any bath (har-
monic or not) at finite temperature with weak system coupling and any number of
degrees of freedom. As we mentioned earlier, it could also apply to a bath at zero
temperature with a number of excitations (justifying the average over &).

Eq. (9.42) is composed of system wavepacket overlap factors (g7;/g;;), bath

weighting factors (coming from the initial bath conditions) w?

7

or
13’

overlap factors O
and finally phase factors e’?:. The phases ¢; are classical actions divided by A. The
“system wavefunction” overlap form, Eq. (9.44), is especially convenient for intuition
and computation. Decoherence shows up as a reduction in the norm of the system
wavefunction. This comes about from any or all of three factors: bath overlap decay,
phase jitter, and system wavepacket displacement.

The are several more interesting facets of Eq. (9.42) deserving discussion.

We will do this systematically, by considering important special cases which highlight

aspects of this formula.
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9.4.6 Special Cases of Decoherence

We begin our discussion of various limits by assuming that the system over-
laps and possibly also the bath overlaps are near unity. This regime is indeed accessi-
ble, since the classical action perturbation term is ¢; = %(55}, where 65, is the action
due to the perturbation along the unperturbed orbit. There is no doubt the action
term can be large compared to 27 and vary widely, since the perturbing classical
action can be large compared to f.

At the same time, the wavepacket displacement can remain small compared
to its width, in both position and momentum space. Classical action changes are
always accompanied by corresponding areas or volumes in phase space; if one plots the
manifolds of the perturbed system exactly, then a phase ¢ = 27 will be accompanied
by a loop or area in phase space which is of this magnitude. However, the wavepacket
width goes as ~ v/i, but the perturbing action increases as i '. Therefore, for small
enough perturbations and small enough 7, we can safely take the wavepacket overlaps
to be 1, and focus on the phase terms.

Suppose that the system wavepackets | g;-"t) are not displaced by the interac-

tion with the bath, then we have
<g;t|g:t> ~1 (9.46)
and Eq. (9.42) becomes

1 b —idh
My, = ;S ubwlON O =% + h.
(4]

2

. (9.47)

(NN

1
2
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If we had not averaged over the &, we would have found that
po= Zwiwjei‘biei(gi_gf)O?{
ij
= [dnximxm). (9.48)

which is just a simple bath overlap. This gives the interpretation of M., as one half
the bath overlap squared, then averaged over different “runs”, or realizations of the

bath, which were encoded by the random phases &, i.e.

1
Meon = 5 < le? > . (9.49)

From the system wavefunction viewpoint, we have (in the limit of Eq. (9.46)),

™) = < waQO"’" "’”) |9ot) (9.50)

which lays the blame for decoherence entirely in the sum contained in the brackets.
This can be reduced in magnitude by both bath overlap decay factors or by phase

jitter.

Nondynamical bath

The “nondynamical” bath limit emerges by further setting O¥ = 1, i.e.
bath wavepackets undisplaced by the interaction, which would be the case indeed if

the bath Hamiltonian commutes with the bath-particle interaction potential. Then,

v = (5 ;wfe"@) 90 (951)
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The reduction of the norm (corresponding to decoherence) is due entirely to phase

jitter. In this case we have a compelling formula emerging, in the spirit of SAI,

/ dn xi (m)x:-(n) = Y wie =< e >, (9.52)

i
where the phase ¢; is imparted with probability w?. ¢; is the phase acquired if
the bath wavepacket is |G;) initially, and this happens with probability w2, the
probability weight of that wavepacket in the initial bath. This formula gives a more
concrete picture of the nondynamical bath limit, and the origin of the phases which

are averaged over: they are classical actions for the trajectory of the system-bath

dynamics, divided by A. In terms of M., we have
1 idi |2
Meon = §| <e?> |0, (9.53)

The limit of a nondynamical bath can also be achieved (without the bath
Hamiltonian commuting with the bath-particle interaction potential) by a high tem-
perature bath whose wavepacket description involves mostly very excited coherent
states. Such coherent states are robust against self overlap decay, unless large en-
ergy exchange is occurring. This kind of nondynamical bath corresponds to classical
states of the radiation field in a large cavity with high enough temperature. It is
well known that this situation is described quantum mechanically in terms of excited
coherent, states of the field oscillators. Such baths (or similarly, externally applied
fields) tend not to contribute to decoherence via a bath overlap decay mechanism for
weak coupling, but rather the sort of “dephasing” expressed by Eq. (9.52).

In the high temperature bath limit there is unitary evolution of the system,

with an effective potential V' (z,t) acting on the system particle with coordinates z,
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as can be seen within either the perturbative or Hartree formulations: By assuming
that the bath wavepackets are unshifted by the interaction AV (z,7n), where 7 are
the bath coordinates, there arises an effective x potential Vi(x,t) = AV(x,n;) or
V(z,t) = MGY|V (2)|GY) in the perturbative and Hartree formulations, respectively,
for each realization 7 of the bath initial conditions. The ensemble average over different
realizations of the field, (i.e. the average over distinct bath initial wavepackets |Gj))
which occurs in any real measurement involving a thermal bath becomes the agent
of decoherence. Note that nondynamical baths do not guarantee that the system
wavepackets are weakly displaced; see the next section.

The nature of bath decoherence is illustrated by considering a harmonic bath
mode subject to a given forcing function, and separately subject to a fixed energy

exchange. The overlap decay D of an arbitrary coherent state |«p), is defined as
D = (o), (9.54)

where |&;) is that coherent state which resulted from the force acting on the initial
|ag) for time ¢, and |ay) is the coherent state which evolves unperturbed from the
initial |ag). D is given by

D =elwl/2 (9.55)

where

: 1 [t -
a; = et (2mwh) =3 / F(t)e dt' (9.56)
0

This equation shows that the amplitude and the frequency content of the force at

the frequency of the oscillator are key to the displacement of the oscillator. Notice
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this result does not depend on the initial coherent state, which would seem to ar-
gue against our assertion that highly excited coherent states are more “classical”.
However, the maximum energy exchanged by the force goes as the square root of the
initial expectation value of the energy, so the forcing, while it causes fixed wavepacket
overlap reduction, is exchanging large amounts of energy for highly excited coherent
states. When the system has only little energy to exchange, it is better to consider a
fixed energy transfer, such as a one quantum process. The normalized state obtained
by increasing the expectation of the number of quanta in a given coherent state |ag)
by one is

- 1 .
|6o) = i'lag) (9.57)

V< E>/hw+1

where < F >= (| H|ap). Then the relevant overlap decay is easily shown to be

5 < E>—hw/2\"?
D - |<ao|ao>|:( e ) (90.58)
hw
l1——M+ ... .
4<E>+ (959)

Thus, for a fixed energy exchange with the system, the decoherence is weaker at
higher temperature, where the average energy is larger. A bath consisting of low
frequency modes hw << kT (such as translational modes in a liquid) can be effectively
nondynamical, again provided the systems does not exchange large amounts of energy
with it. Another example is given by Stark perturbation of an atomic transition by

an ambient and nonresonant thermal radiation field.
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Dynamical Bath

More generally, we see from Eq. (9.47) that the decoherence (still assuming
little system displacement) arises from two sources: phase decoherence and amplitude
decoherence (due to |O¥| < 1). The latter is caused by the bath wavepackets be-
coming displaced by interaction with the system. In this case, it is less compelling to
associate (e'") with 3 w;Ofe'%, since the overlap factors are not naturally written

i
as integrals over phase factors, although one could always do this, however absent
of physical motivation. This situation corresponds to SAI’s dynamical bath. The
present formulation shows a pure phase average picture for this case is somewhat
forced. Bath wavepacket displacement (and in the next section, system wavepacket
displacement) thus emerges as a restraint on a pure “dephasing” picture of decoher-
ence.

