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Abstract

Experiments on nanostructures have yielded a very rich body of data. Very often
the experimental temperature is low enough to make S-wave scattering applicable,
and the coherence length is significant enough such that phase factors play an impor-
tant role. In this thesis, multiple scattering theory (MST) is applied to studying first
an acoustic experiment and then 2-dimensional electron gases (2DEGs) in nanoscale
systems; a finite difference method (FDM) is employed to solve the Schrodinger equa-
tion for a single-electron quantum dot with various boundary conditions; numerical
techniques are developed to study cusps in 2DEGs and their tip scan images. In total,
five closely related projects are described in this thesis.

In the first project, starting with the usual Lippman-Schwinger formulation of
MST, a perturbative MST is developed to express in terms of the original field the
changes induced by removing, adding, shifting, and changing a scatterer. The for-
malism is intuitive and easy to implement numerically.

In the second project, time-reversal focusing in sound scattering is studied in
terms of MST. Many important features of the experimental system are revealed for
the first time. An interpretation is provided to explain some recent experimental

observations.
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In the third project, MST is applied to 2DEGs in the S-wave scattering limit.
Many novel conductance fringe patterns are revealed and a general formulation is
given for these patterns. Also provided are estimation formulas of thermal width for
the circular, elliptical, and hyperbolic fringes, which are found to be consistent with
numerical results.

In the fourth project, first FDM is employed to solve for ground state energy of a
single-electron quantum dot, which leads to its conductance peak patterns under tip
scan. Singular value decomposition (SVD) is then utilized to invert matrix to extract
electron wavefunction out of the experimental conductance data. The stability and
sensitivity to boundary conditions of FDM and SVD are also studied.

In the fifth project, numerical techniques for generating classical and quantum
cusps in 2DEGs are developed. Their tip scan images are analyzed to show interesting
dynamics in imaging process. The classical folding of quantum cusp is demonstrated
at short wavelength. More complicated, overlapping cusps are shown as well. Most

importantly, experimental cusps are matched nicely by numerical results from the

Kirchhoff method.
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Chapter 1

Introduction and Outline of the

Thesis

1.1 Introduction

In recent years, experiments on nanostructures have yielded a very rich body
of data. Technological advancements have allowed physicists to probe ever smaller
and more quantum mechanical systems, and physics processes never seen before have
been shown to happen on these small scales. Quantum corrals, quantum mirages, and
branched electron flow through a quantum point contact are some recent examples.

Very often in these nanoscale experiments, quantum effect is large and objects be-
have more like waves than particles. Interactions among objects and between objects
and external potentials are best described in terms of wave scattering. An arbitrary
scattering among many objects can be very difficult to analyze because of high order

partial wave scatterings and the large number of scatterers involved. So the most
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general form of multiple scattering theory is often employed numerically and in the
statistical sense. However, many of the above difficulties don’t exist in most nanoscale
experiments where measurements are done in mostly clean samples and low experi-
mental temperature makes S-wave scattering, the simplest scattering, the dominant
one. In these nanoscale systems, coherence length is very significant such that phase
factors play an important role and coherent interference becomes abundant. Multiple
scattering theory (MST) can be applied in the S-wave limit, which allows for easy and
compact formulation, to explain many such phenomena observed in two-dimensional
electron gases (2DEGs) in recent experiments.

Largely motivated by several previously unsolved mysteries in the electron flow
imaging experiments done in the Westervelt group at Harvard years ago, I apply mul-
tiple scattering theory (MST) in the S-wave limit to give a full account of all possible
conductance fringe patterns in 2DEGs and utilize the Kirchhoff method to reveal the
formation of quantum cusps in 2DEGs and their tip scan images, in addition to other
topics. Most of the research revolves around phenomena observed experimentally in
2DEGs in nanostructures, and MST is the most used technique, though not the only

one.

1.2 Outline of the Thesis

A broad range of problems are researched in this thesis. A perturbed version
of multiple scattering theory (MST) is first developed in a general matrix formal-
ism; a classical acoustic scattering experiment is then analyzed in great detail to

reveal the experimental system’s internal dynamics; MST is applied to scattering in
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two-dimensional electron gases (2DEGs) to explain conductance fringe patterns; a
finite difference method (FDM) is employed to solve the Schrodinger equation for
a single-electron quantum dot with various boundary conditions and singular value
decomposition (SVD) is used to retrieve the electron wavefunction; numerical tech-
niques are developed to study cusps in 2DEGs and their tip scan images. In total,
five closely related projects are presented.

In the first project on perturbation in scattering, starting with the usual Lippman-
Schwinger formulation of MST, a perturbative MST is developed to express in terms
of the original field the changes induced by removing, adding, shifting, and changing a
scatterer. The formalism is intuitive and easy to implement numerically. An intuitive
diagrammatic representation of MST is also given, and the possible occurrence or
suppression of resonance is also discussed.

In the second project on acoustic scattering, time-reversal focusing in sound scat-
tering is studied in terms of MST. Many important features of the experimental
system are revealed for the first time. An interpretation is provided to explain some
recent experimental observations in similar systems.

In the third project on conductance fringe patterns in 2DEGs, MST is applied to
2DEGs in the S-wave scattering limit. Many novel conductance fringe patterns are
revealed and a general formulation is given for these patterns. Also provided are es-
timation formulas of thermal width for the circular, elliptical, and hyperbolic fringes,
which are found to be consistent with numerical results. Occurrence of resonance and
signatures of impurity properties are also addressed.

In the fourth project on a single-electron quantum dot, FDM is first employed to
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solve for ground state energy of a single-electron quantum dot which, upon resonant
tunneling, leads to circular conductance peak patterns under tip scan. Singular value
decomposition (SVD) is then utilized to invert matrix to extract electron wavefunction
out of the experimental conductance data. The stability and sensitivity to boundary
conditions, along with applicability, of FDM and SVD are also studied.

In the fifth project, numerical techniques for generating classical and quantum
cusps in 2DEGs are developed. Their tip scan images are analyzed to show inter-
esting dynamics in imaging process. Phase space dynamics have been particularly
interesting and illuminating. The corresponding classical structure of quantum cusp
is demonstrated at short wavelength. More complicated, overlapping cusps are shown
as well. Lastly and most importantly, experimental cusps are matched nicely by nu-

merical results from the Kirchhoff method.



Chapter 2

A Perturbative Multiple Scattering

Theory

2.1 Introduction

Scattering theory has been well studied in the past century [62]. Initially developed
to help study atomic and nuclear structures, scattering theory was soon also applied to
condensed matter physics, and then went beyond quantum scattering on microscopic
and mesoscopic scales to find applications in classical, macroscopic systems in optics
(68, 82], and more recently in acoustic scattering experiments [14, 27]. As Maynard
[52] pointed out, though quantum scattering is derived from the Schrodinger equation
and classical scattering is based on a classical wave equation, many analogies between
them exist under appropriate conditions. However, it remains to be seen what impact
a small perturbation has on a scattering system. A perturbation theory can give

important insight into the system’s internal dynamics, which are often too difficult
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to analyze directly.

Our work is motivated by the recent experimental and theoretical studies on per-
turbations in acoustic time reversal focusing [78, 70]. As the first part of our ongoing
project on perturbed time reversal focusing, this chapter gives an analytical formula-
tion of perturbations in multiple scattering, applicable to both quantum and classical
systems [52]. The following chapter [38] will explore perturbations in acoustic time
reversal focusing in great detail, not only providing an analytical model to reproduce
the observations [78], but demonstrating analogous features in quantum scattering
systems as well. By developing a perturbative multiple scattering theory in a general
form in this chapter, we expect its future broad applications to both theoretical study
of stability of scattering systems and experimental research in atomic and mesoscopic
physics. For example, studies on photon interaction with atoms, atomic collision in
Bose-Einstein condensates, and electronic transport in mesoscopic/nanoscopic sys-
tems can all benefit from an understanding of the influence of small changes on
scatterers (atoms or impurities) due to perturbations like temperature fluctuations,
etc. The knowledge of perturbation effects could also be used to design apparatus to
monitor gradual changes over long time in various systems, such as the proposed in-
dustrial /medical imaging and wireless communication schemes based on time reversal
focusing [78].

The chapter is organized as follows. First we review the conventional formulation
of multiple scattering theory. Then the change in the overall incoming wave on an
arbitrary scatterer is derived in terms of the unperturbed wave field for removing,

adding, shifting a scatterer, and replacing a scatterer with a different one, respectively.
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In the end, the collective perturbation due to changes on multiple scatterers is given in
a compact form. Physical interpretation is given along with mathematical derivation.
All formulations are given for a general multiple scattering system. For simplicity,
only s-wave scattering is considered, since it’s the most commonly explored case in
multiple scattering research and can be easily obtained in mesoscopic systems by

lowering temperature to achieve wavelength comparable to scatterer size.

2.2 The conventional s-wave multiple scattering

theory

Consider an open, linear, scalar-wave system consisting of a source and a number
of s-wave scatterers whose scattering strength is uniform and given by €(w). Denote
the source’s and N scatterers’ positions respectively as #s and {Z;;7 = 1, N}. From
an s-wave multiple scattering theory [62], the total resulting wave field ¢ (Z;w)
at an arbitrary point ¥ can be expressed in position-frequency space using the free

propagation Green function G(Z,7;w) as

G(Z, T w)o™ (Ti; w)

M=

N (Fw) = ¢y(Tiw) + e(w)

.
—_

= |l

= ¢s(Trw) +e(w) Y Grioy (2.1)

s
Il
—_

where ¢ = oM (Tj;w), Gzi = G(T, T w), ¢s(T;w) is the unscattered signal directly
from the source, ¢"(Z;;w) is the overall incoming wave at the i’ scatterer, and the
superscript N denotes the total number of scatterers present.

Setting ¥ = Z; successively in Eq. (2.1) for all 7 leads to a series of equations that
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can be expressed formally in the matrix representation

miy ... NMun Qﬁv 9251,5
e ¢N _ . - . . _ . | (2.2)
myi1 ... MNN ¢% ¢N,s

where ¢; s = ¢5(Zi;w), my; = 1, and m;; = —e(w)G;; for i # j. The standard method

of solving heterogeneous matrix equations gives

mi . Mag—1) ¢1,s miG+1) - DNunN
may . Magi—1 ¢2,s mo@G+1) - NN

(MY g = ey ey . (2.3)
my1 - MN(@G-1) ¢N,s MN@GE+1) - MNN

The determinant on the right hand side is obtained by replacing the i** column
with the vector {¢; s}. From the standard matrix theory [29], the determinant ‘M N ‘
can be written as Y, E[my1)1Mp2)2Mp3)s - - - Mp(nyn], Where the sum is extended
over all permutations p of the integers 1,2,..., N and a + or — sign is affixed to
each product according to whether p is even or odd for p(1),p(2),...,p(N). Given
that, for i # j, my; describes free wave propagation from the j* scatterer toward
the *" scatterer, any term Mp(1)1Mp(2)2Mp(3)3 - - - Mp(n)n can be reordered to have
indices linked as mymypmppmysms; . . . my; after removing factors like my,, (= 1, which
means the h'" scatterer isn’t involved in scattering). Each such term corresponds to
a unique scattering path that visits every scatterer at most once and that starts and
ends at the j™ scatterer, i.e. a closed loop as the one in Fig. 2.1(c). So ‘MN‘

describes all kinds of possible loops in scattering paths. Similarly, the right hand
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side determinant of Eq. (2.3) is the sum of terms each of which can be reordered
into the form m;;mnMprMpsMst - . . MpgPyq s, i-€. the index begins at ¢ and finishes at
s on the right hand side. Each term corresponds to a unique scattering path that
visits every scatterer at most once, starting from the source and ending at the "
scatterer as the one in Fig. 2.1(b). Now a scattering path interpretation to Eq.
(2.3) is manifest. Since ¢ describes the overall incoming wave on the " scatterer
from source, it contains contributions from the various scattering paths from source
to the scatterer. Any of the various paths, such as the one in Fig. 2.1(a), can be
decomposed into one basic path that visits every scatterer at most once, as the one
in Fig. 2.1(b), and a possible second part that consists of one or more loops each
of which starts and ends at an intermediate scatterer on the basic path, as the one
in Fig. 2.1(c). Interestingly, the right and left hand sides of Eq. (2.3) describe all
possible choices of basic paths and loops that may be involved in scattering, thereby
offering a convenient and intuitive way to explain later results.

One should notice that if }M N ‘ is small, ¢ will be large for the i'" scatterer
with a nontrivial right hand side determinant in Eq. (2.3), which usually corresponds
to certain resonance of the system. The form in Eq. (2.2) is particularly useful for
generating approximations to the changes in the wave field due to removing, adding,
shifting, or changing the strengths of some of the scatterers. For most applications,
the natural next step is to invert the {m,;;} matrix in Eq. (2.2) or calculate the left
and right hand side determinants in Eq. (2.3) to obtain ¢, almost always done
numerically. But here we stay with the matrix form to develop analytical formulas

for the various perturbations in the following sections.
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1
1
1
1
1
1
Source "
1
1
1
1
1

N\

Oy e N L
e R Rt Xy
: ¥ , ¥
Scatterer Field Scatterer Field Scatterer Field

(a) (b) (c)

Figure 2.1: (a) Diagram of a typical scattering path from the source to the i*" scat-
terer, which visits the j* scatterer twice. The entire path can be decomposed into
two parts described in (b) and (c) respectively. (b) The basic component of the scat-
tering path which visits every scatterer no more than once. (¢) The loop component
of the scattering path that begins and ends at the j™* scatterer. There can be none
or multiple loops in an arbitrary scattering path.

2.3 Removing an s-wave scatterer

As a starting point, let us focus on the changes that will be introduced by removing
an arbitrary scatterer labeled by the index N. According to Eq. (2.1), the change in

the wave field is
N-1
(5¢N(f; w) = ¢N_1(f; w) — QSN(f; w) = €(w) <Z Gm(wfv — G@N¢%> , (2.4)
i—1

where d¢¥ = ¢ "' — ¢ for 1 <i < N —1 is the change in the overall incoming wave
on the remaining " scatterer. For later convenience, here we define 6N = ¢y — PN
Eq. (2.4) expresses the change in the wave field as the sum of the propagated changes
from the remaining scatterers minus the propagated field from the absent scatterer.
An expression for the {§¢)¥} is sought in terms of the unperturbed or N-scatterer

wave field quantities.
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For the wave field generated with just the first N — 1 scatterers, a similar matrix

representation exists as the N-scatterer case except with one fewer row and column.

Thus,
miq e ml(N,l) i\f—l ¢1,s,
MV | N S R )
MN-1)1 -+ TYUN-1)(N-1) N ON-1,s

Substituting the left hand side of Eq. (2.5) into the first N — 1 elements of the vector

MN—l
{¢is} on the right hand side of Eq. (2.2) and subtracting - ¢V from
0 1
both sides leads to a solvable series of equations
MYt 0
0 1 0 0 M(N-1)N
(S(Zﬁ% my1 ... mN(N_l) 0 (ﬁ%
MmN
— . N (2.6)
mMN-1)N
My
where m/yy = ﬁzij\;l mpy;@Y. The changes in the wave field due to removing

a single scatterer now appear only on the left hand side of the equation, whereas

the right hand side contains only the original wave field quantities. Using the same
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method of solution of matrix equations as before gives for 1 <i < N —1

MV o9 =
mii1 . mii—-1) min mMizi4+1) . miN-1)
ma1 . mMa(i—1) manN mMa(i+1) . ma(N-1) N
¢N7
mN-1)1 MN-1)(i—1) TMYN-DN TY(N-1)(i+1) MN-1)(N-1)
(2.7)

where both determinants are of (N — 1) x (N — 1) matrices. The right hand side
is obtained by first replacing the i"* column with the N** column, and next remov-
ing the N** row and column from M”". Now the right hand side terms are like
TG TR M Mk M - - .mqub%, i.e. the index begins at ¢ and finishes at N. Given
the ordering sequence of the terms in the expanded determinants has a path inter-
pretation, one sees that, after the N** scatterer is removed, the information of ¢%’s
absence can reach the i*" scatterer through paths described on the right hand side,
with possible loops at intermediate scatterers given by the left hand side terms as
shown in Fig. 2.2. To obtain §¢Y, one can numerically solve either Eq. (2.6) or
Eq. (2.7). The sum of the various terms in either of the two determinants of Eq. (2.7)
strongly depends on the convergence of high order scattering terms.

Before proceeding to a different perturbation, let us examine the implications of
Eq. (2.7). The left hand side ’M N _1‘ is usually nonzero for real frequencies in a non-
absorbing medium. The i-dependent right hand side determinant must be nonzero

for at least part of the remaining scatterers. Therefore when ’M N *1’ is very small,

d¢N will be large for the i remaining scatterer with a nontrivial right hand side
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N

Scatterer Field Scatterer Field Scatterer Field
(a) (b) (c)

Figure 2.2: (a) Diagram of a typical path for the absence of the N scatterer to
reach the " scatterer, which visits the j** scatterer twice. The entire path can
be decomposed into two parts described in (b) and (c) respectively. (b) The basic
component of the path which visits every scatterer no more than once. (c¢) The loop
component of the path that begins and ends at the j** scatterer. There can be none
or multiple loops in an arbitrary path.
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determinant. In such situation, removing the N scatterer could either induce a
resonance in a scattering system or suppress an existing resonance if ‘M N ’ is also
small in Eq. (2.3).

Since each m;; (i # j) contains one €(w), in the weak scattering limit in a bal-
listic transport system (such as a clean quantum wire), it’s possible to obtain an
approximate analytical solution to d¢Y using only the few lowest order terms in
Eq. (2.7). For example, keeping up to the first order terms in e(w) in Eq. (2.7)
leads to d¢Y ~ my¢Y = —€(w)G (T, Ty;w)dN. Thus, among the remaining scatter-
ers, the amplitude of §¢) varies in proportion to that of G(Z;, n;w), which is, for
k|Z; — Zy| > 1, 2% in 1D; \/% in 2D; and 1/|%; — Zn| in 3D (k = 27/A and A
is the wavelength) [55]. This implies that in the weak scattering limit the amplitude
of §¢¥ is not only small, but non-increasing in distance |#; — Zx| from the perturbed
scatterer. But in the strong scattering limit, such a simple relationship no longer
holds and the amplitude of ¢ could be larger in far field than in near field given

appropriate conditions.

2.4 Adding an s-wave scatterer

Similarly, we can derive the changes that will be introduced by adding an arbitrary
scatterer labeled by the index N + 1. According to Eq. (2.1), the change in the wave
field is

N+1

5¢N+(f; w) = ngNH(f; w) — ng(f; w) = €e(w) <Z Gm&]ﬁﬁw + Gf,N+1¢N+1’S> , (2.8)

=1
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where 6o T = ¢pN Tt — ¢N for 1 < i < N is the change in the overall incoming wave
on the original i*" scatterer. We also define d¢pNT; = ¢NT1 — dny1s. Eq. (2.8)
expresses the change in the wave field as the sum of the propagated changes from
the original scatterers plus the propagated field from the newly added scatterer. An
expression for the {34~ *} is sought in terms of the unperturbed or N-scatterer wave
field quantities.

For the wave field generated with the total N 4 1 scatterers, a similar matrix

representation exists as the N-scatterer case except with one additional row and

column. Thus,

miy cee mi(N+1) ]1V+1 ¢1,s,
DN g = . . . _ .  29)
M(NFDL -+ TUNH1)(N+1) N ON+1,s

Substituting the left hand side of Eq. (2.2) into the first N elements of the vector

o
{¢is} on the right hand side of Eq. (2.9) and subtracting M1 . ' from
ON
¢N+1,s
both sides leads to a solvable series of equations
(5¢:]1V+ 0 0 —Mi(N+1) ¢J1V
(M) ' _
0 0 —mN(NH) Qﬁ%
SONT1 —MN411 - TIUNHDN 0 PN+1,5
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Mi(N+1)

- | - (2.10)

MN(N+1)

m,(N+1)(N+1)
where My 1y vi1) = ﬁ S mv+1i¢Y. The changes in the wave field due to
adding a single scatterer now appear only on the left hand side of the equation,
whereas the right hand side contains only the original wave field quantities. Using

the same method of solution of matrix equations as before gives for 1 <¢ < N + 1

MN+1’ 5¢N+ _
mi1 . miG-1) M1(N+1) M(i+1) . M1(N+1)
may . ma(i-1) Ma(N+1) M23i+1) . Mo(N+1)
_ ¢N+1,S>
MmN+ - TMY(N41)(i-1) m'(N+1)(N+1) MN+1)@E+1) - TYNH1)(N+1)
(2.11)
which for 1 <i < N simplifies to
mi . mi@i-1) Mi(N+1) M1+1) . 0
mo1 . Ma(i—1) M2(N+1) M2>i+1) . 0
¢N+1,s

MN+DT - TUNADG-1) TN (N1 TUNHDG+D) - Tvpny V) — L
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mir . Mig—1) MiynN+1)  Mig+1) - DUN
o1 . Ma@G—1) MoN+1) M236+1) - TanN ,
- (Minsy v — DON+1s
my1 - MN@G-1) MN(N+1) MN@G+1) - NN
miy . Mig-1)  MyN+1)  Mi@+1) - MUN
Ma1 . Magi—1) MoN41) Moty - Man | N
= O mvs1)i®) — dntis),
i=1
my1 - MN@G-1) MN(N+1) MN@G+1) - NN

(2.12)

where determinants are of (N +1) x (N + 1) matrix on the left and (N +1) x (N +1)

matrix for i = N+ 1 and N x N matrix for i = N on the right. The right hand side is

mM1(N+1)

obtained by replacing the i** column with — ) dN+1,s- Nowfor1 <7 <

MN(N+1)

MUN1)(N-41)
N the right hand side terms are like m;;m;pmpempsms; . . .mp(NH)(Zﬁil m(NH)igbﬁV —

®nN+1s), 1.e. the index begins at ¢ and finishes at N + 1. Given that the ordering
sequence of the terms in the expanded determinants has a path interpretation, one sees
that, after the (N +1)*" scatterer is added, the additional wave of (SN | my1)idY —
dn11.s) can reach the it scatterer through paths described on the right hand side,
with possible loops at intermediate scatterers given by the left hand side terms. To

obtain d¢; ", one can numerically solve either Eq. (2.10) or Eq. (2.11). The sum of
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the various terms in either of the two determinants of Eq. (2.11) strongly depends on
the convergence of high order scattering terms.

The left hand side ‘M N +1‘ is usually nonzero for real frequencies in a non-absorbing
medium. The ¢-dependent right hand side determinant must be nonzero for at least
part of the remaining scatterers. Therefore when ’M N +1’ is very small, 66> will be
large for the " remaining scatterer with a nontrivial right hand side determinant.
In these cases, adding the (N + 1) scatterer could either induce a resonance in a

scattering system or suppress an existing resonance if ‘M N ‘ is also small in Eq. (2.3).

2.5 Shifting a scatterer

Analogous equations can be developed to account for the effect of displacing a
scatterer. The whole process can be viewed as a two-step operation. First, remove
the N scatterer from its original position, and second, place it in its new location.
The first step can be described by the same set of equations developed above for
removing a scatterer. The reverse process of the second step is to remove the scatterer
from its new location, which is also described by the same set of equations except
that ¢& , 0¢Y | and m,y in Eq. (2.7) are replaced by primed versions for the new
location of the N'" scatterer. The total effect follows by subtraction of the two sets

of equations. Letting ¢ (i < N) denote the full change of the compound process

SN = (¢N) — ¢V gives

MY b =
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mi1 . mMiG-1) MmN M1(i+1) . miy(N-1)
may . ma(i—1) mon mM2(i41) . mo(N-1) N
N
mmN-1H1 - MN-1)(-1) TYUN-1)N DTYUN-1D)(GE+1) - TYUN-1)(N-1)
mi1 . ml(i_l) min ml(i+1) . ml(N_l)
may . ma(i—1) mon ma(i41) . ma(N-1) N
- ¢N’a
mmiN-1n1 - MN-1)(-1) TYN-DN' TYN-1)GE+1) - TYN-1)(N-1)

(2.13)

where ¢, is the overall incoming wave at the N scatterer when placed at its new
location. Note that the two determinants on the right hand side are not identical
because of their dependence on the N scatterer’s locations.

But Eq. (2.13) isn’t the best way to express the changes since it involves ¢X,,
which isn’t present in the original wave field. A better solution is to first write an

equation similar to Eq. (2.2) for the new wave field

miq N ml(N_1) mins (qbiv)/
(MY) - (¢N) =
mN-1)1 mMN-1)(N-1) TYN-1)N’
My mN/(N_l) my/Nt ( %)/
d)l,s
_ L (2.14)
QbN’,s
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which, when compared with Eq. (2.2), gives

(MY) - (%)

0

¢N’7S - ¢N,s

+ MY N (2.15)

Defining 6¢Y = (¢V) — ¢ for all i and subtracting (M) - ¢ from both sides leads

to

mN-1)1

mpn

miny — Mainy

mN-1)N — My(N-1)N’

AmNN

mi(N-1)

mM(N-1)(N-1)

MN/(N-1)

N

miny 5¢1
mN-1)N’

my'Nt (5@25%

N
¢N)

(2.16)

where Amyy = [(onrs — On.s) + S (Mg — mar) 9] /#N. The equations can be

solved to give for all ¢

mi1

min-1)

M(N-1)(N-1)

MN/(N-1)

min

m(N-1)N’

my:Nt

5oy
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miy . mi@i-1) min — Man miGi+1) . mins
PN -
muyN-n1 - TYN-1)(i-1) TYN-1)N — TY(N-1)N' TUN-1)(i+1) - TY(N-1)N’
mnn . mN/(i_l) AmNN mN/(i_H) . myrN’
(2.17)

Now only the original wave field quantities and m;xn:/my+; (related to the new location
of the N scatterer and thus necessarily included) are used to express the changes in
the overall incoming wave on the i’ scatterer. Moreover, Eq. (2.17) gives d¢¥ for all
i, including the shifted N** scatterer itself.

Similar to the preceding section, if [(M™)'| is small, 6¢Y will be large for the
i" scatterer with a nontrivial right hand side determinant in Eq. (2.17). In such

situation, shifting the N scatterer could either induce a resonance in a scattering

system, or suppress an existing resonance if ‘M N ‘ is small in Eq. (2.3).

2.6 Changing a scatterer’s strength

It is also straightforward to apply a similar method to the case in which the N*"
scatterer changes its scattering strength by a factor of an arbitrary constant . This
can be viewed as a special case of Eq. (2.13) by replacing m;y: with ym;y in the
second determinant on the right hand side. One should note that, for ¢ # N, it’s
m;n instead of my; that is multiplied by v (my; describes a scattering by the i"
scatterer toward the N scatterer), and that ¢%, # ¢N (despite the same position

for the scatterer) because the change in scattering strength of one scatterer modifies
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the wave field at every point. However, as in the preceding section, there is a better
expression for the changes in wave field not involving ¢%,. Similar to Eq. (2.2), the

new wave field has

mi1 e ml(N_l) ’leN (¢{V)”
(MN)// . (¢N)// =
M(N—-1)1 MN-1)(N-1) TYTYUN-1)N
mp1 cee MN(N-1) MmN ( %)”
¢1,s
¢N,s
(2.18)
Compared with Eq. (2.2), Eq. (2.18) gives
N\
miy o miN-1) YMiN ( 1 )
(MN)// . (¢N)// =
mm-11 -+ TYN-1)(N-1) YTYN-1)N
muy1 ce MN(N-1) MmNN ( %)H
mi1 min ¢11V
— o | = MYV, (2.19)
myiy ... MNN ¢IN\7

Setting d¢Y = (oY) — ¢¥ for all i and subtracting (M™)” - ¢V from both sides
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gives
mi miN-1) Ymin 5¢iv min
= (1-9) ON-
M(N—-1)1 MN-1)(N-1) YTYN-1)N M(N-1)N
my1 MN(N-1) MNN 5‘?% 0
(2.20)
Solving Eq. (2.20) gives
myy mi(N-1) YMinN
5o =
M(N-1)1 MnN-1)(N-1) TYTYN-1)N
mn1 MN(N-1) mNN
mi1 mi(i—1) min mMi(i+1) miyN-1)
ma1 Ma(i—1) mMaN Ma(i+1) Mo(N-1)
mN-1)1 MN-1)(i-1) MYUN-1)N TY(N-1)(i+1) MN-1)(N-1)
(2.21)
or
(v [MY] (1 =) [ M) 0 =
miy mMii—1) miN M(i41) miynN-1)
mo1 Ma(i—1) maN M23i+1) Mo(N-1)
(1) ON-
mN-11 MN-1)(—-1) MYN-1DN TY(N-1)(i+1) MN-1)(N-1)

(2.22)
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Once again, the perturbation d¢¥ on every scatterer, including the N scatterer,
is represented using only the original wave field quantities. Eq. (2.22) has a rather
surprising implication. If one could freely control v (which needs further careful
examination in certain cases) and ‘M N ’ # ‘M N *1‘ (which is usually true), one could
always induce resonance in a non-resonant scattering system by setting v = 1/(1 —
‘M N ‘ / ’M N _1’). Since resonance often corresponds to persisting bouncing of wave
between scatterers, it’s possible to trap wave inside a scatterer field for a significant
amount of time by tuning the scattering strength of an arbitrary scatterer, according
to Eq. (2.22). This could be an alternative to the recent experimental work of freezing

photons in an atomic cloud [4].

2.7 Perturbing multiple scatterers

By repeated use of Eq. (2.4), the removal of a total of m scatterers can be viewed

as the sequential removal of a single scatterer at a time, i.e.

m [N—j ]
Z( Gzidg " — Gan- ]m)N;i)}
m N
Gz Z ¢ = 3 Grigl | (2.23)
j=1 i=N—m+1
where 5¢£V ~I*t1 s given by equations similar to Eq. (2.7). In the last form given, all
the canceling terms have been removed. Interestingly, the differential contributions

coming from the remaining scatterers are summed over the m systems having j scat-
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terers removed, whereas the missing contributions from the removed scatterers rely
only on the N-scatterer system. It’s the consequence of the linearity of the system,
which makes the overall change on any remaining scatterer equal the linear sum of
the changes induced in each removal of the m scatterers.

Similarly, the addition of a total of m scatterers can be viewed as the sequential

addition of a single scatterer at a time, which leads to

N+m N+m
) - Ma) = o) (5 Gu e S cue) @20
i=N+1

where (5¢ZN 7 change due to the j™ addition, is given by equations similar to Eq.
(2.11).
By linearity, the collective change in wave field due to shifting m scatterers is

conveniently given as
, N m
((bN(f; w)) — N (T w) = €(w Z Z (662);, (2.25)

where (§¢1); is the change §¢. in the incoming wave on the i" scatterer due to the
" shifting, given by Eq. (2.17).
Similarly, when m scatterers change their scattering strength, the collective change

in wave field is

(6" (@) = 6" (@w) = ) 3 G Y- (06 ), (2.26)

where (¢ )y is the change ¢ in the incoming wave on the ' scatterer due to the
k" scatterer’s change in scattering strength, given by Eq. (2.21). The m scatterers
can change their scattering strength by different factors v. That is, 7 in Eq. (2.21)

can be replaced with a different v, each time calculating (6¢2 ).
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Above are the collective perturbations due to modifying multiple scatterers. They
are analytical and strict. At certain weak scattering limit, the various d¢Y can be
approximated using low scattering terms, therefore offering a convenient analytical

study of perturbation effects.

2.8 Conclusion

In the preceding sections, we have expressed the changes in the overall incoming
wave on an arbitrary scatterer in terms of the unperturbed wave field for removing,
adding, shifting a scatterer, and replacing a scatterer with a different one respectively,
and then given the overall perturbation due to changing multiple scatterers in com-
pact forms. Most of the results can be intuitively understood in the scattering path
picture. The equations can be easily solved numerically to compare the changes on
different scatterers, which can help reveal the correlation strength between a remain-
ing scatterer and the removed one(s). Also at the weak scattering limit in a ballistic
transport system, the few lowest order scattering terms may approximate the change
on a scatterer’s overall incoming wave field analytically. The formulas are simple and
intuitive, should be very helpful to research on perturbations in atomic, mesoscopic
and even classical scattering systems.

Upon completion of this research project, it was recently brought to my attention
that a former graduate student, Stella Chan, in the Heller group had independently
worked out some similar problems in her thesis in a different formalism [12], which

complements our study in this chapter very well.



Chapter 3

Local Perturbation Evolution in A
Random Wave Field and A Time

Reversal Diagnostic

In the previous chapter, we reviewed the conventional multiple scattering theory
and its variations in the different cases of perturbation. In this chapter, we apply
multiple scattering theory to a classical scattering system to treat perturbations and
try to generalize it to quantum scattering as well. The next chapter will apply MST
to treat quantum scattering in 2DEGs.

We investigate the effects of local perturbations on wave propagation in an open
system comprised of a number of randomly placed identical scatterers. The work is
motivated by the recent acoustic experiments on time reversal focusing by A. Tourin,
et al. [Phys. Rev. Lett. 87, 274301 (2001)]. A general scattering theory for time rever-

sal focusing is first presented. Numerical simulations based on the theory demonstrate

27
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that both the enhancement due to time reversal focusing and the transition in the de-
terioration pattern from a linear to square root dependence on the number of altered
scatterers exist in quantum scattering systems as well. A following detailed analy-
sis of the key features in the experimental setup is made to fully reproduce major
observations on local perturbation with good accuracy. Several previously unknown

experimental facts are also easily understood.