The dynamical bath limit would be uninteresting if decoherence is always
dominated by dephasing. But low temperature baths are prime suspects for overlap
decay to dominate dephasing effects. For example, if there is just one bath coherent
state, e.g. as in a 7" = 0 bath whose true ground state is describe well by a single

multidimensional coherent state, the Eq. (9.42) becomes
1 0r |2
Meon = §|011| s (960)

i.e. the decoherence is entirely caused by bath overlap decay. This is true even if the
system wavepacket is strongly displaced, since the system wavepacket simply overlaps
itself in Eq. (9.42) when there is but a single state in the sums. It is therefore possible

to decohere from the zero temperature initial state or a given single coherent state
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of the bath, due to bath overlap decay; however, at zero temperature this requires
degeneracies of the bath.

Here, it is especially clear that a phase average picture is not natural for
a dynamical bath: in this case there is only one “quantum trajectory” so to speak,
a single product wavepacket which describes the bath-system evolution in the right
arm. Eq. (9.42) shows that the effect in this case is decoherence due to a displaced

bath wavepacket.

9.4.7 System Overlap Decoherence

We now relax the artificial (though possible) condition that the system over-
lap terms are essentially 1, i.e. the system wavepackets can be significantly displaced
by interacting with the bath. Here we leave the realm considered by SAI.

The concepts of a dynamical and nondynamical bath still apply; the question
at hand now is the further role of system overlap decay in forming the coherence
measure M.

We assume a nondynamical bath to make the analysis simpler; this means
that bath wavepacket self-overlaps are unity, and any decoherence can be blamed
either on random phases (the dephasing limit) and/or on system overlap decay. We
now investigate the relative importance of these two.

The relevant effective system wavefunction is then

) = 2 3 ufe gp) (9.61)
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The self overlap of this wavefunction is
1 i —ich:

Mo, = 2 %wfw? e'?i Tt <g;t‘gzrt> (9.62)
The phase and overlap contributions are manifest. It is not possible to give a gen-
eral rendition of the relative importance of phase and overlap contributions to this
expression; this will depend on the system and bath under consideration. However,
the diagonal terms always survive, even in the limit of strong kicking of the system
wavepackets. (We remind the reader that even though our analysis was perturba-
tive for the wavepacket displacements, in the sense of classical perturbation theory,
the displacements can be strong in the quantum sense. “Strong” is measured by
wavepacket overlap decay, which can be severe even while classical perturbations are
correctly giving the wavepacket displacements). Restoring the bath overlap factors

for a moment, for the diagonal terms we get

1 1
Mo, = 5 ZwﬂO?ﬂQ < 5 Zw? . (963)

1

Since > w? =1,
5

> wi~1/N, (9.64)
i
is an inverse participation ratio, where N is the number of participating quantum
states describing the bath. When N is large, Eq. (9.64) predicts that M, will be
vastly smaller than 1/2, effectively meaning the system is completely decohered in
this limit. This is the limiting form in the strong system-kicking limit.
There remains a question, however: could the system overlap decay strongly

as above without strong phase randomization, so that a pure dephasing picture would
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miss it? When one considers, for example, the harmonic model, the conclusion is
soon reached that for finite temperature it is not easy to strongly displace the system

wavepackets randomly without strong phase randomization.

9.5 Conclusions

In this paper, we have presented a semiclassical, wavepacket-based formalism
for decoherence. We have limited ourselves to the case of a single system wavepacket
split initially into two mutually coherent pieces, one of which interacts with a bath.
This situation is well suited to discussion of the SAI approximation, which seeks to
lay the blame for decoherence at the feet of random phases imparted to the system
by the bath. In one limit, discussed in Sec.(9.4.6), this is exactly the case, when nei-
ther system nor bath wavepackets are significantly displaced by the interaction, but
phases develop which decohere the system anyway (corresponding to SAI’s “nondy-
namical” bath). In this case decoherence takes place without an appreciable exchange
of energy. In another limit, discussed in Sec.(9.4.6), wherein system wavepackets are
also barely perturbed but bath wavepackets are significantly displaced, one can still
force a random phase picture, within the SAI identification embodied in Eq. (9.6),
although the identification with an average over random phase factors is more of a
mathematical equivalence than a physically motivated idea.

If, however, the system wavepacket is more strongly perturbed by the inter-
action, as in Sec.(9.4.7), a new decoherence mechanism sets in which does not fit into

the SAI scheme at all. Such system disturbance is hardly rare or unlikely. Stronger
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perturbation of the system can occur with or without significant bath displacement.
Finally, the relative importance of wavepacket displacement and phase randomization
is h dependent, with smaller % favoring a dephasing mechanism.

One perhaps surprising and potentially very computationally and intuitively
useful aspect of our formulation is the emergence of an effective system wavefunction,
which measures the decoherence. Similar ideas have been introduced in the context
of a stochastic Schrodinger equation [144].

The distinction we are making between phase randomization versus overlap
decay has long been central within the context of spectroscopy of systems embedded
in a bath (see, e.g. Ref. [145]). The concepts of “dephasing”, “depopulation”, and
“pure dephasing” are traditional in spectroscopy. Within the context of exponential

decay, the relation

11 +1
T, 210  T;

(9.65)
is legion, where 75, is the dephasing time, 73 is the depopulation time, and T3 is
the pure dephasing time. The translation of concepts into the present discussion
is: “dephasing” — “decoherence”; “pure dephasing” — “dephasing”. The time 75 is
typically the time constant for decay of the initial wavefunction created by absorption
of a photon, and is measured from the width of of an absorption line. (If we had
introduced a tunnel coupling between the two arms of our model device, we could
also have had a natural population decay-the probability of being in each arm. This

is an interesting subject for future study).

It is important to mention the limitations of our theory. Since our theory
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has not included the Pauli exclusion principal it can not be straightforwardly applied
to the electron dephasing problem; the Fermi sea and its additional phase-space
constraints on available system decay states has not been properly incorporated. We
have also neglected spin, but this can be included without much difficulty[123].

The approach we have taken to decoherence is not limited to the physical
circumstances used here. The semiclassical wavepacket-perturbation approach should
be applicable to wide variety of situations and physical observables, and we hope to

pursue some of these in the near future.