3.1 Introduction

In this chapter we consider the effects of local perturbations on wave field evolution
for systems invariant under time reversal. If the dynamics of the system are chaotic
(or disordered), then even the simplest, coherent initial state will rapidly evolve into
a highly complicated wave field. It may be rather difficult to measure accurately
the entire wave field in order to check for deviations due to small perturbations.
However, perturbing the system and reversing the dynamics properly can help remove
phase factors and simplify a study of the system. More specifically, the idea is to
propagate a coherent initial state for a time ¢, alter the system to some varying
degree, reverse the dynamics for the same length time, and finally check the extent
to which the wave field returns to its original state. The match between the original
state and the propagated /reversed one for a given perturbation indicates the system’s
robustness against the perturbation. Two well known experimental realizations of
such a situation are spin polarization echoes in nuclear magnetic resonance [58, 90],
and acoustic time reversal mirrors (TRM) [27, 78].

The experiments of Tourin et al. [78] can be briefly described as follows. There
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are a source rod and a series of transducer receivers (120) on opposite sides of a
rectangular area of 3000 randomly-positioned-with-uniform-density, long (120 mm)
steel rods (scatterers) aligned parallel to the z-axis. A short pulse signal is generated
by the source rod, which propagates through the scatterer field. In this arrangement,
each transducer receiver records a long signal with a noisy appearance. Then a certain
number of the rods are removed from the rectangular area. Various intervals of the
receivers’ signals are time inverted and retransmitted simultaneously by the receivers.
Depending on the number of removed rods, the retransmitted waves recombine so as
to reconstruct a signal similar to the initial pulse at the source. The more rods
removed, the less the reconstructed signal resembles the initial pulse. Three main
experimental observations are of interest to us. First, it is observed that by using a
roughly 5us interval for the time-reversal process, under certain circumstances the
resulting signal at the source has a deterioration that has a nearly linear dependence
on the number of removed rods, whereas other circumstances lead to a nearly square
root dependence. The second result is that the half-peak deterioration of the resulting
signal is near inversely proportional to the end point of the time interval used; they
termed these measurements, ‘dynamic time-reversal experiments’. Lastly, reversing
the entire receiver signal produces a deterioration pattern approximately proportional
to the square root of the number of removed rods; these measurements are dubbed
here, ‘static time-reversal experiments’.

There have been a number of previous theoretical works on TRM [5, 57, 9, 6, 70].
Many of them addressed the general principles of TRM, but did not concentrate on

any particular experiment or its particular features. Snieder and Scales provided
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original insight on the stability of time reversal focusing in a general scattering sys-
tem using waves and particles [70]. However, their work does not directly explain
many of the later experimental observations [78]. Therefore, our focus is to show
how characteristics of the experimental arrangement lead to the observations not well
understood so far and, most importantly, to provide a further analysis of the per-
turbation sensitivity of TRM. The experimental observations [78] can be understood
simply, and our work generalizes to quantum scattering systems as well. This study
has broad potential applications to problems of classical physics such as wireless com-
munication based on TRM and industrial/medical ultrasound imaging [78], and also
to quantum problems such as impurity scattering in mesoscopic/nanoscopic systems
with time-reversal symmetry.

The chapter is organized as follows. In Section 3.2, a general scattering theory
formalism is introduced for time reversal focusing, with or without perturbations
to scatterers. Numerical experiments based on the theory are conducted in a 2D
quantum scattering system. The results confirm the validity of time reversal focusing
and the linear-m to /m transition in deterioration pattern (m is the number of
altered local scatterers). Some delicate issues regarding removing/adding rods and
the order of rod numbers in the two stages of TRM experiments are addressed and
would make good subjects for further experimental investigations. In the latter half
of the chapter, we apply the theory in detail to explain the experimental observations
by A. Tourin, et al. [78]. In Section 3.3, we introduce the differential cross section
of a single ultrasound scattering on a steel rod, and derive the Green functions for

direct transport and multiple scattering. With these results, many common features
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of the TRM experiments, such as the slowly-varying local mean amplitude and the
essential information contained in the receiver signal, appear naturally. In Section 3.4,
to address the perturbation sensitivity of TRM, a diffusion model is proposed. Most

experimental observations are nicely reproduced by our theory.

3.2 A General Scattering Theory of Perturbed Time

Reversal Focusing

Many perturbation effects in TRM experiments are exhibited in ways that are
system dependent. However, certain features are general and should apply to many
other multiple scattering systems. To examine this prediction, a general scattering
theory and its numerical results based on a 2D s-wave quantum scattering system in
ballistic transport limit are presented here.

The 2D scattering system is shown in Fig. 3.1. The central wave frequency
is 3M Hz, and the wave speed is 1.5Km/s. So the central wavelength is 0.5mm,
much smaller than the average spacing between scatterers but much bigger than
the scatterer size (here we use 40 identical zero-range-interaction scatterers), which
makes an s-wave scattering treatment valid. The scattering strength is uniformly
e = 2i(e? —1). The source to receiver forward propagation Green function can
be easily calculated in frequency space as follows. Denote the source’s, receiver’s,
and N scatterers’ positions respectively as Zs, @, and {Z;;i = 1, N}. From a zero-
range multiple scattering theory [62], the final Green function G"(¥,Zs;w) can be

expressed in terms of the free propagation Green function Gj(Zs, ¥;;w) = —i(Jo(k|Zs—
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Ti|) + Yo (k|Zs — Zi])) ( Jo(Yo) is the Bessel function of the first (second) kind and
the superscript r denotes the Green function is obtained using the retarded free

propagation Green function) as

N
G'(7,dgw) = Gol@ Tsw) + ) eGy(T, T w) G (T, Ty w)

i=1
N
= Gao_c‘,s + Z EG%,iGi,S7 (31)
i=1
where G; s = G"(¥;, 75;w) is the final Green function at the ith scatterer. Setting
T = T, successively in Eq. (3.1) for all j leads to a series of equations that can be

expressed formally in the matrix representation

miq ... TN Gl,s G%S
= , (3.2)
myy ... TMNN GN,s G(])\T,s
where m;; = 1, and m;; = —eG?ﬁj for ¢ # j. Inverting the matrix gives G, s, which can

be plugged into Eq. (3.1) to solve for G"(Z,, Zs;w). Amazingly, the Green function
G*(%,,Zs;w) of the time reversed propagation can be obtained in exactly the same
way using the advanced free propagation Green function G¢(7s, ¥ w) = i(Jo(k|Zs —
Ti|) — iYo(k|Zs — @i])) = Gi(@s, @35 w)*, which leads to G*(Z,, Ts;w) = G (%, Zs;w)*.

First of all, in principle time reversal refocusing should be applicable to any mul-
tiple scattering system with time reversal symmetry. As shown in Fig. 3.2 (a), a
Gaussian pulse f(t) is generated by the source with a frequency spectrum F(w). It
propagates through the scatterer field to record a chaotic signal on the receiver. The

frequency spectrum is

Ry(w) = Gy (w)F(w) (3-3)
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Figure 3.1: The 2D quantum system of 40 zero-range-interaction scatterers field,

source, and receiver.
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for the receiver signal and
S (w) = Gy (w)Gy (W) F(w) = |Gy (W) F(w) (3.4)

for the refocused signal at source. Here a subscript NV is added to denote the number
of rods involved in each propagation. Projected back into time domain, the receiver
and refocused signals are shown in Fig. 3.2(b) and (c) respectively for N = 40. The
refocused signal is obviously much cleaner than the receiver signal. For comparison,
in Fig. 3.2 (d) we also draw the time reversed signal in homogeneous medium without
scatterers in between source and receiver. It’s easy to find the presence of the scatterer
field does enhance the refocusing effect.

It is then easy to find the refocused signal when m scatterers are removed before

the time reversal operation

Sn-mn (W) = Gy, ()G (W) F(w). (3.5)
or when m scatterers are added before the time reversal operation

SntmN (W) = Gy (W) Gy (W) F(w). (3.6)

We call the first stage of forward propagation toward the receiver the ‘scattering
stage’; the second stage of backward propagation toward the source the ‘recovery
stage’. When there are more (or less) scatterers present in the scattering stage com-
pared with the recovery stage, the waves passing through the extra scatterers (or
depleted region) at the scattering stage will experience the change and follow a dif-
ferent scattering path at the recovery stage and therefore are not focused back at the

source. We should realize that, during most of the recorded duration, each of the m
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Figure 3.2: (a) source signal; (b) receiver signal; (c) signal back at source at time
zero after a perfect time reversal operation; (d) refocused signal without scatterers

present, i.e. in a homogeneous medium.
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altered scatterers contributes a dephased component with a similar amplitude but a
relatively random phase. Dephased wave has a coherent ballistic front in the early
part of the receiver signal where m dephased components go through similar paths
close to the direct path from the source to the receiver. The m contributions are co-
herent in phase and the overall deterioration is proportional to m in early time. But
in later times, due to more and more scatterings contributions from the m dephasing
effects start to take on relatively random phases. Since the ensemble average of a sum
of m signals with the same amplitude but random phase has an amplitude that is
\/m times the individual amplitude, the overall deterioration is proportional to /m
in later time. A qualitative understanding for such m to \/m transition is that, while
each of the m altered scatterers dephases only unperturbed wave in early time, later
on they are more and more likely to dephase waves that are already dephased by
other scatterers, resulting in redundant dephasing. Since the coherent front is rather
short in time, when the m full receiver signals are refocused, the overall deterioration
is also proportional to /m.

Numerical experiments are carried out to demonstrate the various deterioration
patterns. For N = 40 and various m, we repeatedly perform the static perturbed
time reversal operation for 5 times and average the results to obtain the deterioration
curve in Fig. 3.3 (a). A fitting curve 1 — 0.132y/m is also plotted to demonstrate
the /m deterioration pattern. When various m rods are added before time reversal
operation, there is also a deterioration pattern which is shown in Fig. 3.3 (b) fitting
the curve 1 — 0.17/m very well. Since we remove/add the m scatterers completely

randomly, not just around the field center, the \/m pattern supports our interpretation
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of random phase addition among different perturbation contributions. One should
also notice that, when up to 20 out of 40 scatterers, i.e. 50% of the total scatterers,
are removed/added, the deterioration is only about 60%/80%, much less dramatic
than the acoustic TRM experiment [78]. This suggests specific system features play
important roles in deterioration rate, as we will fully explore later in the case of
acoustic TRM [78].

One might notice that, for the same m, adding rods causes a slightly larger pertur-
bation. This is understandable. Since the unperturbed or perturbed Green function
is always obtained from Eq. (3.2), removing m rods leaves a perturbed matrix with
2Nm — m? less terms compared with the unperturbed N x N matrix; but adding m
rods brings in 2Nm + m? irrelevant terms, resulting in a larger percentage of pertur-
bation terms and thus a larger deterioration. Such an asymmetry can also be found
by observing G%.,,(w) # G%_,.(w) in Egs. (3.5, 3.6). One should also notice the
order of rod numbers in the two stages of time reversal operation makes a difference,

though probably small, by observing that Eqgs. (3.5, 3.6) imply

Nem(W)Gr(w) = (GR(W)Gy_n(w))" # G (w)Ghy_p (W), (3.7)
which leads to

SN—m,N(w) 7é SN7N_m(w). (38)

The last test is on the linear m to /m transition in deterioration pattern in
dynamic time reversal experiments. We remove different numbers of rods at and
near the field center after the forward propagation and then time reverse two 1.6us
time windows with end time ¢, = 1.6us, 9.2us respectively. The recovered peaks are

plotted in Fig. 3.3 (c) for t, = 1.6us and (d) for t, = 9.2us. Clearly, there is the
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Figure 3.3: (a) Normalized perturbed peak due to removing rods, with a fitting curve
1—0.132y/m; (b) normalized perturbed peak due to adding rods, with a fitting curve
1 —0.17y/m; (c) normalized perturbed peak by a 1.6us time windows with end time
te = 1.6us, with a fitting curve 1 — 0.06m; (d) curve of normalized perturbed peak
by a 1.6us time windows with end time ¢, = 9.2us, with a fitting curve 1 — 0.21y/m.
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linear to square root transition in the m-dependence of recovered peaks.

The above theory demonstrates the general shapes of deterioration patterns. How-
ever, various systems often deteriorate at very different rates, i.e. with different co-
efficients in front of m or \/m. The deterioration rate is a critical indication of a
system’s stability against perturbation and is intrinsically related to the structure of
the system. In the following sections we’ll study the acoustic time reversal exper-
iments as an example and, by fully exploring its experimental setup, show how its

deterioration rate is determined by its physical parameters.

3.3 General Properties of Time-Reversal Mirror

Experiments

Acoustic scattering by a long rod has a rich history. Notably, there are the contri-
butions by Philip Morse for rigid, immovable cylindrical rods [54], and by J. J. Faran,
Jr. for elastic rods which incorporate the material features of the rods [24]. Faran’s
work is consistent with experimental data, still widely cited today, and quite relevant
to the rods used in the TRM experiments of Tourin et al. [78]. This gives a good
starting point from which to move toward the eventual purpose of understanding the

time domain Green functions and multiple scattering.

3.3.1 Differential cross-section for a steel rod

The central frequency of 3.2 M Hz used in their TRM experiments gives an

acoustic wavelength of 0.47 mm, whereas the scattering rod’s diameter is 0.8 mm.
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This does not quite place the experiments within an s-wave scattering regime, as
would typically be considered in the theory of disordered systems. Therefore, as a
first step, we need to investigate the angular distribution of the flux of a singly scat-
tered wave to see how well dispersed it is before proceeding to the multiple scattering
regime.

For the steel rods of Tourin et al. the angular distribution of scattered flux in a
single scattering event according to Faran’s formula [24] is plotted in Fig. 3.4. Tt

illustrates a couple of key points. First, not too surprisingly, the differential cross-

Y

5 10 yx

Figure 3.4: Diagram of the angular distribution of scattered sound flux by a steel rod,
i.e. the differential cross section of scattering. The incident wave arrives from left and
the rod sits at the origin. The rod radius is 0.4 mm, compressional velocity in steel
5.9mm/us, shear velocity in steel 3.2mm/us, sound velocity in water 1.5mm/pus,
density of steel rod p; = 7.85 g/mm?, and Poisson’s ratio of the rod is o = 0.3 [80].

section is greatest in the forward direction, more than three times larger than any
other direction. Nevertheless, the angularly integrated forward-scattered waves have
nearly equal total flux to the back-scattered waves. Furthermore, the back-scattered
flux is fairly uniformly spread in angle. In a sense, if a component of the wave field is
back-scattered more than a couple of times, its flux is roughly uniformly distributed in

angle; i.e. once a component of the wave field has scattered roughly four or more times,
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there is no preferred direction. So even though the scattering is considerably different
than s-wave scattering, nevertheless there is a basis for a diffusion-like process taking
place for the highly multiply scattered wave components. Second, there is an overall
forward momentum associated with each scattered wave component. The reflection
symmetry about the incident direction restricts the scattered wave’s momentum to
being aligned in the incident direction. Because roughly half of the flux is forward and
half backward, the more narrowly distributed forward-scattered cross-section leads to
a total forward momentum in excess of the total backward momentum. This is in
the forward radial direction for the first scattering. However, the effect continues in
an averaged sense for multiple scattering, i.e. some momentum in the forward radial
direction, but with a decreasing amplitude factor for each successive scattering.
These observations partly explain the coherent wave that appears after averaging
receiver signals over the possible configurations of scatterers [19, 80]. From symmetry,
the angular flux is equally clockwise and counterclockwise at all times and cancels out
after disorder averaging even including multiple scattering effects. On the other hand,
there has to be an overall, positive radial momentum, coherent in all configurations,
for the scattered waves. Although, that positive momentum should decrease once the

wave field is primarily composed of highly, multiply scattered components.

3.3.2 Green function for a source rod

Consider first that the source rod is infinitely long. The time-dependent free-space

Green function for a source can be expressed as an integral of a 3D Green function
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over the z coordinate aligned along the rods:

G<f> f/Q t) = /_—:O dz’ G3D(T?, F;t) = /_—:o dzlé (t4ﬂ-\/\/(f f) +Z(Z_—ZI,;>2 )
ot — 1z~ 7)

, (3.9)
2m\ [t — L(7 — 7')2

where ¢ is the speed of sound and assumed constant, # lies in the plane transverse

to the rods. Equation (3.9) is consistent with the formulation of 2-dimensional waves
by Morse and Feshbach [55]. Note that the d-function form of the 3D Green function
is replaced by a step function with a square root singularity, and a slow time decay
ot

Although the rods are very long compared to other scales in the experiment,
their finite length does cut off the slow decay of the Green function beyond some
time. This depends on the planar distance |7 — 2’|, the rod length L (120 mm),

and the value of z. The finite-rod Green function is given by f . /2 dz" Gsp(7,7;t),

and in general, it involves two cut-off times ¢; = \/(f — )2+ (L/2—2)?/cand ty =

\/(f— )2+ (L/2 + z)?/c which become identical for the points in the mid-plane
(2 = 0). The Green functions “turn on” at t = |# — Z’| /c and behave as the infinite-
rod model until ¢ = Minlt;,t5]; deviation from the infinite model appears in the
window Min[t,ts] < t < Mazx[t1,ts] and it vanishes beyond ¢t = Max[ty,ts]. For
example, within the zone of the scattering rods and in the mid-plane, for the mean
free planar path, 4 mm, the Green function “turns on” at2.7 us, and shuts off at
40.1 ps, with a non-zero duration of 37.4 us.

The time cutoffs are more pronounced from the source rod due to the distance to

the scattering field, |Z— 2’| = 110 mm. The Green function has a nonzero duration of
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9 us in the rod middle plane beginning at 73 us. In addition, the waves propagating
into the scatterer field arrive within the angular range of roughly [—7, 7] from the
horizontal plane as shown in Fig. 3.5. Ignoring the effects of tilting cylinders (i.e. ig-
noring paths which alter their angle with respect to the horizontal), signals scattering
from one rod to another within the scatterer field effectively see only a very short
segment of their neighboring rods. This drastically reduces the duration of Green

%*—QE’I . For the mean free path of 4 mm, the

functions inside the scatterer field to
duration now becomes 1.1 us, down from the above 37.4 us by considering the finite
length of rods. We show later that such short durations in the Green function can
provide a measure of the number of scattering events that a wave signal experiences.
Note that there are two confining plates supporting the scatterers at either of their
ends. To a certain extent, they could serve to effectively lengthen the scatterers by
reflecting the wave directed at the plates back into the field. Such a virtual exten-
sion in the z direction by reflection does not significantly extend the signal since the
source rod is left open in space and large 6 wave signals have already escaped from
the scatterer field.

v|

For convenience ahead, we shall use a relative time ¢, =¢— %|§c’ — 2’| and introduce

an approximation to the infinite-rod Green function

Gz, T5t) = (3.10)

ot —Glz-a') o)  _ 6(t)
om\/t2 — L(@— %) 2mft,(t, +a) 2TVELG
2

where a = 2|7 — 1| is twice the free transport time, and in the last step (a +t,) is
replaced with a in the denominator since the Green function is dominated by /¢, at
small ¢,.. For the mean free path in the experiment which corresponds to a = 5.4us,

both the exact and approximate infinite-rod Green functions are plotted in Fig. 3.6(a)
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Figure 3.5: Diagram of the angular range of wave trapped inside the scatterer field.
110 mm is the closest distance between the source rod and the scatterer field, which

corresponds to a maximum incoming angle range of roughly [—7, 7]. The limited angle

range further reduces the Green function duration inside the field, as illustrated in
the inset taken at the middle of two rods.
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for comparison. The approximation does not introduce noticeable deviation until late
in the long time tail, long after the average duration 1.1 us for Green functions inside

the scatterer field when the limited angular range of incoming wave is considered.

3.3.3 Green functions of a single scattering and beyond

The next step is to consider one or more scattering events. The first quest is to
determine the signal received at some point from a singly scattered wave without
considering the finite rod length. Our interest is in its time dependence, not the
overall amplitude. Thus, we neglect the amplitude prefactors from the source strength
and the angular dependence of the differential cross-section. The wave component
traveling directly from the first rod to the third rod is ignored here, but its amplitude
is covered by the results in the previous section. For simplicity, the scattering strength
¢(w) is taken as 1. The single scattering signal can be written analytically in real time

as

/t At G(Z, Tyt — 1) G(T, 5 1)
Ot —t' =7 —7|) o — L& —7)
47‘(‘2/ \/ _%f )2 \/t/2_c%(fi_fl)2
e (t— l{Ix—:m + 7 — 7|}) p (J 2L (7 -3+ |7 - *f|)2>
| 22— L (|7 ’

on2\ /2 — L (|7 - 7| — | — @|)° (17 — @] — |7 — &])°

(3.11)

where K (z) is the complete elliptic integral of the first kind, and ©(z) is the Heavyside

step function as before. G first jumps to the constant c/(87r\/| — T;||@; — 2']), and

decays very slowly thereafter. As in the preceding subsection, the single scattering
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Figure 3.6: (a) The Green function (solid line) and its approximation (dashed line) for
the mean free path, 4 mm, in the time-reversal experiment. (b) The incoming wave on
a third rod (solid line) after a ¢ wave from the first rod is scattered once by the second
rod, i.e. the Green’ function of a single scattering event, for ¢;; = 2.7us, t; 2 = dus
in the text. The approximate form (dashed constant line) (8m/Tzl;2) " is also
drawn for comparison. The difference between the two curves gets smaller for longer

Lz, tigr
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Green function can also be formulated in terms of relative times at short time as

Gi(tzi tiz;ty) = (3.12)

where t;;, t; 4 are free travel times between rods (or, from source to rod and rod
to receiver), and t, is generalized to include the sum over all segments of a path.
An example of both the exact and approximate forms of the single scattering Green
function is drawn in Fig. 3.6(b) for comparison.

Quite interestingly, a single scattering event completely removes the singularity
and flattens out the entire wave signal over a long time range. The spreading feature
is enhanced with successive scatterings. For higher order GG,,, the short, relative time

expression becomes

Gt o 1)/2 N r(3) (3.13)
n\tx, - - Yv3,2" 'r 7T1/2(87T)(n+1)/2 ti‘,i Ce tjj;’ i=1 F (Z) ’ ‘

where I'(z) is the Gamma function. This expression illustrates two important physical
features. First, each successive scattering leads to an additional t}/ 2 factor in the
short, relative time expression. Second, each successive scattering is reduced by a
factor I'(n/2)/2v/27T(n)\/%;;, which falls off extremely rapidly for large-n (there is
also the extra scattering strength e(w) factor). While the number of distinct scattering
paths increases exponentially with n, using Stirling’s formula to give the leading
asymptotic behavior of the factorials suggests that the exponential number of paths,
exp(an), cannot compensate for the resultant exp(—nlnn/2) behavior found in the
decreasing prefactors.

The expressions derived above have been based on an infinite-rod model. One

has to be alert to the deviation between the infinite-rod model and the experimental
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system, which grows quickly with scattering order as the infinite-rod model predicts
a divergence in amplitude for multiple scattering signals which always vary slowly in

experiments.

3.3.4 Amplitude flattening and information carriage of mul-
tiply scattered signals

In understanding the slowly-varying amplitude of receiver signals in TRM experi-
ments, cut-off times in the Green functions due to the finite rod length play a critical
role and can be easily shown in one example. For an infinite-rod model, a signal, say, ¢
is expected to be proportional to t3/? after time convolution with an infinite-rod Green
function. However, a cut-off time ¢, of the Green function means the signal after time
convolution is still linear in ¢ for t > t.. In addition, if the incoming signal itself has a
cut-off time ¢;, the convoluted signal only grows as the theory up to t; = Minlt,.,t;],
then decreases instead of growing as ¢, and reaches zero at ty = (t. + t;). Inside the
scatterer field, a typical cut-off time is as small as 1.1us so the deviation is striking.
The deviation is further amplified in multiple scattering. In the infinite-rod model,
one can show the fully summed n-scattering term on a rod/receiver diverges much

147)/2 for n > 2; but experimentally it always drops to zero at a finite

quicker than ¢(
time.

A simplified analysis can explain the experimental signal. A single n-scattering
contribution involves (n + 1) cutoff times ¢y, s, ..., t,41. Only the very first portion of

length Minlty, ta, ..., t,y1], which is smaller than 1.1us, is consistent with the infinite-

rod derivations. The physical n-scattering signal evolves slowly but in a complicated
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way thereafter and goes to zero at t = Y"1 ;. An n(> 2)-scattering component in a
finite rod’s signal has a tiny front portion, even smaller than t(1*™/2 due to a higher
power of ¢ and a prefactor decreasing with increasing n. The peak of the real n(> 2)-
scattering signal appears later with increasing n, as the peak of high order scattering
signal is generated by the peak of its preceding order. With increasing order, the peak
amplitude decreases to zero due to the limited overall signal spread into longer time.
For large n, the real signal eventually becomes a very flat, near-zero, background
signal in a range [t = 0, X4 t;]. On the receiver, a signal with small scattering order
n arrives early with a relatively large amplitude. On the other hand, the number of
distinct scattering paths increases exponentially with n and they arrive late at the
receiver. So there are more contributions, despite each being relatively weaker, to
later part of the receiver signal. When all factors are taken into account, the receiver
signals in experiments become quite flat over a long range of time, followed by a long
fading tail [78, 20, 42, 21]. Even though a short pulse is used as source signal in the
experiments which may facilitate the formation of the slowly-varying receiver signal,
the spreading-and-flattening mechanism due to finite rod length should exist for any
other source signal with finite duration.

The spread in time can give us some estimate about the maximum number of
nontrivial scatterings a wave experiences before reaching a receiver. For example,
the experimental receiver signal has a nonnegligible range of 250 us [18]. Taking
out the two cutoff times between the scattering field and the source rod/receiver,
the 231 ps remaining is 210 times the cutoff period 1.1 us for the mean free path

4 mm, which corresponds to 210 nontrivial scatterings within the scattering field. For



Chapter 3: Local Perturbation Evolution in A Random Wave Field and A Time
Reversal Diagnostic 50

a small perturbation originating from the field center, an average of 105 nontrivial
scatterings is expected before the perturbed wave reaches a receiver. This is consistent
with a diffusive approach to the transport of both the unperturbed and perturbed
wave signals to be discussed later.

Given that the acoustic signal arriving at a later time has on average scattered
more times and given causality, the latter part of the receiver signal, in a sense, collects
more information about the source and scatterers than the earlier part. There is
enhancement of refocusing at the source after time reversal because the field collects
waves directed toward its edges, which would otherwise be missed by the receiver
array in a homogeneous medium [28]. Those otherwise missed waves are redirected to
the receiver array through multiple scattering. Since the process of multiple scattering
spreads waves toward a later signal time, the time reversal of the latter part of the
receiver signal can better recover the source pulse; i.e. it contains waves from a wider
range of space as observed by Derode et al. [20]. This more-information-at-later-time
feature also offers a qualitative explanation for the dynamic time reversal experimental
observations in [78], in which the recovered source pulse using the latter part of
the receiver signal has greater sensitivity to the perturbation than the front part.
Remarkably, every point in the same x-y plane on the receiver end bears the same
feature and similar information due to the redirection of waves through scatterings.
Thus, even one transducer can be used for time reversal [20].

As a final remark, note that the minimum spacing 1.5 mm between rods [18] is
far larger than the central wavelength 0.47 mm, thus a persistent bouncing of wave

amplitude between two closely placed rods, which can cause divergences in certain
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systems [11] cannot exist in these experiments.

3.4 Perturbed Time-Reversal Mirror Experiments

From the above considerations, a small perturbation originating from the center
of the scattering region would scatter from a few to a couple hundred times before
the perturbed wave reaches a receiver. This motivates a diffusive approach to the

transport of both the unperturbed and perturbed signals.

3.4.1 Perturbation evolution in a diffusive scattering field

The basic picture of the perturbed TRM experiments can be depicted as follows.
In a strongly scattering medium where diffusive transport of wave signal is dominant,
any local perturbation in the scattering medium is imprinted onto wave signal passing
the perturbed area by changing the signal’s scattering path orientation, length, and
therefore phase. The perturbed wave signal subsequently transports diffusively inside
the medium as well. As time increases, more and more of the original wave signal
diffuses past the altered scatterers giving rise to greater perturbed wave signal. Ac-
cording to Snieder and Scales [70], both ballistic and coda waves have critical length
scales of stability against scatterer displacement that are much smaller than the wave-
length A\ and shrink with increasing number of scatterers N as \/% Here A = 0.47 mm
and scatterer diameter is 0.8 mm. So even if a single scatterer is removed or added,
any wave signal diffusing into the perturbed region is completely dephased, and will
not be refocused back to the source after the time-reversal operation.

For simplicity of presentation, our analysis focuses on the central receiver. How-
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ever, the arguments are general and applicable to any other receiver. From the various
experiments [78, 20, 19, 80, 79, 42, 21, 28] and the arguments of the preceding section,
strongly multiply scattered wave signals do not vary a great deal in their mean inten-
sity within a long time window, except for an initial transient from a ballistic wave
front. Let the constant A denote the average diffusive wave intensity in the scatterer
field. In the following calculation, we consider only the intensity of the unperturbed
and perturbed scattered wave signals because recovered signal at the source after
the time reversal operation in the unperturbed case is a constructive addition of all
contributions.

Consider the perturbation of a single scatterer. The perturbed TRM experiment
is viewed in the following way: there are N rods in forward propagation and (N — 1)
rods in backward refocusing. The perturbation is caused by the scattering of the extra
rod in the forward propagation stage whose perturbed, resultant wave field does not
refocus at the source in the second stage. The 2-dimensional diffusive transport of

the perturbed wave intensity has a Green function [55]
1 —r2/4Dt
Gdiff(ﬁ t) = 56 9(t)7 (314)

where t = 0 denotes the time when the perturbed signal first arrives without any scat-
tering and r is the distance between the rod and observation point. D is the diffusion
constant, which is measured to be 3.2 mm?/us, and shown to be consistent with the-
oretical predictions [79]. It is appropriate to use the 2D diffusion Green function in
short time because the various effects due to the differential scattering cross-section
for a single rod and the limited rod length are contained in the experimentally mea-

sured diffusion constant D. Note that the receiver signal arrives directly from wave
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scattered by rods in a region near the right edge of the rectangular scattering zone
with a thickness of the mean free path 4 mm as shown in Fig. 3.7. This is termed
“emission zone” in the following. A dephased diffusing wave has to reach a rod in
emission zone first before being recorded by the receiver. The perturbed scatterer
field is sketched in Fig. 3.7. The time to travel the distance Ly from the field center
to its upper/lower edges is to = 73us for free waves [18], and much longer than 73us
for diffusing waves due to the delay by scattering.

With the assumed roughly constant intensity A for the overall signal near the
center, the relative intensity of the perturbed waves on a rod a distance r away

becomes

RA(r1) = A0 Jo A+ Gaigs(rt) dt' / "1 pape g
0

A A v
4Dt 2 7“2
2 ¢ <1D
TQ ,’,.2 7,,2
~ ps 1
it “apr ) ~ 1D (3.15)

The last two forms follow from the asymptotic and series results for the exponential
integral function, respectively, which describes A’/A. For r = 20 mm, the relative
amplitude A’/A of the dephased wave on a rod at the emission zone center is plotted
in Fig. 3.8(a), which is reasonably approximated by a linear curve (7.74 x 1073)¢ in
the time range [Ous, 200us] of interest to us. Besides the diffusing portion, dephased
wave also has a short, small ballistic front. When both parts are considered, the
linear curve offers a fairly good approximation for the overall perturbed intensity in
both short and intermediate times.

The perturbed waves recorded by the receiver are mostly from rods at or near

the center of the emission zone, according to the angular distribution of scattered
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Figure 3.7: The top view of the scatterer field after m rods are removed from its
center. The dotted area consists of a uniform, yet random, distribution of scatterers.
The central blank area is where m rods are removed. The emission zone is defined
as between the dashed line and the right edge of the field. Perturbed waves have to
diffuse into the emission zone first before being scattered by a rod in the zone toward
the receiver. The RA(r,t = 50us) curve is the relative intensity of perturbed wave
along the emission zone 50us after it first reaches the center of the emission zone.
The curve takes into account the fact that t = Ous, the moment of the first arrival of
perturbed wave, is defined differently along the emission zone.
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flux in Fig.3.4. Perturbed waves reaching a rod far from the center experience many
more scatterings, and thus smaller flux as can be seen from the r-dependence in Eq.
(3.14). These waves also arrive at the receiver much later since they diffuse longer
distances. The above calculated dephased incident wave on an emission zone rod
can be separated into a radial part A/ and an angular part Aj as shown in Fig.
3.7. The two parts have different fractions transmitted to the receiver due to their
orientation. For the radial part, to the rods near the center of the emission zone that
contribute significant dephased waves to the receiver, the receiver sits at different
forward-scattering angles. When all contributions are summed up, it equals %, half
of the total incident wave on a single emission zone rod. For the angular part, to
all the rods in the emission zone, the receiver sits at either their forward-scattering
angles with very small flux or the backscattering angles of those rods far away (thus
small flux and late arrival on receiver). So the angular part only gets a small fraction
transmitted. Overall, the transmitted wave is a portion more than 50% of but still
less than the total dephased wave incident on a rod at the emission zone center, which
is denoted for now with a coefficient 7. This limitation does not apply to the overall
incident waves on the receiver, which can be viewed as from many diffusive sources
inside the field instead of the only source at the field center for dephased waves. So
the transmitted dephased waves toward the receiver is nA’(t) and the overall incident

wave is roughly A, which gives the lost portion of amplitude of coherent waves on the

receiver due to removing one rod as (¢ < 200us)

Ft) =1 =1 —A(t)/A~1—/1—y(7.74 x 10-3)t, (3.16)

Here we return the discussion to amplitude for the convenience of considering the
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relative phase among waves perturbed by different rods.
Now consider the overall dephasing effect by m(m > 1) rods instead of 1 rod.
The previous general theory section shows the m dephasing effects coherently add up

together in early time. We obtain

F(m.t) mm(1— /1 —5(7.74 x 10-3)¢). (3.17)

One should take some caution when employing f(¢) and f(m,t), the percentage of
dephased wave in the overall receiver signal. They are rather loosely defined for
long time. While the near constant amplitude A for receiver signal is taken from
experiments with finite rods, A’(t) calculates the dephased wave as if in an infinite-rod
system, despite the diffusion constant D makes the short time prediction fairly precise.
Therefore 1(7.74 x 1073)t grows beyond 1 at long time, clearly overcounting dephased
waves. However, attempts to redefine it within the range of [0, 1] will not succeed
without making corrections to Eq. (3.15) to better account for finite rod length, which
will not be easy and also unnecessary. As shown later, using Eqgs. (3.16) and (3.17)

with caution can still yield good reproduction of experimental observations.