Appendix A

Evaluation of STM Current

The following is adapted directly from Ref. [8].

h2 a * v = %
M = 5~ / dS - (¥, — 6 V) (A.1)
The matrix elements M, can be evaluated by expanding the the surface state wave

function as

2|2 2\1/2, = =
ZaGe(K‘ +‘K‘G‘ ) Zelli)GI

1
_\/ﬁsG

where (), is the volume of the sample, Kk = ,/Q—ngvl and Rg = EII + G. Here m is the

Yy , (A.2)

mass of the electron, W the work function of the metal, k| the wave vector parallel
to the surface and G is a reciprocal lattice vector.
The tip wavefunctions can be written in the s-wave approximation (point

source of electrons) as

kR
_ L Gl il (A.3)
\/ﬁt |7 — 7o

where R is the radius of the tip, 7y is the center of the tip, {2; is the volume of the

Vu
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tip and ¢; is some prefactor. 1, can then expanded in the same form as the surface

states using

€

i —(k 22| ig-7
— :/d2qb@e (K+02)1/2 2] g (A)

and

b(@) = 2m) w1+ ¢ /K1) T2, (A.5)

where z is the distance from the surface Plugging into the expression for M,, and

evaluating term by term in G gives

R? Am g
, = ——Re"1, (7)) , A.
j om \/ﬁt Re ¢ (TO) ( 6)
which yields a current

_ 32m°2VW?2Dy(Ep)R?e*
B hikt

I > 1 (70) *8(E, — Er) | (A7)

where D,(EF) is the tip density of states and V' is the tip-sample bias voltage.



Appendix B

Scattering Phase Shift from DOS

The following is adapted directly from Ref. [23].

In this Appendix we show how to relate the phase shift of an impurity, §(¢),
to the retarded Greens function, é, and the impurity density of states.

As we showed in Chapter 2, Dyson’s equation (Lippmann-Schwinger equa-

tion in the context of scattering theory) can be written
G=Go+GVG , (B.1)
which can be expanded as
G = Go+GoVGo+GVG VG +--- (B.2)
= Go+ Go(V+ VGV +--)Go,

where the terms in the parenthesis can be grouped into into a single object called the

t-matriz. The t-matriz is defined by
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It has the utility that once it is known, the Lippman-Schwinger equation reduces to
é = éo + éoTéo , (B4)

which relates the full Greens function, é, to the free Greens function, Go.

We assume a one-body Hamiltonian of the form

IAJ = ZekCLng,a =+ Z Vk,k’CLng',a, (B5)
k,o k.k/,o

which can be diagonalized exactly to yield

H= Z eacL,Uca,g , (B.6)

where the creation and annihilation operators have obvious meaning. In the diagonal
basis,

Gow(€) = (alG(e)|a') = —""—, (B.7)

where s is a positive infinitesimal. The density of states can then be computed directly

from the retarded Greens function,
1 N
o(e) = ——ImTr[G(g)] . (B.8)
m

Consider the case of a single impurity in a host. Then, to a good approximation,
the density of states is just the sum of the two: o(€) = o(€) + 0imp(€). Therefore,

Ap(e) = o(€) — 00(€) = 0imp(€). Thus, we can write, using Eq. B.8,
1 A A
Ag(e) = —=ImTr[G(e) — Go(e)] - (B.9)
v
The matrix identity TrlnA = Indet A generalizes, after using Eq. B.7 to

TrG(e) = —%lndeté(s) ; (B.10)
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which allows us to re-express Eq. B.9 as

Ag(e) = %Im%ln (det[G(2)Go(e) 1)) - (B.11)

The Greens function can be solved as G = (1- @0\7)_1@0 so that

Aole) = llmagln (det[(1 — Go¥)7]) (B.12)

™ 9

Since we are considering time independent potentials, V does not depend on the en-
ergy . Therefore, we can replace (1 — GoV)™ by V(1 — GoV)™! = T because the
derivative acting on the term with V alone will give zero (recall det(AB)=det(A)det(B)

and In(ab)=In(a) + In(b)). Hence,
Ap(e) = lImgln (detT) (B.13)
)= T e ' '

The phase shift is defined as
§(¢) = argdetT'(¢) . (B.14)
(When the t-matriz is expressed in position representation,
T(e) = 2i(e*9) —1)6(rg — r")6(ro — 1) ,

which can be checked explicitly to satisfy the relation, Eq. B.14 above.) Using the

fact that the imaginary part of the In is the argument,

0

1 Qe

Ao(e) (B.15)

The phase shift and number of impurity states, nimp, are thus determined by inte-

grating over the density of states

= [ (e = 2L (B.16)

™

where we have taken §(—oo) = 0 and EF is the Fermi energy.



Appendix C

Derivation of Local Moment Model

for Magnetic Nanoclusters

Consider N4 magnetic impurities embedded in close proximity in a metallic
host. The Hamiltonian is H = Hypepa + Hing where Hoperal = Yk, EukNuke describes

the free conduction electrons and

Hiy = =Y T (7, 7)Su(7) - Sl +JZS (7) - Sa(7) (C.1)

7y
describes the direct interactions between the impurity d-levels and the interactions
between the conduction electrons and the magnetic impurities. The first term in
Eq. (C.1) describes the ferromagnetic interaction among the localized d-levels of the
impurity atoms and the second term, Hx = JY7S.(7) - Sy(7), describes Kondo
scattering from these d-levels by the conduction electrons. Jg(7,7) > 0 is the ferro-
magnetic exchange interaction between two localized d-levels and J > 0 is the bare

Kondo exchange coupling between the d-levels and the conduction electrons. The
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conduction electron spin operator at position 7 is

. 1 .

Se() = 5 2 ¢ (7 (F)joGaa crra (C.2)

45

where ¢,;(7) is the wave function of conduction electrons with level index j at 7. The
utility of Eq. (C.1) is two-fold: (i) It gives an expression for the important limiting case
of a “cluster” which consists of just one impurity. In this limit, Hn = JS,(0) - S4(0)
which is just Hg for a single impurity. (ii) Eq. (C.1) can describe the limit of a cluster
so strongly coupled to the metallic host that the conduction band conduction electrons
of the cluster and those of the host cannot be distinguished. Thus, the character of
the ¢;(7) that appear in Eq (C.2) vary depending on the physical situation. For a
single impurity, ¢;(7) is the wave function of the host metal conduction electrons, for
a cluster in the weak tunneling regime as described in Sec. 5.3 ¢;() describes the
conduction band wave functions of the ferromagnet or ferromagnetic semiconductor
and for a cluster in the strong tunneling regime ¢;(7) is a strong hybridization of
the ferromagnetic conduction band electrons and the conduction electrons of the host
metal.