3.4.2 The dynamic and static time-reversal experiments

Once the dynamic time-reversal operation is performed, all unperturbed receiver
signal will be in phase at the source location at time zero; and the dephased part
of f(m,t) is obviously out of phase and becomes background noise. The normalized
deteriorated source signal reconstructed by a short 5us time window with end time

t. becomes

Pa(m,t.) =1~ f(m.t.) ~ 1 —m(l — /1 —n(7.74 x 10-3)t,). (3.18)
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Figure 3.8: (a) The relative intensity of perturbed wave at = 20 mm. The solid line
represents the relative intensity. The dashed line is a fitting curve (7.74 x 1073) x ¢.
[Ops, 200us] is the time range in which the vast majority of experimental signal
was recorded. (b) The half-peak deterioration curve. The robustness parameter is
the number of removed rods. (¢) Normalized peak amplitude versus the number of
removed rods for different ¢, of the end of the time-reversal window. t. = 5,100, 150us
for the straight lines from right to left. For ¢, = 100, 150us, the y/m correction is
taken into account and the deterioration curves are redrawn in solid. (d) Curve of
the recovered source signal (normalized) in the static time-reversal experiment.
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Setting Py(m,t.) = 1/2, with a choice of n = 0.8, Eq. (3.18) gives the robustness
parameter as half peak deterioration

1
"o V1= 0(7.74 % 10-3)t,) (319)

The m —t, relation is drawn in Fig. 3.8(b), which is the same as the experimental
observation in [78]. It’s worth noting that 7 is between 1/2 and 1, just as predicted
above. Also Eq. (3.18) shows that for a fixed t. its recovered peak decreases linearly
with the number of removed rods, and for different ¢, the decrease rate increases
linearly with t., which are shown in Fig. 3.8(c) and fit the experimental results [78]
well except some tail deviation to be explained later.

According to the general theory section, we should realize that during most of the
250us duration each of the m perturbed rods contributes a dephasing effect with the
same magnitude but a randomly distributed phase. So the m in the deterioration
term of Eq. (3.18) should be replaced with y/m for large ¢, to account for the relative
phases. The two curves t, = 100, 150us are redrawn in Fig. 3.8(c). The fitting is
improved. But such a /m correction doesn’t affect Fig. 3.8(b) because, as t. grows
bigger, even one added rod is enough to create a half-peak deterioration and the
random phase effect can’t be observed.

To fully reproduce the static time-reversal experimental observation, Eq. (3.18)

should be integrated with the /m correction over the entire 250us duration

250
f(m,t,~)dt

P ~ 1—2 Al
(m) 250

SO(1— /1 0.89(7.74 x 10-3)¢) dt
250 ’

— 1—m (3.20)

where a factor 0 < 7 < 1 is added in to counterbalance the overcounting of perturba-
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tion at long time as discussed at the end of the preceding subsection. With v = 0.24,
a reasonable choice for the experimental signal [78], the theoretical curve is given in
Fig. 3.8(d). The fitting between our curve and the experimental observation, which
is also an ensemble average of 5 measurements, is excellent. As mentioned before, the
\/m pattern in the static time-reversal experiment is essentially an ensemble average

feature.

3.5 Conclusion

In conclusion, we have developed a general scattering theory for perturbed time
reversal focusing, which is then used to diagnose the evolution of a local perturba-
tion in a random wave field in two cases, one ballistic and quantum and the other
diffusive and classical. We have shown that dephasing is the reason for deterioration
in reconstructed source signal. Exhibition of perturbation effects in measurement
can be affected by the characteristics of a specific system. But a number of features
are shared by many, if not all, multiple scattering systems. That is, the linear-m
to y/m transition in the dynamic deterioration pattern and the y/m pattern in the
static deterioration are general features, though the specific coefficients in front of
m or \/m, which determine the deterioration rates, can be system dependent. The
detailed analysis of the time reversal mirror experiments provides a number of in-
sights into many experimental observations not previously well understood, such as
the slowly-varying amplitude of the receiver signal, different focusing qualities by the
different parts of the receiver signal, and the coherent wave appearing after ensemble

averaging the receiver signals. Studying perturbation effects, especially in diffusive
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media, can reveal a great deal about the internal dynamics of a system since the
perturbed wave travels inside the medium before being recorded. The basic theory
presented here can be modified to treat perturbation problems in a number of areas

involving discrete scatterers, such as impurity scattering in solids, etc.



Chapter 4

Conductance Fringe Patterns in

Two Dimensional Electron (Gases

In this chapter, we employ scattering theory to investigate conductance fringes of-
ten observed in two dimensional electron gases (2DEGs) at low temperature. Typical
fringe patterns at weak scattering limit are analyzed. A general, convenient formula
for evaluating thermal averaging of an arbitrary physical signal is given and then used
to study electron flux through an open QPC. The appearance of resonances is shown
to be likely only in very limited ranges. The impact on fringe patterns by different

impurities is also discussed.

4.1 Introduction

In the past few years, with fast advancements in experimental techniques, physi-

cists have been able to obtain many fascinating images in nanostructures. In partic-

61
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ular, scanning probe microscope (SPM) has been used to investigate various features
of systems in either open or closed configuration [76, 49, 48, 22, 15, 16, 53, 91, 30,
51, 41, 89, 33]. However, the current SPM technique is not refined enough so that its
presence introduces negligible change to the state of the system under measurement.
Frequently the perturbation introduced by an SPM tip potential is comparable with
and sometimes even dominates over the system’s own dynamical factors. Thus mea-
surements obtained through an SPM reflects strongly perturbed states of the system,
instead of the original state intended to measure. One example is using an SPM tip
to probe a single-electron quantum dot [23], where the shrinkage in conductance rings
accompanying the changing SPM tip voltage applied to the same quantum dot clearly
testifies the strong impact of measurement. Therefore one important task facing the
SPM imaging research is to understand the change made in a system by an SPM
tip, and thereby connect measurement data to the original unperturbed state of the
system. Significant progress has been made toward this goal. In particular, Fiete and
Heller [26] showed how scattering theory can be applied to understanding quantum
corrals and quantum mirages. Our work follows their initiative by applying scattering
theory to the recent experiments in open Quantum Point Contact (QPC) [76, 49].
Several theoretical works have been dedicated to interesting phenomena in QPC like
branched flow [66, 84] and interferometry [36]. This chapter will take a unique, yet
simple approach to the problem by first examining scattering patterns due to one or
two impurities and a tip, and then increasing the number of impurities to see the
evolution of conductance fringe patterns.

Besides identifying general features of conductance fringes, the chapter also de-
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velops a useful formula to estimate the impact of thermal averaging on the fringes,
which as a signature of coherence are supposed to survive in much reduced regions
at non-zero temperature. The possible presence of resonances is investigated as well,
because when a resonance develops with the tip away from impurities the sudden
change in conductance can very likely be misread as the tip sitting on an impurity.
A brief discussion of differences in fringe pattern caused by different impurities is

presented near the end of the chapter.

4.2 Conductance Fringe Patterns

In this section, scattering theory is applied to an open QPC system probed by an
SPM tip. The discussion is mostly limited to low scattering orders, which is usually
the case for the clean samples used in many of the imaging experiments [76, 49].
Analytical expressions and numerical simulations of the conductance as a function of
SPM tip position are first derived for the single impurity case. Extensions to multiple
impurities are also provided, and numerical simulations of two and five impurities con-
firm qualitatively predictions on fringe patterns and show some signatures observed

previously in experiments [76, 49].

4.2.1 Back-Scattered Flux through an Open QPC

A sketch of the experimental QPC system [76, 49] is shown in Fig. 4.1(a), which
consists of an open QPC, an SPM tip, and a set of random impurities. The incoming

electron wave, ¢, propagates from the QPC towards the tip and impurities and gets

partially reflected back through the QPC. When the SPM tip is moved, the flux
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through the QPC also changes. For a fixed potential bias between the source and
the drain, this change in flux manifests itself as a change in conductance, which is
measured as a function of SPM tip position to give an image of the electron flow.
In this section, analytical expressions are derived for the change in conductance as a
function of tip position in the presence of a single impurity.

A few approximations can be made to simplify the analysis. When the impurity
and the SPM tip are placed far away from the boundary walls of the QPC, wave prop-
agation toward and amongst the scatterers can be well described by the conventional
2D Green’s function in free space. Using an approximate proportionality between
flux and wave density established in Eq. (A.2) of Appendix A, scattering theory can
be used to calculate the flux as a function of SPM tip position for the system shown
in Fig. 4.1(a).

Denote the total wave incident upon an impurity and the tip as ¥; and ¥, respec-
tively and the total reflected wave evaluated at the QPC located at 7 as ¥,. ¥y, ¥,

and W, are given by

Uy = Gi0s +6G1 Y,
U, = Gi0s +aGi¥y,

VU, = G 1V +eG1 ¥, (4.1)

where G;; is the 2D Green’s function between points ¢ and j given by G;; =

i35 W (k |75 — 75]), where H" is the Hankel function of the first kind, hk =

V2mFE, ¢4 is the source wave emanating from the QPC at 7;. The scattering am-

plitude for scatterer j is given by €; = _nihQ sin (6;(E)) %) where m, is effective

e

electron mass and 6;(E) is the induced phase shift of the scattered wave. Solving for
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U, in Eq. (4.1) gives

v, - (ElGis + EtGis + 2€1€tG1,sGs,th,1) Gs ' (4.2)

2
1 —ee6Gy,

The first two terms in the numerator correspond to a single scattering trajectories
off the fixed impurity and the SPM tip respectively, whereas the third term in the
numerator represents double scattering trajectories between the impurity and the tip.
The denominator can be expanded in a power series of eletGit, where each successive
term corresponds to an additional bouncing trajectory between the impurity and
the SPM tip. In the weak scattering limit considered here (|e;], |e&;| < 1), only the
lowest scattering terms are significant. Keeping the terms up to double scattering,

the reflected wave and density back at the QPC are

U, ~ ¢, (aGl,+aGl, + 206G :GGh) (4.3)
(Wl* & (@l (Jer]*|Gral® + lec*|Grsl" + dler [*lee*|Gra PG| G
+2 Re [ele:GisGi;} +4 Re KGTG%: + E:Gis*) eletG17SGS7th71}).

(4.4)

When the SPM tip is moved around, the observed conductance through the
QPC is modulated due to changes in the reflected electron flux. For kr >> 1,
Gij = —ig5, /#Mei(kri»ﬂ"g), where r; ; = |7, — 7;|. The flux as a function of SPM tip

position can then be written as

J (1, E)

hk| W (7%)
16m,|ds|? cos by sin (6;(E)) N sin? (0;(E)) N 128 sin? (01 (E)) sin® (6;( E))

w2h3k 7‘%,5 7“75275 KT 654741

Q
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+2 sin (01 (F)) sin (6:(F))

1612 (SmQ (01(E)) sin (6;(E)) sin {k’ (11 4+ 71 —T1s) + 0(E) — ﬂ

A/ Wkrl,srs,trt,l TLs

sin? (8,(E)) sin (61 (E)) sin |k (r1y + 715 — e 0 (E -
N (6:(E)) sin (81 (E)) sin [k (r1e + r1e — 7o) + 61(E) }))’ )

cos 2k (r1s — 11s) + 01(E) — 0:(E))

rt,s

where Eq. (A.2) in Appendix A has been used to relate |¥|? to J(7}, E).

4.2.2 Conductance Fringe Patterns for a Single Impurity

The first term of J(7, E) in Eq. (4.5) does not depend upon tip position at all,
and thus can be neglected in the following discussion. The magnitude of the other
terms do depend upon the SPM tip position and scale roughly as (r;s)~%. On top
of this decay with tip position, tip-dependent conductance oscillations are evident in
Eq. (4.5) in the fourth, fifth, and sixth terms, which leads to three types of coherent
fringes which can be observed in the flux measurements.

The fourth term in Eq. (4.5), which represents the interference of single-scattering
trajectories off of the SPM tip and the fixed impurity, leads to circular fringes centered

about the QPC, defined by the relation
Ge(Tt) = 2kry s — 2kry s + 01(E) — 60,(E) = constant, (4.6)

which are maximal when ¢. = 2nm, for integer n.
The fifth term in Eq. (4.5), which represents the interference of the double scat-
tering trajectory between the tip and impurity with the single scattering trajectory

from the fixed impurity, leads to elliptical fringes with the foci given by the QPC and
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Figure 4.1: (a) Open QPC system diagram. The thick black lines next to QPC are
its boundary walls; (b) A 3D view of the reflected flux in the probed region in (a) and
an equal-sized region to its left; (c-e) Reflected flux by an impurity and an SPM tip
in the probed region at T'=0 K, 1.7 K, and 17 K. All are obtained by multiplying
the total flux by % to get only the oscillations; (f) Flux distribution without the
SPM tip; (g) Thermal contribution at 1.7 K, obtained by subtracting (c) from (d);
(h) Thermal contribution at 17 K, obtained by subtracting (c) from (e).
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the fixed impurity. The elliptical fringes are defined by the relation
Ge(Th) = k(rie+1es) — kris + 0(E) — % = constant, (4.7)

which are maximal when ¢. = (4n + 1)7/2 for integer n.

Finally, the sixth term in Eq. (4.5), which represents the interference of the
double scattering trajectory between the tip and impurity with the single scattering
trajectory from the SPM tip, leads to hyperbolic fringes with the foci again given by

the QPC and the fixed impurity. The hyperbolic fringes are defined by the relation
O =k(riy —res) +kris+0(E) — % = constant, (4.8)

which are maximal when ¢, = (4n + 1)7/2 for integer n.

All three fringe patterns are evident in Figs. 4.1(c-e), which plot the exact numer-
ical flux calculations. The numerical calculation shows near perfect patterns, which
validates the approximations made above in analytical derivation. For fixed energy
E, the circular fringe contours, ¢., have a period and a physical spacing of A\/2, where
kA = 2m. Similarly, the elliptical and the hyperbolic fringes both have a period of
A, although the fringe spacing is not constant, as is seen in Fig. 4.1 (c-e). Such a
difference in spatial period doesn’t seem significant in the single scatterer case but
does play a critical role in the case of multiple impurities as discussed in the next
section.

The above results are for a fixed energy, typically chosen to be at the Fermi energy,
E, which corresponds to the zero temperature case. The conductance measurements,
however, are always performed at nonzero temperature, which means that the results

must be thermally averaged. If the current injected from the QPC is a result of a
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small potential bias between the source and the drain, the above conductance must

be averaged over the function

1 e ()

kT 1 + exp (%)

—f(BE,T) = (4.9)

Thermal averaging reduces the fringe heights and therefore is important when con-
sidering the observation of these effects. This will be discussed in more detail later

in the chapter.

4.2.3 Conductance Fringe Patterns for Multiple Impurities

Up to double scattering, Eq. (4.3) can be generalized in the case of N > 2

impurities and a single SPM tip as follows:

N
\I/S ~ <€tG?75 + Z [EiG?,s + +2€i€tGi,sGs,th,i + 2 Z EienGi,sGs,nGn,i]> gbs- (410)
=1

n<i
The four terms in Eq. (4.10) have a clear physical interpretation. The first and second
terms represent the single scattering trajectory from the SPM tip and fixed impurities
respectively. The third term represents all all double scattering trajectories involving
an impurity and the SPM tip, whereas the last term represents all double scattering
trajectories involving two different impurities. Despite the fact that the reflected
wave now includes many different electron trajectories, the overall conductance fringe
pattern still consists of circular, elliptical, and hyperbolic fringes as in the single
scatterer case.

The circular fringes now arise from the interference between the single scattering
trajectory from the tip, (EtG%,s)7 and either the single scattering trajectories from the

fixed impurities (¢;G7,) or the double scattering trajectories involving any two fixed



Chapter 4: Conductance Fringe Patterns in Two Dimensional Electron Gases 70

impurities, (;€;G;:G;;Gjs). Although the amplitude for the interference with the
double scattering trajectories are smaller by a factor of ¢; relative to the amplitude of
the interference with the single scattering trajectories, the number of such trajectories
scales as N? so their contribution to the circular fringes can not be ignored relative
to the single scattering trajectories, which are only linear in the number of scatterers.
Although the above fringes are all circular, the phase of each individual fringe is
related to impurity location (see Eq. (4.6) for the interference between the single
scattering trajectories) . When these circular fringe patterns are superimposed, the
overall circular fringe pattern may get enhanced or damped, largely depending on
impurity configuration.