To derive Eq. (5.35), we neglect anisotropy in the cluster magnetization
formed by the localized d-levels. We further neglect spin-wave excitations to states
of different total d-electron spin of the cluster. In a Heisenberg-type model one may
estimate the cost for such an excitation as Espin—wave ~ Jr(ak)® where a is the lattice
spacing of the cluster’s atoms and £ is the largest wave vector of the spin wave allowed
by the physical size of the cluster. If we take Jp ~ 0.1 €V, e.g., then for a small cluster

of size L ~ 10 Awith lattice constant a ~ 2.5 A, kmin ~ T so that the minimum spin-
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wave energy ED_~ 60meV ~ 600K. Below that energy scale spin waves can be

therefore neglected and we can concentrate on the subspace where
Z Sy (7) = NaSq = S5 (C.3)

Within the subspace of maximum total d-level spin, the d-level spin is a rigid spin
which can only change its projection on the z-axis. The collective effect of the impurity
d-levels is to give the cluster a net spin. It is this spin that conduction electrons will
scatter from—either “directly” in the limit of strong tunneling between the cluster and
metallic host or “indirectly” as described in Sec. 5.3 in the limit of weak tunneling.
(In the limit of weak tunneling only conduction band electrons may hop on and off

the cluster.) Within the S; = S5*** subspace,

(Sa, S|Hk|S4,85) = = Z% (M s (F)claGaa ¢jra(Sa, S |Sa(7)|Su, S3) (C.4)
TJ]

S Zsoj GIAGE oFaa/Cra - (Sd,S’Z|Sd|Sd,SZ) (C.5)
7]’]

The sum over 7 can be estimated,

j = j" (normalization)

1
565 (P () = ()

~ ﬁ j # j' (random numbers)
Neglecting the off-diagonal terms,
HK ~ NA2 chaaaa’c]a Sd (C7)
J — —

The full Hamiltonian is

. E - -
cluster - Zejn]U—"_ S Sd+—c(z nja_ng)2_ JF(Fa F)Sd(f‘)sd(f’) ’ (09)
3,0

2 7,7
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where we have put in the Coulomb charging energy by hand. Recall that now the

c}o_ refer to conduction band electrons, not s, p and d hybridized bands as in the
itinerant model. The last term in C.9 is just an irrelevant shift in the total energy in

the subspace Sy = S7** so we drop it. Thus, we arrive at

J =
Huster = Z 6]”]0 S Sd + a Zn]o' - . (ClO)



Appendix D

Matrix Elements and Kondo

Couplings for Local Moment

Models

In this Appendix, we include some more lengthy expressions not included in
Sec. 5.5.2. To complete the evaluation the RHS of Eq. (5.19) for the local moment

model described in Sec. 5.5.2 we need the matrix elements:

M, = N(ST,ST—1|ch|ST+1/2,ST—1/2)§V+1
Se S, — Sz

= - 2 25,

Sz=-S.
<Sc — 1/2,Sd, SCZ + 1/2,ST — Sj — I‘ST—F 1/2,ST — 1/2) (Dl)

(S, Sai S, Sr — 8% — 1|Sp, Sp — 1)

M; = ;'V_1<ST+1/25 Sr —1/2|cj4|Sr, Sr)™
Se Se +Sz

- 3

Sz=—5c

SC; Sd’ SZ T _Sg‘STaST>
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<Sc — 1/2, Sd; Sj - 1/2,ST - SCZ|ST+ 1/2,ST — 1/2> (DQ)

M, = Y{(Sp,Sr— 1|cL|ST +1/2,57 — 1/2)?[71
Se S Sz

- 5

Sz=-S.
<SC — 1/2,Sd, SCZ + 1/2,ST — SCZ — 1‘ST+ 1/2,ST — 1/2> (D3)

(Se, Sa; SZ, S — SZ —1|Sr, S — 1)

The matrix elements then directly yield the expression for the generalized
Kondo couplings for the local moment model:

7 2 Z Vj,kf L My M; — Mz M
5 ST v 5E—,T +eq— ¢ 5E+,T — €141 T € ’

j=I1+1

(D.4)

where M; denotes the matrix element already given in Eq. (5.40). The products

MyMs and MyM; can be evaluated directly:

~ 1
Jl“/ —
5 ST +1

N 1 1
Z Viks ij’%( + ) (D.5)

s 0F s+ea—€ OB 4 —ern+g
giving a ferromagnetic contribution when J > 0. If J < 0 and Sy = Sg+S. (1—]) one
finds _S—+1 — 5- which agrees with Eq. (5.23) of the itinerant model with S — Sj.

A calculation similar to the one that led to Eq. (D.4) and Eq. (D.5) then

yields:

_2 . 1 ( ;sc )
j>ZA 7 5E+,¢ — €441 T € 5E+,T + A, — €ar1 + € ( )

and from the doubly occupied states

: 5 . 1 (252’561)
JH — Vs *y gk 257+1 B e e | b7
’ Jg::I " ! OE_ +er—¢€ OE_++As+er—¢ (D-7)

where we have agained assumed J > 0, giving J#* > 0 and J4” > 0 since 0By , ~

Ec/2. In the limit of a single point of contact, one recovers an expression similar to
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Eq. (5.26), Eq. (5.41), except with an overall sign difference when J > 0 (and the

precise form of the mesoscopic fluctuations). In the case J < 0 (take 1—| and |—7)

we have — 2 __ and L ( 25, ) — —L< 25, ) which makes J* < 0 and

2
2Sr+1 2S57+1 ST+1\2S:.+1 St \2S.+1

Jh <.
The reduced matrix elements[146] for the all the states of the local moment

model are given below:

D.1 J>0
_ 285,
Y ST +1/2||¢jl ST = \/25+1\/2ST+2
_ 25
;'V 1<ST_1/2||CJ'||ST>£1V = \/W%
257 +1
;y+1<ST+1/2||C;HST>éV = \/ﬁ
NS 4+ 1/2]g][S0)Y = /250 +2
257 + 1 28,
NS +1/2|cl||Sp)Y ﬂé}ﬁ o
NSy —1/2(el|ISr)Y = \/2Sr+1
D.2 J<0

257+ 2

N=USr4+1/2|lc;||Sr)y) = ————
j <T+ /||CJH T>d m
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- 28,
FHSr=1/20lelIS)Y = V2Sr 5
25+ +1
NS —1/2]|el]|Sr)Y = fm
NUSr —1/2]l¢|1Sr)Y = \/2Sr

7S+ 12ll[Sr)Y = 250 +1

25y +1 [ 28,
V2Sr V25, +1

N+L(Sr —1/2||cl][Sp)Y =



Appendix E

Variational Calculation of the

Baldereschi-Lipari Wavefunctions

We start from the Hamiltonian Eq. (7.1), the spherical Hamiltonian with

central cell correction V., = —Voe_(%)z,
Hy=-L (P = 11> Jappap) — < + Vee(r) (E.1)
2m " er ’

where r( is a short distance cutoff and all other parameters are as given in Sec. 7.

Eq. (E.1) can be non-dimensionalized by rescaling distance r — r/a.g where
2 2
et = h7 €1 /e“myg (E.2)

is the effective Bohr radius (note that with the central cell correction this is no longer

a measure of the spatial extent of the wavefunction),

Reg = €*mg /2R €%y, (E.3)
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Table E.1: Numerical values of various authors.
Author € To Qoff Reg Vo 1% EYs Eauth

o o gnd gnd
Y&M 10 259A 403 A 17.8 meV 2.5eV 141 74 meV 124 meV
B&B 10.66 2.8 A 4298 A 15.7meV 2.7eV 172 102 meV 112 meV

US 1066 2.8A 4298 A 15.7meV 3.0eV 198 112 meV -

is the effective Rydberg and then multiplying through by 2mgaZ; /A*y;. We define

2
2moVoazy

‘7
hQ’)/l

(E.4)

Table E.1 list the parameters we used as well as those used by various authors for
Mn in GaAs. All authors have used the values v;=7.65 and p = .767 for GaAs. The
values for ¢, 1o, V5 and Eg,’{}}h where taken from Refs.[110, 107] while aeg, Reg and 1%
are the values calculated from Eq. E.2, Eq. E.3 and Eq. E.4. EZ7, was calculated by
the variational method described below. We used the numerical values of Ref.[107]
but we shifted Vj to obtain the accepted binding energy of 112 meV.

When p # 0 in Eq. E.1 the ground state of a hole bound to an acceptor is
no longer an L = 0 state. The “spin-orbit” term will mix in some L = 2 part[106].
The ground state is no longer Hydrogenic and must be solved by numerical methods.
The total angular momentum F = L+ Jis a constant of the motion with uw# 0
and the ground state is F' = 3/2. The wavefunction for the ground state can then be

written

b.(F) = fo(r)|L=0,J=3/2,F =3/2,F2) (E:5)

+ go(r)|L=2,J=3/2,F=3/2,Fz) .

By taking matrix elements of Eq. E.1 in Eq. E.5 one obtains the following set of
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integral equations to be solved for fy(r) and go(r):

9 ~ 2
($2+§$+3%6+Egnd —u(a+ 2+ %) )(f‘)(r))
=0.
.y (;722 _ %d%) j% 24 S+ 2 Vo+ Epa 9o(r)
(E.6)

In order to solve Eq. E.6 we follow the variational solution of Ref. [106] by

expanding
7l = X A0), (E.7)
and _
wlt) = 3 Bi(), (E5)

where the A; and B; are variational parameters to be determined and f;(r) and g;(r)

are normalized but not orthogonal basis functions given by

£i(r) = 2\/5(91—1@3/46_91-_1&,,2 ’ (E.9)
/2

and
4ﬂ(gi_1a)5/4 _gilar?
r———F—¢€
V34 /2

with a; = ¢* 'a where we have taken a=1 x10~2 so that az=5 x10° as in Ref. [106].

gi(r) = , (E.10)

Eq. E.7 and Eq. E.8 are then substituted into Eq. E.6, which leads to a series of guas-
sian integrals that make up a (214+21) x (21+21) matrix. Once the nonorthogonality
of the basis set is taken into account the transformed (21421) x (21421) matrix
can be diagonalized to find the weights A; and B;. (A matrix diagonalization gives
the variational weights becuase the states are linear in the variational parameters.)

Roughly this goes as follows. The energy of the system is given by

o ) Hijth;

= , E.11
bl Si; (E11)
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where H is the Hamiltonian of Eq. E.1 in the basis ¥ = {fo, g0} given by Eq. E.7
and Eq. E.8 and S is the matrix of overlaps of the non-orthogonal basis functions.
The fo(r) and go(r) satisfy the normalization condition [5° r?(fo(r)? + go(r)?)dr =
1. We can write S = OTAO where A is a diagonal matrix. Therefore 1] S;;1; =
ngiTkAkkijwj so that we can define 1) = v/AOv. This gives

_J{(V/A OHOWA )
Pty

E

, (E.12)

which can then be diagonalized to give the eigenvalues and eigenvectors in the new
basis. The eigenvectors in the original basis are then found from 1 = \/KflOTqﬂ.
This determines the wavefunctions for the ground state (and higher excited states, in

principal).



Appendix F

Expressions for Angular
Dependence of Induced Hole

Polarization

With wavefunctions in hand (Appendix E), we can calculate quantities such
as (J(r,0,$)) which will show the effects of the anisotropy of the Baldereschi-Lipari
wavefunctions due to the effective spin-orbit coupling. As an example, consider

(J.(r,0,0))F,=3/2- Expanding part of Eq. (E.5),

IL=0,J=3/2,F=3/2F, =3/2) =
(L=0,Lz=0,J =3/2,J,=3/2|F =3/2,F, = 3/2)

x|L=0,L,=0)J =3/2,Jz=3/2) (F.1)

191
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which simplifies to
|L=0,J=3/2,F =3/2,F, =3/2) =10,0)|3/2,3/2). (F.2)
For the L = 2 component of Eq. (E.5) there are more terms,

IL=2,J=3/2,F=3/2,F,=3/2)= S (2, L23/2,7.13/2,3/2)|2, L.)|3/2, J2) ,
Jo+L,=3/2
(F.3)

which becomes

2 2 1
2,5/2,8/2,3/2) = 2220372, <1722 2, 2,172+ [ ol 572
(F.4)
Projecting into (6, ¢|, which turns the orbital part, L, into spherical harmonics, one

finds for the full wavefunction

) 0o(r)
brsn = (fo( oo+ 203, ¢)) 3/2,3/2) (F.5)

- go(?‘)\/ngl(H, ¢)|3/2,1/2>+go(7“)\/§Y22(9, ¢)13/2,-1/2) .

Taking the expectation value of J, in this state gives,

(Lo(r,0,0)) r.=3/2 = % [fo(r)? + fo(r)go(r) (3cos™(8) — 1) + go(r)’cos’ (6)] , (F.6)

after expressing the spherical harmonics interms of trigonometric functions. The same
calculation can be repeated for the other components of J in different F, states to

obtain

(Jy(r,0,0)) p,—x3/2 = [fo( )2+ fo(r)go(r)(3cos®(0) — 1) + go(r)2cos4(0)] (F.7)

9o(r)
2

3
o
(200,80 = (o) + 57 3c052(0) = 1)) + (e (0) | sin(0)os(0)

(F.8)
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(Ji(r,0,0)) =172 = i% lfo(?“)2 — fo(r)go(r)(3cos*(9) — 1)
9o(r)?

T 7

(54 12cos(26) — 900s(40))]

(F.9)

9o(r)

<JL(r,e,¢>>Fz:ﬂ/2=i%[(fom - (3cos2(e>—1))go(r>]sin<e>eosw>

(F.10)

where || and L is taken with respect to the z-axis.



Appendix G

Parameter Determination of

Effective Hamiltonian

G.1 1-hole 2-ion Problem

The idea is to extract pair-wise interaction elements from the two impurity
problem to put into a more general calculation that includes many impurities and
then treat that problem in a mean field calculation.