The elliptical fringes are now produced by the interference between the tip and
impurity double scattering trajectory (e;e;G;sGs+Gt ;) with either the impurity sin-
gle scattering trajectory (¢;G7,) or the two impurity double scattering trajectory
(€m€nGm,sGsnGnm). The foci of the elliptical fringes are located at the QPC and
at the location of the impurity involved in the tip and impurity double scattering
trajectory. As in the circular case, different elliptical fringes possess a different phase
relation to each other [as seen in ¢, in Eq. (4.7)]. Many of the elliptical fringes have a
focus on different impurities and are readily distinguishable. However, some of them
do share the same two foci. For example, the two elliptical fringes from the interfer-
ence between (¢;6,G; GsGy ;) and (ejG?’S) or (¢;6,G;sGsnGp j) both have one focus
at the QPC and the other at impurity j. However, the superposition of these two
elliptical fringes is strongly dependent on the location of impurity n since the phase

relation of the two fringes are different. Thus the height of the fringes will again



Chapter 4: Conductance Fringe Patterns in Two Dimensional Electron Gases 71

depend upon the impurity configuration.

As before, one set of hyperbolic fringes originate from the interference between
the SPM tip single scattering trajectory (etGiS) with the tip and impurity double
scattering trajectory (e;j,G; GGt ;). Hyperbolic fringes formed in this way have
the QPC as a common focus, with the other focus located at the location of the
relevant impurity [thus a reduction of fringe heights is again expected due to the
difference in phase relations between the various hyperbolic fringes, given by ¢, in
Eq. (4.8)]. Another set of hyperbolic fringes can arise which involve the interference
between two double scattering trajectories involving the tip with different impurities
[(e;€:G,sGs Gy ;) and (€,6:Gyp sG51Gyp) with j # pl. For these hyperbolic fringes, the
foci are located on the two relevant impurities. Although some of these hyperbolic
fringes might share one common focus, none of them share both foci together. In
practice, when there are only a few impurities the overall pattern already becomes
highly complicated due to superposition of different fringes. Careful examination is

required to extract some useful signatures out of the complex flux map.

4.2.4 Numerical Simulation of the Backscattered Flux for
Multiple Impurities

Numerical simulations for the conductance as a function of SPM tip position in
the presence of two and five impurities are shown in Fig. 4.2. Fig. 4.2(a), (d), (g), (j)
show |¥(7)|? in the absence of an SPM tip, while the rest of the figures represent the
flux measurements in the presence of an SPM tip. All flux patterns seem to consist of

a circular fringe background along with many elliptical and hyperbolic fringes, which
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is expected from the discussion in the previous section. Comparing Fig. 4.2(b), (e),
and (h), the flux patterns clearly depend upon the impurity configuration. For two
impurities separated by more than a few (more than five is good enough in numerical
simulation) wavelengths apart [Fig. 4.2(b) and (c)], the interference between the two
impurities is weak, which results in two sets of elliptical and hyperbolic fringes that
are easily distinguishable. In the second and third cases in Fig. 4.2(d-i), the two
impurities are close to each other, roughly A/2 apart, but with different orientations
with respect to the QPC. The two sets of elliptical and hyperbolic fringes strongly
interfere with each other and the interference strongly depends on the phase difference
between the initial wave incident on the two impurities. In the second case, the two
impurities are \/2 apart radially. Since the radial fringes have a period of A/2 and
the elliptical and the hyperbolic fringes have a period of A, the A\/2 separation causes
a constructive addition of radial fringes and a mostly destructive addition of elliptical
and hyperbolic fringes. The relative intensity of radial /hyperbolic fringes to radial
fringes is minimized. Fig. 4.2(e) and (f) show strong radial fringes and very weak
elliptical /hyperbolic fringes, demonstrating the predicted change in relative intensity
when compared to the single impurity case in Fig. 4.1(c-e) (each density plot has its
own color scale so relative intensity among fringes is best suited to make comparison
among plots). In the third case, however, the impurities are aligned horizontally.
When projected to the radial direction their distance gives an equivalent separation
of slightly less than A\/4, which is half the period of radial fringes and a quarter for
elliptical /hyperbolic fringes. Therefore the overall pattern should show damped radial

fringes and enhanced elliptical /hyperbolic fringes; and the relative intensity should
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favor elliptical /hyperbolic fringes more compared to Fig. 4.1(c-e). And it does in Fig.
4.2(h) and (i).

The last case in Fig. 4.2 is for five far separated impurities. Despite large sepa-
ration, many sets of fringes overlap strongly in the plot region. At low temperature,
strong coherent interference among impurities leads to a highly complicated overall
pattern in Fig. 4.2(k), where the artificially marked impurities are undistinguishable.
This is not surprising given the many sets of fringes predicted for multiple impurities
in the preceding subsection.

Even though both Figs. 4.1 and 4.2 show that the presence of an SPM tip largely
changes flux pattern, there is a rough correspondence of regions of high flux between
plots with and without a tip. This is most obvious in Fig. 4.2 between (g) and (h),
and between (j) and (k). It is a good news because it justifies the basic principle of
using an SPM tip to probe the approximate electron flux distribution. One should
also notice that most elliptical and hyperbolic fringes are oriented radially outward
from the QPC and create many angular nodes on circular fringes in Fig. 4.2(k).
These features seem to have actually appeared in experiments. The many big or
small branchings of electron flux in [76, 49| are aligned along the radial direction

from the QPC, and could be signature of the hyperbolic fringes discussed here.

4.2.5 Patterns in Strong Scattering Limit

When the scattering strength increases, multiple scattering trajectories must be
taken into account when calculating J(7;). Consider first the single impurity case

discussed in the previous section. There are only three relevant lengths in the system,
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(d) (€) (f)

(9

(k)

Figure 4.2: The left, middle, and right columns are flux distribution without an SPM
tip, and reflected flux in the probed region (as in Fig. 4.1) at T = 1.7 K and 17 K.
First three rows: two impurities far apart, close with a mostly destructive interference,
and close with a constructive interference. Last row: five impurities regularly spaced.
All impurities are marked by a black dot. More detail in the text.
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T1t, Tts, and 7y s, which can be readily seen by expanding Eq. (4.2). In the multiple
scattering limit, the phase along an arbitrary scattering path starting and ending
at the QPC (and neglecting the various 0 scattering phase shifts) can be written as
¢ = k(lriy +mrys +nry ), where either (m,n) € {(2,0),(0,2)} with I = 0,2,4, ...
or (m,n) = (1,1) with [ = 1,3,5,.... The phase difference between two arbitrary

scattering paths can be expressed as
A¢ =k (lrl,t + mri,s + 77/7"1’5) (411)

where either (m,n) € {(£2,¥%2),(0,0)} and [ = 0,%£2,+4, ... or (m,n) = (£1,F1)
and | = +1,43,45,.... Eq. (4.11) gives the general expression for fringe patterns as

a function of tip position:
k (lry 4 + mry ) = constant (4.12)

For [ = 0 and m = +£2, circular fringes around the QPC defined by +2r, ; =constant
are formed. For m = 0 and [ # 0, circular fringes around the impurity defined by
r1, =constant are formed. For lm > 0, elliptical fringes with foci located at the QPC
and the impurity are formed, and for Im < 0, hyperbolic fringes with foci at the
impurity and the QPC are formed.

The above analysis can be extended to the case of multiple impurities in the pres-
ence of an SFM tip. The phase accumulated along an arbitrary scattering trajectory
starting and ending at the QPC can always be expressed as a linear sum of rele-
vant lengths in the system, ¢ = k (Zf\;l Liri s + Zf\il Dici MijTij + Zf\il Nt + nrs,t)
where either n = 2, [; = 0 for i € [1, N, m;j,n; € {0,1,2,3,...},orn =0, >N [, =2

with ; € {0,1,2} and m,;,n; € {0,1,2,3,..}, or finally n = 1, =¥, 1, = 1 for
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li € {0,1}, and m;;,n; € {0,1,2,3,...}. The fringe patterns generated by the mov-

able SPM tip can be defined by the following phase relation:

N
Ap(ry) =k (Z niTie + 777},8> = constant (4.13)

i=1
where 7 € {0,41,42} and ¥ n; € {0,£1,£2,...}. Let us analyze each possible
scenario of (n;,n). If n; = 0 for all i and n # 0, circular fringes centered about the
QPC and defined by kr,, =constant are formed. If n = 0 but n; # 0 for some ¢,
fringes defined by the relation Zf\il n,;r;; =constant are formed. For these fringes if
only n; is nonzero, circular fringes about impurity k are formed, whereas if only ny
and n; are nonzero, elliptical (n;n; > 0) or hyperbolic fringes (n;jn; < 0) can be
formed with the foci centered on impurities j and k. For more than two n; nonzero,
even more complicated patterns can be formed. Finally, if n # 0 and at least one
n; # 0, therezf\il %n,t + 7,4+ =constant. It defines fringes focused at the QPC and an
impurity if there is exactly one n; # 0 (an ellipse for n; = n; an hyperbola for n; = —n;
a deformed ellipse for n;n > 0; a deformed hyperbola for n;n < 0). More complicated,
often fragmented patterns appear for more than one n; # 0. The superposition of
the various fringe patterns renders the overall conductance map highly complicated.
However, most SPM experiments are performed either in the few-body limit or in the
weak scattering limit. Most of the above-mentioned patterns don’t appear at equal
strength, and given the right conditions, some of the fringe patterns may dominate
over others.

A rigorous investigation of systems with many impurities and strong scattering can
be very beneficial to mesoscopic physics. For example, in submicrometer disordered

metallic systems at low temperatures, interesting conductance fluctuation effects arise



Chapter 4: Conductance Fringe Patterns in Two Dimensional Electron Gases 7

owing to the interference of coherent electron wave transmission through the system.
Such phenomena have been studied and shown to yield novel predictions for the
correlations in laser speckle patterns and have provided the possibility of studying the
positions and motions of scatterers in a medium which multiply scatter the probing

light [25].

4.3 Thermal Averaged Conductance Fringes

4.3.1 A General Formalism of Thermal Averaged Fermionic
Signal

The goal in this part is to develop an asymptotic formula to conveniently express
a Fermionic signal at finite temperature in terms of both itself at zero temperature
and separated thermal terms. The Fermionic signal is denoted J (7, T), which in this
chapter refers to the reflected electron flux through an open QPC in Fig. 4.1(a). But
the formula applies to a general Fermionic signal. The thermal broadening function

at a finite temperature 7 is [17]

/ 1 o(E—Ep)/kpT
—f(E,T) = kT (11 BBt (4.14)

In 2D, the density of states is

2A 47 Am,
a(F) dE = ?27@ dp = 2

dE, (4.15)

where dE = d(%), A is the area of the QPC, and a factor of 2 is added to account

for the spin degree of freedom.
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For a signal like electron flux J| (7, E') at fixed energy FE, the thermally averaged

signal J| (7, T) is given by

J (7T
ArAm, (oo eE-ER)/kT
szk‘BT 0 (1 -+ e(E—EF)/k’BT)2

—4ArAm, [t o 1
— ?/E:O J(T, E) d<1+e(E—EF)/kBT>

- —+o00 -
_4nAm, J(7, E) oo §J(7, E) JE
1+ e(BE-Er)/kpT . a /E:O OFE 1+ eE-Er)/kpT
=0

_ /f(ﬁ E) (—f(E,T)) a(E) dE = J(7, E) dE

h2
ArAm, [t 8.J(F, E) o)
7> /0 OF 1+ eB-Erp)/ksT
47rAm /+°° aJ (7, ) ar
0

xr 1+ erzr’

(4.16)

where x = E/kgT, vp = Er/kgT.
From [59], the generalization of Sommerfeld’s lemma says that for any well-

behaved function f(z) at xp > 1

o0 w2 (df Tt (B f
A ~ ) d (2L — | == - (41
[T e [y e (dx>x:”+360 (d)+ (17)

In the low temperature fringing experiments considered here [76, 49], zr = 109 > 1
for T = 17K and Er = 16 meV. Eq. (4.17) can be used to expand Eq. (4.16) into

an asymptotic series

J (FT)
ArxAm, | rar 2 (92] Tt (04T
~ oooe / d - _ -
12 /0 T z) do+ (8x2) 360 (a:&) ]
47 Am, [ o - 2 (32T Tt (94T
— 2 J(rxp) — J(7,0) + 3 (81’2) + 360 (8:64) . + }

— 47TAme _ j(f’ T ) + ﬂj ﬁj + LﬂA ij +
T p? P60 360 | 024
r=xp r=xp
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_ dmAm, | - (wkgT)? [ 0T 7(rkgT)* [ 04T
= | B+ DE? 7360 \ome e
E=FEp E=FEp

(4.18)

The first term in Eq. (4.18) corresponds to flux at the Fermi energy at T =
0 K. The other terms in Eq. (4.18) represent contributions from thermal excitations,
which arise at nonzero temperatures. At finite temperatures, these excitations will
compromise the coherent fringes originating from J (7, Er) and at higher temperatures
will eventually dominate over and destroy the coherent fringes. In the following, for
simplicity only the first thermal term is examined in the single impurity case shown
in Fig. 4.1 in order to provide a quantitative understanding of the impact of finite
temperature.

Asymptotic expansions are not new to the study of Fermionic systems. However,
the unique beauty of having a stand-alone zero-temperature term in Eq. (4.18) is only
obtained after combining thermal averaging with the asymptotic expansion given in
Eq. (4.17). Previously, an approximate integral form has been proposed in order to
describe thermal averaging in 2DEGs [67]. It provided good approximation to Eq.
(4.14), but it possesses severe disadvantages in providing analytical integration for
the general case of multiple scattering. Such disadvantages motivated the use of Eq.
(4.18).

Compared with the original integral form in Eq. (4.16), there are three major
advantages for employing the asymptotic series in Eq. (4.18). First of all, the zero-
temperature and the thermal terms are separated in the series. Isolating the thermal
terms helps understand their magnitude and dependence upon energy and temper-

ature. Secondly, analytical integration can only be performed on a very limited set
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of functions whereas differentiation can be performed on any well-behaved function
strictly, thereby making an asymptotic series consisting of derivatives much easier to
study analytically. For example, the phase shift of most scatterers have a nontrivial
energy dependence, rendering analytical integration for the flux nearly impossible.
As demonstrated later, when a scatterer size is large, like an SPM tip, the energy
dependence of the scattering phase shift can contribute significantly to thermal terms.
Finally, the thermal terms can be calculated term by term to see how they originate
from the zero-temperature flux, and how thermal excitations can generate decoherent
terms which tend to destroy the zero-temperature fringes. Again, though Eq. (4.18)
is for electron flux through an open QPC, under the condition zp > 1 thermal aver-
aging of many other Fermionic signals can be expanded in similar fashion, with the
aforementioned advantages.

However, strong caution must be taken in using Eq. (4.18). Because of the
differentiation with respect to F, the thermal terms in Eq. (4.18) are proportional
to various powers of certain lengths in the system. The higher the thermal order,
the higher the power of the lengths, as shown in the next section. In the near field
regime, the various length scales are small, higher power makes thermal terms appear
as small perturbations to the Fermi term, thus the expansion in Eq. (4.18) converges.
In the far field regime of large length scales, these thermal terms diverge, even though
they have different phase factors and can mutually cancel each other to still satisfy
the condition for the expansion in Eq. (4.17). Fortunately, the remaining fringes at
non-zero temperatures survive only in near field regime, where thermal terms aren’t

significant enough to destroy the Fermi term. So Eq. (4.18) can be safely employed,
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as shown next.

4.3.2 Circular, Elliptical, and Hyperbolic Thermal Widths

With the aid of Eq. (4.18), it is easy to understand the difference among Fig.
4.1(c), (d), and (e). The first term in Eq. (4.18), J(7s, T = 0K) = J(7s, Er), is plot-

ted in Fig. 4.1(c) plots. The coherent fringes are clearly evident. In order to examine

(nkpT)* (027
6 O0E?

the effects of thermal averaging, only )E:EF, the second right-hand term
in Eq. (4.18), is evaluated, which turns out to capture most of the essential features
when compared to the exact numerical integration of Eq. (4.16). Of the many k-
dependent terms in Eq. (4.5), the last three terms oscillate with changing (r; s — 7¢5),
(rie+res —r1s), and (114 + 715 — 7s) as an SPM tip moves around. These terms
produce the conductance fringe patterns discussed in the previous section. It turns
out that each kind of fringe possesses a different thermal width at finite temperatures.

The first thermal term in Eq. (4.18), % (%)E:EF, can be rewritten as

(rmekpT)? (62J 18J>

R , which generates a number of terms. When either double
F F

or single differentiation is performed on the prefactor % in Eq. (4.5), coherent terms
exactly in phase with J(7s, Er) are produced; when double differentiation in k is
performed consecutively on the same sin or cos functions in Eq. (4.5), decoherent
terms exactly opposite in phase with J(7, Er) are produced; all other thermal terms
are at relatively random phase with J(7, Er) and of less interest in this study (these
random terms superimpose, not cancel, the coherent and decoherent terms, much
like the way elliptical /hyperbolic fringes superimpose circular fringes). When the tip

moves away from the impurity or QPC, the decoherent terms can grow very large and
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exactly offset the coherent fringes. Such cancellation leads to our first-order estimate

of each fringe’s thermal width, which is a measure of remaining coherence range.

For circular fringes, at large |ris — 745l g% will be dominated by terms of

07 cosf2hl(r1.s—1t.s)+01 E)=0BE)  which include a decoherent term with a prefactor

k2
2
(2 (ris —res) + 053215) _ %@) . When this dominant term grows comparable to the
2
coherent circular terms in J(r, Er) and (WkgT) (%)E:EF, the circular fringes are

destroyed, to the first order approximation. The cancellation of coherent and decoher-
ent terms of cos 2k (15 — rts) + 01(E) — 6:(E)] can be expressed in their prefactors

as

(TMEEfZE?v[AE;-— (81(E)? + 61(E) o — (2 (1 —-Tms)%—(5i(l?)——<ﬂ(l§))k:kF)2]

+1~0,

Tt,s ~ T1,s +

((51<E> —BE)) s, $ et g~ (E ¢ 54<E>2>MF) .

N[ —

(4.19)

where §'(E) = 00(F)/0k. Eq. (4.19) shows that at finite temperature, coherent
fringes survive thermal averaging only when the tip is within a small radial range
centered about a distance equal to the distance between QPC and the impurity. The

range is centered at 1, + 5 (61 (E) — 6;(E)),_,, with a half width of

1 6h1 k2 3

o= |2 (§(E)2 + 8U(E)) ks
9 (ﬂ'mek’BT)2 k% ( 1( ) t( ) )k k

6\/§h2 _

2\ mm.kgT

v
\

(01(E)* + 01(E)? ) k=ky

(4.20)
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which decreases with temperature and whose less kp-dependent lower limit is derived
using A% + B? > 2AB.

In order to get a feel for what the thermal width is for physical samples, choose an
effective electron mass, m., to be 0.067 times the electron mass, which corresponds
to the observed m, found in the 2DEG formed in GaAs/AlGaAs heterostructures|76,
49]. Let 6,(F) and 6,(F) take forms in Eq. (B.3) in Appendix B with a; = 1 nm

and a; = 30 nm. At T = 1.7K and kp = , the half width is 507.08 nm and

ot
the lower limit is 70.84 nm. At T = 17K, the half width becomes 48.7 nm and the
lower limit becomes 17.3 nm. The half width prediction of Eq. (4.20) matches Fig.
4.1(d), and (e) pretty well and can be further improved by considering higher order
thermal terms in Eq. (4.18). The independence of the lower limit upon kr in Eq.
(4.20) comes first as a surprise but is easily understood since thermal averaging is
due to excitation in a range of width kgT around Ef, regardless of what the Fermi
energy is. The tip/impurity-induced dependence on kp in the width formula has
much more to do with their scattering properties than thermal excitation. The role
of scatterers’ properties will be discussed in the final section. [. will be referred to as
the circular thermal half width and indicates the spatial range where circular fringes
will exist. Also interesting is that Eq. (4.19) shows that the survived coherent fringes
are centered at 3 (87 (E) — 0{(E)),_,, away from the impurity location, due to again
the different scattering properties of the impurity and the tip. This displacement is
roughly 15.1 nm using the above parameters, close to the period of circular fringes,

Ar/2 = 18.7 nm. Note that Fig. 4.1(e) and (h) do show a displacement close to one

full fringe. This spatial displacement depends on the energy derivative of scattering
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phase shifts, and is the time delay effect first discovered by Wigner [85] and later
extensively researched by others [69, 1, 31, 13].

Thermal widths for elliptical and hyperbolic fringes can also be derived in similar
ways. Consider the last two terms in Eq. (4.5) that depend on (ry; 4+ rr s — r15) and
(ri¢+r1,s — res). At finite temperatures, cancellation of (ry; + s — r1,5)-dependent

coherent and decoherent terms in Eq. (4.18) leads to

(mmekpT)? [5.25 2

6h k% k3

— (261(B)* + 0(E) )itp — (1 + 11 = 11.8) + (61(E))is, )
+1 =0,

Tes TT14 R T1s — (61/3(E))k:kp
i\l 6k 5.25

= (201(E)? + 01(E)?)k=ky -

(mmek BT)2 k3.

(4.21)
which defines an elliptical thermal half width of
6h'k? 5.25
. = o+ — (201(E)? + 0(E)?)r=
(WmeszT)z k:% ( 1( ) t( ) )k kp
3V 140>
> o (201(E)? + 04(E)? )=ty - (4.22)

Cancellation of (ry; + 71 s — 7¢s)-dependent coherent and decoherent terms leads

to

(mmekpT)? [5.25
6h'k: | k3

= (8(E)? + 20,(E) )t — ((r1s + 110 = 100) + (61<E))MF)2]

s = Tt = T1s 4 (01(E)) g,

N 6h' k3 5.25
(ﬂ'mekBT)2 k%

— (01(E)2 + 26(E)?) peip -

(4.23)
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which defines an hyperbolic thermal half width of

6h* k2 5.25
[, — F__ 4 — (6" (E)2 + 20/(E)2) -
h (WmekBT)2 k% ( 1( ) t( ) )k kr

3v/14h2 B

WmekBT

2 (01 ()% + 20,(E)?) k= - (4.24)

l. and [, are very similar and slightly more than twice [. as expected. At T'= 1.7TK
and kp = 32— 1. (Ip) is 1014.2 nm (1013.8 nm) and its lower limit is 163.9 nm
(161.1 nm) . At T = 17K, l. (I5) becomes 97.9 nm (93.2 nm) and the lower limit
becomes 43.3 nm (31.2 nm). However, [, and [, are not as directly reflected in
Fig. 4.1(e) as l. because they describe the sum or difference of two distances 7
and r;,. At the special direction defined by connecting the QPC and impurity, 7 s
and 71 ; do align with each other. Along this direction, an overall increase of I/l
in sum/difference is split between 7, and 714, each changing by [./2 ~ [;/2 ~ I..
Elliptical and hyperbolic fringes along this direction have the same fringe spacing as
the circular fringes, i.e. A/2. Therefore the number of survived elliptical /hyperbolic
fringes should equal that of circular ones, though all three sets of fringes surround
the impurity in different manners and are displaced from each other. Fig. 4.1(e) does
confirm this point, despite the fact that the elliptical fringes are difficult to identify in
the plot. Eqgs. (4.21) and (4.23) also show a displacement — (0;(E)),—,. / (61(E)) .
in the sum/difference due to the scattering properties of the tip and the impurity,
which will be further studied later.

In Fig. 4.1, the three various types of coherent fringes are plotted for various
temperatures, along with thermal contributions. The figures are calculated from the

strict integral form in Eq. (4.16) with the exact 2D Green’s functions and exhibit
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many of the features predicted using just the first thermal term in Eq. (4.18) alone.
One should notice that elliptical and hyperbolic fringes always appear in pair and
distribute on the opposite sides of the impurity, which helps to locate the impu-
rity, whereas circular fringes can be used only to estimate the radial distance of an
impurity. Comparison of the plots in Fig. 4.1 and Fig. 4.2 shows one benefit of
thermal averaging. When temperature rises, all fringes shrink closer towards the
scattering impurities, allowing better identification of impurities. Fig. 4.2(k) and (1)
best illustrate this unexpected advantage. Survival of coherent fringes far away from
the QPC at finite temperatures is essentially due to interferometry between different
paths, which has been demonstrated in the recent electron interferometer experiment
in 2DEG [48]. Additionally, note that Fig. 4.1(f) is drastically different from Fig.
4.1(c-e), even though they both depict the same s-wave scattering system. The el-
liptical and hyperbolic fringes look as if they were due to higher order partial wave

scatterings. Caution must be taken in interpreting measured data.

4.4 Resonances in Open QPC Imaging Experiments

In the preceding sections, it has become clear that conductance map obtained
through SPM probing can differ largely from the original wave field distribution due
to additional scattering paths associated with the presence of the SPM tip. There is
also the possibility that misidentification of impurity location can occur, due to the
possibility of resonances occurring in the scattering. Let us illustrate this point in the
single impurity case. Despite the complex flux map, it is assumed that as the tip gets

closer to the impurity, the reflected flux increases, reaching a local maximum when
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the tip is right atop of the impurity[74]. However, it could happen that resonance
occurs when the SPM tip is placed at some special location that’s not right on top
of the impurity. Resonance shows up in sudden increase in reflected flux and can be
misinterpreted as the tip hitting an impurity. Thus a thorough study of conditions
when resonances can occur will prove to be very important in correct reading of
measurement data. In the following, possibility of resonances is analyzed for the
single impurity case in the open QPC imaging experiments in the s-wave scattering
limit.

Resonances are quasi-bound states with positive energy (potential at infinity is
defined as zero), and correspond to poles in the Green’s function of system [62].
When resonance energy drops to below zero, a bound state is developed. In the open
QPC experiments considered here, all electrons passing through the QPC possess
positive energy. So bound state is unlikely to form and resonance is a much more
likely concern. For resonances to occur in the single impurity case, poles of Eq. (4.2)
must exist with a positive real part, which defines resonance energy, and a small
imaginary part, which defines resonance width. Considering only the real part of the

denominator, on resonance it has

Re (1 — eletGit) = 0,

Re (eletGit) = 1. (4.25)

The left hand side of Eq. (4.25) depends on both k, the wave number, and 4, the
distance between the SPM tip and the impurity. The equation can be solved numeri-
cally to find for a specific k£ the possible tip location that can give rise to a resonance.

For our example system, in the range k € [0.9kp, 1.1kp| or E € [0.81Fp, 1.21Er| no
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positive values of r;; can be found. Since kgT / Ep = 1/109 here and electrons can
almost never be excited to more than 0.2Er away from the Fermi surface, possibility
of resonances can be ruled out at the s-wave scattering limit. Analytical proof of
absence of resonances can be provided at the far and near field limits for a general

one-impurity, s-scattering system as follows.

™

In the far field limit of kpry, > 1, Grp = —i 25 HSY (kry,) ~ —ills /-2 eilra=1),

Eq. (4.25) can be simplified into

wkriy = —32sind; sind; cos (51 + 0 + 2kry, — ;T) <32,
ry < 32/mk =16\/m% ~ 1.62\ ~ 1.62 \p . (4.26)
Eq. (4.26) however contradicts the far field assumption. So no resonance can occur

in far field. This conclusion is intuitively easy because two s-wave scatterers far apart

can’t keep wave for long before it leaks into empty space.

In the near field limit of kpri; < 1, Giy = —igs Hél) (kris) ~ S lg(kry). Eq.

(4.25) reduces to
el 01 sin d 01 + 0;) (1g(k =1 4.27
— Sindy sin ¢ cos (61 + 0¢) (1g(krie)) . (4.27)

Under the condition sin d; sin d; cos (01 + ;) > 0, Eq. (4.27) can be solved to give

1 ™
r1: = —exp(— : (4.28
Yk 8,/sin d; sin d; cos (61 + 6t)> )

However, resonance also requires the imaginary part of the denominator be small, i.e.
‘I m (1 — 616tGit) ’ < 1, which defines resonance width. In near field the requirement

translates to

64
— [sin 8y sindy sin (8, + &) (Ig(kri,))’ < 1. (4.29)
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Comparison of Egs. (4.27) and (4.29) leads to

sin (81 4 0;) = 0; |cos (01 + )| ~ 1. (4.30)

Eq. (4.30) can be analyzed to show two sets of solutions

cos (01 +0;) ~ land sind, ~ —sind; for (6, + ;) ~ 2nr ;
cos (01 +0;) ~ —1land sind; ~sind; for (61 +0;) ~ (2n+ )7 ;

(n=0,41,42,..) . (4.31)

However, Eq. (4.31) contradicts the condition sin d; sin d; cos (01 +d;) > 0 in Eq.
(4.28). Thus no s-wave resonance exists in near field either.

The above proof of non-resonance in far and near fields applies to a general s-
scattering system consisting of two scatterers. In the intermediate range of r;; com-
parable to A\, s-scattering resonance could exist given appropriate Er, §;(F), and
0:(E). Of course, considering p-wave and even higher order partial wave scatterings
increases the possibility and range of resonances in a system, so does the number of
scatterers, as shown in Fig. 4.2(h) and (i). Detailed studies of proximity resonance
can be found in [35, 50]. Given that scattering property of impurities is important
to occurrence of resonances, what other differences can be made if one impurity is
replaced by another? The last section is dedicated to some preliminary discussion on

this topic.
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4.5 Signatures of Impurity Properties in Conduc-

tance Fringe Patterns

The goal of SPM imaging is not only to shed light upon the configuration of im-
purities in mesoscopic/nanoscopic structures but also to help elucidate the scattering
properties of the impurities. Much of the discussion in the preceding sections has
focused on scattering path, which strongly relates to impurity placement. However, if
the configuration is kept unchanged but the impurities are replaced by different ones,
can there be signatures in the conductance map? Let us illustrate the impact again
in the single impurity case. The difference will certainly be significant if an impurity
changes its dimensions drastically. Scattering in the system will change accordingly
from s-wave to higher order partial wave as the scattering length increases. What if
the dimensions are fixed but the impurity changes its potential and thus scattering
property, for example, if a potential barrier turns into a potential well of the same
size? Can we tell the difference from a conductance map?

Fringe patterns depend mostly on scattering path, but, as noted earlier, they can
be displaced by different amounts for different impurities. Eqs. (4.19) and (4.23)
show that the displacement of both circular fringes and hyperbolic fringes depends
on (8} (E));—y,» Which is small for either potential barrier or potential well in s-wave
scattering limit, as shown in Appendix B. This displacement appears in circular and
hyperbolic fringes because they involve exactly one scattering off the impurity. Can
it accumulate in multiple scattering? It is possible but likely won’t yield anything

significant. As shown in Section 4.2.4, interference among multiple scattering paths
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leads to many kinds of regular, deformed, or even discontinuous patterns. The overall
flux field will become so complex that it’s difficult to tell different patterns apart, save
their displacements. Similarly, when there are more impurities, such displacement of
patterns becomes impossible to identify even at low scattering limit, as shown in Fig.
4.2(k).

Thermal widths have dependence on the scattering property of impurity as well.
Eqs. (4.20), (4.22), and (4.24) all contain (01(F));_;,., a small factor in s-wave
scattering limit. Numerical results confirm that all three thermal widths change little
without this term.

Resonance has been proven to be impossible for a single impurity in s-scattering
except in intermediate range, regardless of the nature of impurity potential. Addition
of more impurities certainly increases the chance for resonance. But then resonance
is induced mostly by the configuration of impurities, not so much by the property of
an individual impurity.

In conclusion, in s-wave scattering limit changes in an impurity’s potential can
hardly show up in any non-trivial way. This is consistent with the notion of s-wave
scattering because relatively long wavelength can’t tell the internal structure of a
small impurity. When the relative size of impurity gets larger, high order partial wave
scatterings appear and are capable of conveying information of scattering property
of an impurity. Then changes in impurity potential are easy to detect. Of course,
impurities of significantly different sizes can have distinct signatures as well, which in

turn relates to high order partial wave scattering.
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4.6 Conclusion

In summary, we have carefully examined conductance fringe patterns in 2DEG
from several important perspectives and gained a great deal of valuable insight in
the mechanism of SPM imaging. Identifying general patterns in conductance fringes
reveals existence of interferometry in probing and prevents us from mistaking these
patterns as signatures of high order partial wave scatterings. The analysis is compared
to numerical simulations and extended to cases of multiple impurities and multiple
scatterings. Then a useful general formula is developed to estimate thermal averaging
of fringes in terms of separate thermal terms. A thermal width is given for each fringe
pattern to indicate the range of survived coherent fringes at finite temperature. Since
resonance could be misread as an SPM tip hitting an impurity, the possible occurrence
of resonances is studied as well. In s-wave scattering limit, the possibility is shown to
be low and can exist for only intermediate separation. Lastly, a brief examination of
the impact on fringe pattern by properties of impurity shows minimal changes in s-
wave scattering limit. Significant change in impurity size or potential change in large
impurities can both lead to detectable differences, thus allowing for distinguishing

impurities by SPM probing.



Chapter 5

Imaging A Single-Electron

Quantum Dot

In this chapter, we employ finite difference method (FDM) to solve for ground state
energy of a single-electron quantum dot, which gives rise to a circular conductance
peak pattern under SPM probing. SPM tip introduces strong perturbation and is
shown to be critical to the formation of the observed conductance ring and its variation
with tip voltage. The ultimate goal is to obtain information about a single electron’s
wavefunction. For this purpose, singular value decomposition (SVD) is utilized to
invert matrix to extract electron wavefunction out of the experimental conductance
data. The stability and sensitivity to boundary conditions of FDM and SVD are also

studied.
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5.1 Introduction to Experimental Setup

Few-electron quantum dots have many exciting properties, including discrete en-
ergy levels, atom-like shell filling, and many-body effects, made visible by the Coulomb
blockade. Single-electron quantum dots in particular are promising candidates for spin
qubits in quantum information processing. The electron spin in each dot acts as a
qubit, and tunneling entangles spins on adjacent dots. Scanning probe microscopy
provides a powerful tool to probe the behavior of a single electron in quantum dots
and dot circuits. Westervelt group at Harvard has used a liquid He cooled scanning
probe microscope (SPM) with a charged tip to image a single-electron quantum dot
in the Coulomb blockade regime. Fig. 5.1 illustrates the imaging technique.