We assume that we have two impurities separated by a distance z;. We take
the quantization axis, z, to be along the line joining the two impurities. In this case

we have the Hamiltonian

Y (2
HO - %(}0 _,U';Jaﬂpa/;’) —|—V1(’I')+V2(T'), (Gl)
where
2
i = s o cc _’__; s 2
V) =~ * Vel ) (G-2)
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with 77 and 75 the locations of the two impurities. Here € is the dielectric constant
of the host (e ~ 10 for GaAs). We solve the problem in the subspace of F' = 3/2
states centered on each impurity. The F), subspaces decouple because of the azimuthal

angular integration and can therefore be diagonalized separately:
+3/2,1 +3/2,2
+3/2,1 1 a

53/2 - , (G?))
+3/2,2 a 1

+3/2,1 +3/2,2
Z|:3/2, 1 Egnd + €1 €3 + CLEgnd

H3/2 = , (G4)
:|:3/2, 2 es3 + aEgnd Egnd + e

for the F, = £3/2 subspace and
+£1/2,1 +1/2,2
+1/2,1( 1 b

51/2 = , (G5)
+1/2,2 b 1

+1/2,1 +1/2,2
+1/2,1| Ega+ex es+b0Eg,

Hyp = , (G.6)
:|:1/2, 2 €4 + bEgnd Egnd + €9

for the F, = +1/2 subspace. The parameters are the overlaps between the two holes at
site 1 and site 2: a = 13/2(1(2)13/2 = +3/2(2|1)+3/2, b = £1/2(1(2) 1172 = £1/2(2[1)21/2,
er = 432(1Vall)aso = 13/2(2[Vi[2)a3/2, €2 = 212(1Va|1)x1/2 = £1/2(2|V1[2) 110,
es = +3/2(1|V2|2)a3/2 = 13/2(1|Vi|2) 4372 = 43/2(2|Vi|1)13/2 = +3/2(2|V2|1)43/2, and

es = 11/2(11V2(2) 4172 = 412(1V1[2) 212 = +122IVi|1) 1172 = +1/2(2[V2[1)+1/2. The
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explicit formulas for these quantities are given below. E, 4 is the ground state energy
of the single bound hole as determined in Appendix E. Using Eq. E.5, expanding the
angular parts in spherical harmonics and then rewriting the expressions in cylindrical
coordinates, we have r? = p?+ 22, with p the radial coordinate. To simplify our expres-
sions, we introduce the notation fy = fo(r) (same for go), fo(20) = fo(y/p? + (2 — 20)?)
(same for gg) and 7(29) = \/p? + (2 — 20)%. Here 2z is the distance between the two

impurities and Vi (20) = Vi(y/p? + (2 — 2)?) is given by Eq. G.2.

0= 27r/000 pdp/o:o dzl% (fo + % (3’;—2 _ 1)) (fo(zo) + 90(220) (3(1(_2502)2 . 1))
+%9090(Zo)#;)2 (Z(Z — %) + 302)]

o ol (350 (82 (537 )
i (a3 )

e —27r/oo d /Ood,zV(z)i f+@ 32_2_1 2+i 2/0_2<Z2+12>
b 0 pap —0 B g 0T 7 r2 47rgo7“4 4p

2 2

2
* °° 1 90 [,% 3 9P (2,1,
er=2r | pd/’/_oodzvl%)[ﬂ (f°—5<3ﬁ—1>> +mﬁ(z +zp)

co=2r [ pdp [ daVi(zo) [ﬁ (fo + 2 (3j—z - 1)) (fo(zo) + 90(2"‘”0) (3 (ZT (—Zoz)02)2 B
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-2 gugolz0) e ( ( )+ 2)
V4 AV -
4090120 721 (20)? 0/ 3P

e = 21 /Ooo pdp /_O:O d2Vi (z0) l% (fo - % (3?—2 - 1)) (fo(zo) — 90(220) (3(27,(_2:502)2 - 1))

42 (20) i ( ( ) + ! 2)
Z Z\Z — Z — .
g 090170 21 (20)? 0/ yP

It should be kept in mind that a, b, and the four e; all depend on the spin-orbit
strength p and separation distance z;. We can solve the above problem as a function
of distance by diagonalizing the Hamiltonian to find the eigenstates and the corre-
sponding eigenenergies. We use these results to find the values of the parameters in
the effective Hamiltonian below.

The effective Hamiltonian we consider for the 1-hole 2-ion problem is

Heff — l3/2 (Cg/2,103/2,1 + CT_3/2’10_3/2,1) + h.c. (G.7)
+1l1/2 (01/2,161/2,1 + 011/2,16—1/2,1) + h.c.

+h((F2)* =5/4) Y nr.i

Flyi

+E Z an,i-

Fai
Using the same matrix conventions as before we have
+3/2,1 +3/2,2
+3/2,1 E+k t3/2

Hy)p = , (G.8)
+£3/2,2\ /2 E+k
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for the F, = £3/2 subspace and

+1/2,1 +1/2,2
+1/2,1 E—k ti/2
Hyjpp = , (G.9)
+1/2,2 12 E—-k
for the F, = 41/2 subspace. By comparing the states and eigenvalues of H*% to
the real problem H, we can relate the parameters of the original model to those of

the effective model. Equating the eigenvalues for the two systems for corresponding

states gives

l3)2 = 21 (G.10)
by = LE2T 4 (G.11)

2T '
P b*e; + (a? — 1)eq — aes + ab’e3 + bey — a’bey (G.12)

a(a®> —1)(b2 —1)
1 /es—e; es+e  e4s—e €4+62)

EFE=F — . 1

9"”4(@—1 a+1 ' b—1 ' b+1 (G.13)

This completes the derivation of the effective Hamiltoninian for the two impurity

problem. The effective parameters are plotted in Fig. G.1.

(.2 General Case

In the more general case, with three or more impurities, we need to know

how to generalize the above Hamiltonian to the situation where the impurities do not
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Figure G.1: The positional dependence of the Effective Hamiltonian parameters for
Mn in GaAs. See also Fig. 7.2.

lie along the z-axis. When the impurities lie along the z-axis the hopping matrix is

tsp 0 0 0

0 tiyp 0 0

t= (G.14)
0 0 typ O
0 0 0 ty
For hopping between 2 sites |a) and |5) we should have
Y (alilB) = D (|8, (G.15)

allF, allF,
where |o') and |3') are the same distance from each other as |«) and |5) but do

not lie along the z-axis. It is an identity that (alf|3) = (a|UT(UtU')U|B) where
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U = e=:0¢=40  We can think of |8) = U|B), so that the i = UIU'. Inserting a
complete set of states (z-basis) every where,
f= 3 MM e O e M ™ (| O MY (M (G.16)
M, Mm'm
which means we must evaluate (m|e'¥%|M). This can be done by expressing Jy =
(J+ — J_-)/2i and then exponentiating. Performing the the matrix multiplications,

this finally yields a Hermitian matrix with elements

By o= %(31&1/24—5153/2—3(t1/2—t3/2)cos(29))
ty = —§€i¢(t1/2—t3/2)8in(29)

ty = —§€_2i¢(t1/2—tg/Q)Sin2(9)

ty = 0

- 1

o3 = 0

ta = T
tsy = 1o
ty = —tio
ty = 1.

When there are two sites not along the z-axis the spin-splitting term generalizes to

k((i;; - F)? — 5/4), where n,; is a unit vector pointing along the axis joining the two
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impurities. In the diagonal basis we have
0 0 0
-k 0 O
k(F2—5/4) = (G.17)
0 -k O
0 0 k

Expanding (i;; - F)2=(ng Fyy +n, F,+n,F,)? with n, = cos(¢)sin(6), n, = sin(¢)sin(f)

and n, = cos(f), and expressing the F, and Fj in terms of the raising and lowering

operators gives for a general direction, we obtain the following matrix elements for

the general case,

k(7 - F)? =5/4) =
k(7 - F)? —5/4)1, =
k((fiyj - F)? —=5/4)13 =
k(7 - F)? —5/4)1, =
k(7 - F)* = 5/4)2 =
k(i1 - F)* = 5/4)s =
k((7lij - F)? —5/4)0s =
k(71 - F)* = 5/4)35 =
k(71 - F)” = 5/4)3s =

k((fly - F)? = 5/4)u =

1
Zk(l + 3cos(26))

V3e " ®kcos(6)sin(6)
V3

2
0

e 2 ksin?(6)

1
_Zk(l + 3cos(26))



Appendix H

Determination of hole-hole

Interaction Strength

H.1 Derivation of on site interaction Hamiltonian

Here we only consider the on-site interaction of two holes. In second quan-

tized form the interaction between two holes looks like

A 1
Honsite = = Z Ufl,fQ,f3,f4C}16}chscf4 ) (Hl)
f15f27f35.f4
where
Ufl,fz;f4,f3 = Ufl,f2,f3,f4 = <f1; fQ‘UCOHIOInb‘f‘l; f3> ) (HQ)

and where we have again restricted ourselves to the same F' = 3/2 subspace. Thus,
the f; man take on the values £3/2 and +1/2. To evaluate the matrix element

Ut fo:f4,f2 We insert unity in the form of of an integral over position and a sum over

202
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the values of J,,
Z/d?’FIF, py(m =1, (H.3)
o

so that

62

Uf17f2;f4,f3 = Z/d?)f’/ d3f’¢;,f1 (F)qbu,ﬂ(f')ﬁqsz,fz (f’)(ﬁ,,’fs(fl) ) (H4)
oV -

|7
where we have already calculated the ¢, f, () with the variational calculation outlined
in Appendix E and Appendix F. See Eq. (E.5) and Eqgs. (F.3-F.5) for an illustration
of how the angular dependence of ¢, ,(7) is obtained. A simple projection of (J =
3/2,J. = 1/2| into Bq. (F.5) picks out @153/ (%) = —go(r)\/2¥a1(6, ¢), for example.
Because of symmetry, Eq. (H.1) simplifies to F' = 0 and F' = 2 irreducible

representations. One can verify by direct evaluation that the operator

A

produces the state |[F' = 2, F, = 2) when acting on the vacuum. The F' = 2 states of

lower F, can then be produced by applying the lowering operator. They are

D= eyl (H.6)

S 1

DO = ﬁ (01-_3/202;/2 + CJr_l/ZCJ{/z) (H7)
Doy =y, (H.8)
D, = Ct3/2ci1/2 5 (H.9)

and likewise for the sole F' = 0 operator,

A 1
So = —2(011/201/2 - 013/202/2) ’ (H.10)
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so the the Hamiltonian may be written in the form
: 1 o R N
One can then write projection operators (with indicies suppressed) as
R F?
Pp = CTCTCC? , (H.12)
and
. F2
Ps = clcfec (1 — —) ) (H.13)
where F = F’l + F‘2 is the total F of the two holes, so that
2 5 F-F
— == . H.14
6 4 + 3 ( )
Hence, for any specified set of indicies
- - 5Up — U, Up—-Ug = =
UpPp + UsPs = ( e -FQ) detee (H.15)
where we can define
5Up — U,
Uy = # , (H.16)
and
Up—-U.
Up =225 (H.17)
3
to give a Hamiltonian of the form
A A U —
Hint:% iNz‘l-l-TFZ:FiZ:, (H.18)
where :...: denotes normal ordering and 7 is the site index. We have
(H.19)

N; = Zc;f’fci,f ,
f
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and

F’i = Z C;!.,fF;flcz',fl . (HQO)
r
By comparing the matrix elements of Eq. (H.11) to the matrix elements of Eq. (H.1),

we can evaluate the Up and Ug interms of the Uy, 4, f, 7, Which in turn allow us to

evaluate the Uy and Ur of Eq. (H.18). Carrying out the evaluation, one obtains
Up = 2 (U3/2,1/2;3/2,1/2 - U3/2,1/2;1/2,3/2) (H.21)
Us = 4 (U1/2,_1/2;1/2,_1/2 - U1/2,_1/2;_1/2,1/2) - Up, (H.22)
and therefore,

Un = 3Usja,1/23/2,1/2 — 3Usj2,1/21/2,3/2 — Uiy, -172:1/2,-1/2 + Ury2, 172 172,072 (H.23)

4

Ur = 3 (U3/2,1/2;3/2,1/2 — Usja,/2;1/2,372 — Urya,—1/2;1/2,-172 + U1/2,_1/2;_1/2,1/2) :

(H.24)

H.2 Evaluation of Uy and Ur

To obtain a numerical value of Uy and Ur we must determine the values
U3/2,1/2;3/2,1/2, U3/2,1/2;1/2,3/2, U1/2,—1/2;1/2,—1/2 and U1/2,—1/2;—1/2,1/2 by evaluating the
integrals in Eq. (H.4). These integrals depend on the radial wavefunctions that we
evaluated variationally in Appendix E and are material specific. In order to evaluate
the integrals in Eq. (H.4) the ¢, ;,(7) must be decomposed into spherical harmonics.
Various products of sperical harmonics will result in the integrand. The integrals are

then hopeless to evaluate unless one makes use of the very important formula

=Ty (T>) () Yim () (H.25)

r>l0m—l 2l+1
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where Q (') is the angle of 7 (7). With this formula, almost all of the integrals are
zero. The few remaining integrals yield

62

Unsapsaasre = e [0 [ 12000 (0 + V)oY + ()

EQeff

4

4 (%)2fo<r>go(r>fo(r'>go(r')

(H.26)

2

= ng8 1 (1<) Ne(s”
s = e [ 72 [P 22 (7)Aol ) (1120

€Qof 25rs \7s

2 oo
Ui jo1/21)2, 1/2—6— r2dr 'er — | (o) + o)) o) + 900"
€Qeoff 0
+i TN o) 00(r) o o)
2 \rs o\7”)9o 0 9o
(H.28)
Uija,~172,-1/2,12 = 0, (H.29)
where
62
= 31.6meV . (H.30)
€Qeft

Inspection of the equations above reveals that only two integrals need to be evaluted

numerically. When these integrals are evaluated, we obtain

Uy = 2570K | (H.31)

and

Up = —51K . (H.32)



Appendix I

Evaluation of Singular RKKY

Integrals for Spin 3/2 Particles

We establish the identity
/1 dk /°° d—2*_p(yP(g) = Ez’/l dkk | F* (k)? = F~(k)?
0 1 g — k? 2 Jo
. 2 .

We note that the functions F'(k) that appear in the evaluation of the RKKY ker-
nal, Eq. (8.11), have two important properties that we will use in the derivation of
Eq. (L1): (i) F(—k) = —F(k) and (ii) the most singular behavior of F as k — 0 is
F(k) ~ k2.

To do this we first prove that

1+i6 1 qz
I= lim(g_m/ dz/ dg———F(2)F(q) =0, (I.2)
-1

—1+i6 qg> — 2?2

where ¢ is a positive infinitesimal quantity. Decomposing the integrand gives qz_% =

207
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(ﬁ + L) Let x be defined by z = x + 6. Then the integral can be rewritten as

1
2 —z q+z

N 1 .
L= /_1 dx/—1 dq§ qu—x +Pq+x +imd(q — ) _Zﬂé(q"—x)] vF(x)F(q) ,

= [ [Pt o) - i) @)

where P denotes the principal part of the integral. The principal value integral over
the first term is zero by symmetry. This can be see by making the change of variable
x — g and ¢ — x and noting that this part of the integrand changes sign. Next
we look at the last two terms with delta functions. The integral over these terms
evaluates to i5(qF(¢)F(q) — (—q)F(—q)F(q)) = 0 since F(—q) = —F(g). Thus, we
have shown Eq. (I.2), I = 0.

We now return to the formula, Eq. (I.1). Using the fact that the integrand is
even in both k£ and ¢ and the result, Eq. (I.2) we can extend the region of integration
to obtain

1 1
+
g—z2 q+z

/ dk / h dqqf_k S F(k)F(q) = limaﬁo% /C dz /o:o quF(Z)% < ) .
(1.3)

We now turn our attention to the integral

Rz/_idq(q_%-l—ﬁ%)F(q), (L.4)

where we now extend the region of integration into the complex plain as shown in
Fig. I.1. The function F is complexified: F(q) = F*(q)+ F~(q) where F*(q) (F*(q))
is analytic in the upper (lower) half plane with the possible exception of the origin.
For example, from Eq. (8.18), we have F(q) = smfﬂ—k’") = % - % G(q) from

Eq. (8.18) would be decomposed in the same way term by term. The integral, R,
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The contour C1

o
>—e—=
o

The contour C2

[
>0, —>
o

Figure I.1: The contours used in the evaluation of Eq. (I1.5).

then becomes

re[ (e ) ror+ [ () Fe . 09

where the contours C; and Cs are shown in Fig. I.1. Evaluation of the first integral

2

ives 273 | Ft (k) + Resq_o 4 245 F1(q) ! | and evaluation of the second integral gives
g q 2—k

2mi(—1)F~(—k). Using the fact that (—1)F~(—k) = F(k)* we have the final result

that
2
R = 2mi l2F+(k) + Resqoro {qti‘fk?w (q)H . (L6)

Since the worst singularity is F' ~ k=2 the residue term of Eq. (I.6) is either zero or
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just a constant in the most singular cases. For this special case,

2q . 2¢
Resq-0 {WFJF(Q)} = limg_, {WFJF(Q)} ; (L7)

which is a convenient calculational tool. Thus,

/0 ' dk /1 ” dquqfkaF(k)F(q) - é /| 11 dkkF (k)2 [2F+(k) +limq_,0{(]22_i]€2F+(q)H .
(L8)

In the first term we can make the replacement under the integral F* (k) = = (F* (k) + F(k—)]

1
2

since kF (k) is even. Recalling that F(q) = F*(q) + F~(¢q) and F*(—k) = —F~(k),

[k [7 ao ™ P F@
= ki [P0 0+ Pl { S E 0}

- gz /Oldkk [F*(k)Q—F(k)2+F(k)limqao{q22fq2k2F+(q)H , (1.9)

which is just the indentity we wanted to establish.



Appendix J

Exact Expressions for the RKKY

Kernel with SO Coupling

We give here the exact expressions for the RKKY kernel, Eq. (8.11). The
z-component of the heavy hole contribution was already given in Eq. (8.22). Here we

again use the notation a = kg, R and b = kg R.

" a2 k 2k 2%
K,fjl(R):KZ?h(R):4W6ng/O ik [_cos( a)  cos( a)+cos( a)

2 a’k? ad a®k?
sin(ka) _ sin(ka) sin(2ka)  3sin(2ka)
abk? a*k 2a8k3 2a%k

(J.1)

L :
K#(R) + KEZ(R) = 47 engagy /0 dk E (—Cos(k‘?fbos(kb) + C°S<k§2,jg“<’““)
cos(ka)sin(ka) N cos(kb)sin(ka)  sin(2ka)  sin(2ka)
atk a3bk 2a5k3 2a*k
_sin(kb)  cos(ka)sin(kb) N sin(ka)sin(kb)>
a3bk a3bk a?b

211
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4_5<_c0s(ka) _ cos(kb) N cos(ka)cos(kb)  cos(ka)cos(kb)

2 a’bk?  aPb’k? a’b3k? a3b?k?
sin(ka)  cos(kb)sin(ka)  cos(kb)sin(ka)  sin(kb)
k3 adbik® a2b%k a3b3k3
cos(ka)sin(kb)  cos(ka)sin(kb)  sin(ka)sin(kb)  sin(ka)sin(kb)
LR a2k abk2 32 )
27 (_ cos(ka)cos(kb)  sin(ka) N cos(kb)sin(ka) N cos(ka)sin(kb)
2 ab? ab3k ab3k ab3k
cos(kb)sin(kb)  cos(kb)sin(kb) n sin(ka)sin(kb)
bSk3 bk ab?
sin(2kb)  sin(2kb)
28k 2bik )] ' (3.2)

Kipi(R) + Kiz(R) = K(R)+ Kj}(R)
L 13 ( cos(ka)cos(kb)  cos(ka)sin(ka)
= 4dn Gthgl/O dk lé (— a2b + aSk3
cos(ka)sin(ka) N cos(kb)sin(ka) sin(2ka)  sin(2ka)
a*k a3bk 2a5k3 20k
_sin(kb)  cos(ka)sin(kb) N sin(ka)sin(kb))

a3bk a3bk a?b
g(cos(ka) cos(kb) N cos(ka)cos(kb)  cos(ka)cos(kb)
2\ a?b3k?  aPb?k? ab? a?b3k?
cos(ka)cos(kb)  sin(ka) = sin(ka)  cos(kb)sin(ka)
 a3k? a0k ab3k a’b>k3
cos(kb)sin(ka)  cos(kb)sin(ka)  sin(kb)  cos(ka)sin(kb)
 ak @k 3Bk a3b3k3
cos(ka)sin(kb)  cos(ka)sin(kb)  cos(kb)sin(kb)  cos(kb)sin(kb)
ek ek RS bk
_sin(ka)sin(kb) N sin(ka)sin(kb) N sin(ka)sin(kb)
ab? a?b3k? a3b?k?
sin(2kb)  sin(2kb)
206k3 204k )
(k cos(ka)sin(ka)  kcos(kb)sin(ka)  ksin(2ka)
+3 5 + - 5
a ab 2a
+kcos(ka)sin(kb) N k cos(kb)sin(kb) ksin(?kb))]
ab b? 2b?

(1.3)
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U 9sin(2kb) 45 (cos(kb)  cos(2kb)
2z _ 2
Kii(®) = 4“Fgl/o dkl 2002 ?( PR

_ cos(2kb)  sin(kb)  sin(kb)

bok? b8 k3 15b%k
sin(2kb)  17sin(2kb)  ksin(2kd) (7.4)
2003 306*k 45002 '

Kij(R) = K (R)

L 9| cos(kb) cos(2kb) cos(2kb) sin(kb) sin(kb)
— 2 i
= dnerdt | dk2[ BR3¢ R 0k 3bik
_ sin(2kb)  sin(2kb) 4k sin(2kb)
2653 6b*k 962

(J.5)
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