The quantum dot, shown in Fig. 5.1(b), was formed in a GaAs/Aly3Gag7As het-
erostructure containing a 2DEG by Cr surface gates. The 2DEG is 52 nm below the
surface, with measured density 3.8 x 10 ¢cm™2 and mobility 470,000 cm?V~1s™! at
4.2K. The heterostructure was grown by molecular beam epitaxy with the follow-
ing layers: 5nm GaAs cap layer, 25 nm Aly3Gag7As, Si delta-doping layer, 22 nm
Aly3GagrAs, 20 nm GaAs, 100 nm Aly3Gag7As, a 200 period GaAs/Aly3GagrAs
superlattice, 300 nm GaAs buffer and a semi-insulating GaAs substrate. The 2DEG
is formed in a 20 nm wide GaAs square well between two Aly3GagrAs barriers. The
sample was mounted in a liquid-He cooled SPM [46, 47, 72] and cooled to T' = 1.7K.

A conducting SPM tip scanned above the surface can change the induced charge
in a quantum dot, as shown in Fig. 5.1(a), and change the number of electrons. An
image is obtained by recording the dot conductance G as the tip is scanned across

the sample. The tip voltage V;;, perturbs the bathtub-like background potential that
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Figure 5.1: (a) Schematic diagram of the experimental set-up used to image electrons
in a single-electron quantum dot. A charged scanning probe microscope (SPM) tip
is scanned at a fixed height above the surface of the GaAs/AlGaAs heterostructure
containing the dot. Images are obtained by recording the Coulomb blockade conduc-
tance G vs. tip position. (b) A scanning electron micrograph of the quantum dot.
The dashed line indicates the area covered by the conductance images. (c¢) Schematic
diagram that shows how the potential holding an electron in the dot is affected by
the charged tip. The tip induced shift A, in the energy of the electron state changes
the Coulomb blockade conductance of the dot.
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holds electrons in the dot as in Fig. 5.1(c). When the tip is far away, Vj;, moves
the bathtub up and down without changing its shape, in a manner similar to the
side-gate voltage. When the tip is close, V};, can change the shape of the bathtub
and the energy of the electron state above the bottom. The overall shift Ay, in the
ground state energy, indicated in Fig. 5.1(c), moves the gate-voltage position of the
Coulomb-blockade conductance peak.

Without the tip present, the quantum dot could be tuned to contain 0 or 1 elec-
trons in the Coulomb blockade regime, as shown in Fig. 5.2. It has been determined
that the one-electron charging energy is 4.2meV and the ground-state to first-excited-
state energy spacing is 3.1meV . Images of the single-electron quantum dot were ob-
tained at T' = 1.7K by recording the Coulomb blockade conductance for fixed tip and
gate voltages, V;;, and Vi, with source-to-drain voltage Vsp = 0 V, while the tip was
spatially scanned over the quantum dot, 100 nm above the surface. The charged tip
shifts the lowest energy level in the dot and creates a ring in the image.

A series of images are shown in Fig. 5.6(a-d) for tip voltages 40 mV, 50 mV,
60 mV, and 80 mV, respectively. In each image, a ring-shaped feature is observed,
centered on the middle of the dot. The ring represents a contour of constant tip to
dot coupling at which the Coulomb blockade conductance is on a peak. This peak
corresponds to resonant tunneling through the lowest energy level of the dot. The dot
contains one electron when the tip is outside the ring and zero when the tip is inside
the ring. As Vj;, is increased in a series of steps from Fig. 5.6(a) to (d), the radius
of the ring shrinks to a small value. The line shape of the ring provides a window

through which one can extract information about the dot. The probing window can
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Figure 5.2: (a) Plot of differential conductance g = dI/dVsp as a function of side-gate
voltage Vi and source-to-drain voltage Vsp at T' = 1.7K, showing Coulomb blockade
diamonds for 0 and 1 electrons, and resonant tunneling through the ground and first
excited energy levels separated by 3.1 meV. (b) Plot of differential conductance
g =dI/dVsp vs. SPM tip voltage Vi, and Vgp at T' = 1.7K for a fixed tip position,
showing that the tip acts as a movable gate.
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be moved to any desired location with respect to the dot by changing the ring radius.
Numerically fitting the line shape of the ring can help determine the tip-induced shift

of electron energy in the dot, as shown below.

5.2 Finite Difference Method (FDM) for Partial

Differential Equation (PDE)

The central issue is to look for the ground state energy of an electron confined in
a finite region with arbitrary background potential. Solving Schrodinger’s equation
numerically becomes a must. This section introduces the most popular numerical
technique for solving partial differential equations (PDE) like Schrodinger’s equation,
i.e. the finite difference method (FDM). There are several tricky aspects to pay special
attention to in applying FDM. First, choosing appropriate boundary conditions for
a specific problem can be critical to obtaining the correct solution, especially for one
in a closed geometry as our quantum dot problem. Second, if FDM is used to solve
PDE describing time evolution of a system, stability of the solution is critical. If a
small amount of initial error due to approximation gets amplified over time, there is
no converging solution when approximation must be made at initial or intermediate
time. Given the fact that almost all practical problems involve approximation to
certain extent, stability analysis is a must. In the following subsections common
boundary conditions are compared, and different iterations of FDM over time and

their stability are discussed.
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5.2.1 Hardwall, Periodic, and Damped Boundary Conditions

In a closed geometry, a system normally sits at one or a combination of eigenstates.
Boundary shape and magnitude set the eigenstates to a large extent. Typical approx-
imations of boundary condition for a confined system include hardwall, periodic, and
damped boundary conditions.

Hardwall boundary assumes an infinitely high step function along the boundary:

V= 0, if inside the boundary;

= 400, if outside the boundary.

Hardwall approximation is often used in cases where a system is tightly confined
in a small region comparable to the predominant wavelength and reflection is not
important, as in our quantum dot problem.

Periodic boundary assumes that the entire space is periodic and repeats at the
scale of the system’s length/width. In one dimensional case the approximation is

expressed as:

V. = V(x), forx €0, L];

= V(mod(x, L)), forx ¢ |0, L],

where the system is assumed to lie in the range of [0, L] and mod(z, L) indicates the
remainder from dividing x by L. Periodic approximation best suits cases where the
system is confined in a region much larger than its wavelength and where reflection
is important, such as reflection of atoms in a quantum wire/waveguide [81].
Damped boundary is a modification of hardwall boundary. Instead of having a

potential going from zero abruptly to infinity at the boundary, the confining potential
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can be set to rise gradually and smoothly, exponential as an example,

V. = 0, if inside the boundary;

= ¢e* — 1, if outside the boundary,

where x denotes distance from the boundary. When wavepacket technique [36] is
used in confined geometry, damped boundary condition can be implemented such
that, when a wavepacket hits boundary, the wavepacket is exponentially absorbed by
multiplying it with a damping function exponential in distance outside the boundary.

When modeling tip scattering, a tip can be approximated as a hard disk or more

realistically as a soft tip whose potential rises quickly but smoothly.

5.2.2 Explicit, Implicit, and Crank-Nicholson FDM

Another important application of FDM is to study the time evolution of a semi-
open system, for example, electron flow in 2DEGs [75, 76] and heat transfer in solid.
The important issue here is the treatment of iteration over time. Fig. 5.3 illustrates
three typical ways of projecting a PDE onto a grid. Let’s compare the differences

with one dimensional heat equation as an example. The 1-D heat equation is:

0% oV
W = Ca, (51)

where ¢ is a constant that is system specific. In FDM the equation is projected into
a 2-D space of X — T', as shown in Fig. 5.3. On the grid %—‘f is always discretized as
(U(x;, t) — U(xy, t —1))/At, where At = 1 according to the discretization in time.

The discretization of %27‘3 is more complicated and is where the three FDMs differ.
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Figure 5.3: (a) Explicit FDM, (b) Implicit FDM, (c¢) Crank-Nicholson FDM.

g—\i’ (x;) can

Explicit FDM projects 2 a 9¥ onto the X-axis at time t — 1. Since
be discretized as (V(z41, t — 1) — U(zy, ¢t — 1))/Az, & (a:l) can be expressed as
(gl(xz, t—l)—f(‘fz 1, —1))/AI‘: (\Il(xfiJrl, t—l)‘i‘\I](LUZ,l, t—l)—2\11($z, t

1))/Az? The explicit FDM formulation of Eq.(5.1) is

= C .
Ax? At ’

which relates three variables, (x4, t —1), ¥(x;_1, t —1), and ¥(z;, t — 1), known
at time t — 1 to one unknown variable W(x;, t) at time ¢. Fig. 5.3(a) illustrates
how explicit FDM discretization relates points on the X — T grid. The advantage of
Eq. (5.2) is that each variable ¥(z;, t) at time ¢ can be directly solved for in one
equation. Such an advantage actually comes at a price, with the stability of explicit
FDM being compromised as shown in the following subsection.

Implicit FDM projects g2y -3 onto the X-axis at time ¢. With 8‘11( ;) discretized as
(U(2is1, 8)—V(zy, t)/Az, 25 “¥ (1;) can be expressed as (%% (i, t)—%2 (i, 1)) /Az =

(U(xig1, t)+P(x;iq, t)—2U(x;, t))/Ax?. The implicit FDM formulation of Eq. (5.1)
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18

\I’(QfH_l, t) + \IJ(ZEZ'_l, t) — 2\11(551, t) . C\I](QZ'Z, t) — \I/(IL'“ t— 1) (5 3)
Ax? B At ’ '

which relates three variables, ¥ (z;41, t), W(x;—1, t), and ¥(x;, t), unknown at time
t to one variable W(x;, t —1) known at time ¢ — 1. Fig. 5.3(b) illustrates how implicit
FDM discretization relates points on the X — T grid. The disadvantage of Eq. (5.3)
is that each variable W(z;, t) at time ¢ can’t be directly solved for in one equation.
One has to apply Eq. (5.3) to each ¥(z;, t) at time ¢ and obtain a full series of
equations relating W(x;, t) to ¥(x;, t — 1) and solve for all ¥(x;, t) simultaneously.
Despite this disadvantage, implicit FDM is often preferred to explicit FDM because
it is unconditionally stable as shown later.

Crank-Nicholson FDM appears like the average of explicit and implicit FDMs. It
projects ‘?;7‘3 onto the X-axis at both time ¢ and time ¢t — 1. Now 227%’(951-) can be
expressed as (1/2)(V(xq1, t) + V(zio1, t) —2W (2, €) + V(@i t — 1)+ W(ziq, £ —

1) — 2V(z;, t —1))/Az? The Crank-Nicholson FDM formulation of Eq.(5.1) is

1
2Ax?
+\IJ(ZE¢+1, t— 1) + qj(l’i_l, t— 1) - 2\IJ(ZEZ, t— 1))

- ¢ N 7 (5.4)

(U(xipq, t) + U (ziq, t) — 2V (24, t)

which relates three variables, W(x;1, t), V(z;_1, t), and ¥(z;, t), unknown at time
t to three variables, ¥(z;11, t — 1), W(x;—y, t — 1), and ¥(z;, t — 1), known at time
t — 1. Fig. 5.3(c) illustrates how Crank-Nicholson FDM discretization relates points
on the X —7T grid. The disadvantage of Eq. (5.4) is again that each variable V(z;, t)

at time t can’t be directly solved for in one equation. One has to apply Eq. (5.4)
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repeatedly to W(x;, t) at time ¢ and obtain a full series of equations relating ¥ (z;, t)
to WU(x;, t — 1) and solve for all U(z;, t) simultaneously. Despite this disadvantage,
like implicit FDM, Crank-Nicholson FDM is unconditionally stable as shown next.
Other forms of FDM exist. For example, one can apply explicit FDM to solve
for half of U(z;, t), alternating along the X-axis, at time ¢ directly and then apply
implicit FDM to directly solve for the other half of W(z;, t). These techniques are

much more advanced and can be found in books on numerical methods [61].

5.2.3 Stability of FDM when Iterating Over Time

The preceding subsection presents three typical forms of FDM. They differ mainly
in the discretization of ‘g%’, which turns out to have a profound impact on the stability

of solution. A brief analysis is given as follows.

For the three kinds of FDM, Egs. (5.2, 5.3, 5.4) can all be cast into a general form

All e AlN \Iﬂi
AUt =
ANl ‘e ANN \Iﬂ]&V
B By it
) o . .
Byi ... Byy Uit

(5.5)

where W! = U(z;,t) and A and B are coefficient matrices. Eq. (5.5) can be extended
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to between t and t +1ort + N

Ut = ATIB .U (5.6)

N = (AR (5.7)

A stable solution requires that a small error introduced at time ¢ will go to zero

at a distant future time ¢ + /N, which in turn requires
(A7'B)Y - 0as N — 4o0. (5.8)

It has been shown [65] that for a 1-D heat equation with ¢ = 1, explicit FDM is
stable only if

0 < At/Az* < 1/2. (5.9)

while implicit and Crank-Nicholson FDM both are stable for any positive value of the

ratio At/Az?.

5.2.4 Comparison with Finite Element Method (Eigenstate

Decomposition Method)

Another method of solving for the ground state energy of a confined electron is
finite element method or, more commonly called by physicists, eigenstate decomposi-
tion method [61]. The idea is to assume that the ground state of a confined electron
in the presence of an SPM tip is a linear combination of the lowest few energy states
of the electron without the tip. For our single-electron quantum dot configuration,
this decomposition has some disadvantages. First, the assumption of the perturbed
ground state composed of the lowest few unperturbed states needs careful examina-

tion, particularly when the tip perturbation is strong, and the appropriate number
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of unperturbed states to use needs to be chosen carefully. Second, the unperturbed
states have to be calculated with the proper boundary condition. The lowest energy
states of a simple unconstrained harmonic oscillator can’t be used directly because
they don’t reflect the presence of boundary walls. Lastly, given the first two com-
plications, applying eigenstate decomposition to our quantum dot problem would
incur significant amount of extra computation to ensure that important features of
the system are correctly accounted for. It is easier to directly project the ground
state wavefunction onto a two-dimensional grid in coordinate space and solve the
Schrodinger’s equation. Time evolution is not considered here since we look at only
stable eigenstates.

To solve Schrodinger’s equation on a coordinate space grid, the potential term in
Schrodinger’s equation has to be specified properly. We assume a smooth harmonic
background potential generated by the confining gates. The other part of the overall
potential is due to the SPM tip, which needs to be analyzed carefully in the next

section.

5.3 SPM Tip Modeling and Its Impact on Imaging

A scanning probe microscope (SPM) is a valuable tool for studying mesoscopic
systems. An SPM can image and manipulate single particles at low temperatures.
Single molecules have been positioned on a surface to perform logic operations through
molecule cascades [34], and magnetic-resonance-force microscopy can detect a single
electron spin through electron-spin resonance (ESR)[64]. Capacitively coupled SPM

tips have been used to image the flow of electron waves in a two-dimensional electron
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gas (2DEG) [77, 75, 76], and the motion of electrons in the quantum-Hall regime
(30, 88, 91, 2, 40]. Coulomb charge oscillations were observed in SPM images of
quantum dots formed in carbon nanotubes [87].

However, an SPM tip often introduces a strong perturbation to the original state
of the system that is desired. Part of the reason is that the current SPM technique
hasn’t reached the capability of producing a very localized tip potential compared
with the system being probed. In our case the tip potential has a half width of about
140 nm, while the entire quantum dot has a width of about 220 mm. The other
part of the reason arises from electronic noise in measurement system and impurity
potential in a physical system itself. To make the desired signal distinguishable from
electronic noise and impurity perturbation, often SPM tip potential has to be strong
enough to produce detectable signal, as was the case in imaging electron flow through
an open QPC [75, 76]. So it is not recommended to employ perturbation theory to
solve for the perturbed ground state energy of electron in the single-electron quantum
dot. However, perturbation theory is convenient for extracting electron wavefunction
out of measured conductance signal and is utilized later in combination with singular
value decomposition to obtain some primitive, approximate information on electron
wavefunction, mainly for future reference.

A Gaussian or Lorentzian potential is often used as an approximation for SPM tip
potential, as in electron flow imaging [75, 76]. However, such rough approximation
is not suitable for the small quantum dot under consideration here, as the error in
approximation could shift energy levels and modify level spacings significantly. A

better analytical model of the tip potential consistent with boundary conditions on
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the voltage gates is desired. There is no direct, strict analytical model for SPM tip
in existing literatures. However, the design and working mechanism of an SPM tip is
very close to those of a field-emission tip. The existing rich volume of field-emission
tip modeling can help us achieve a better modeling of the SPM tip.

A typical field emitter is described as a cone and a sphere at the apex [63]. One
model that gives a set of equipotentials near the surface of the tip shows the spatial

distribution of potential in cylindrical coordinate as [63]
V(r,0) = (Vo/a)(r* — r2 =21 Py (cos 6), (5.10)

where Vj is the potential difference between the tip and a constant-voltage anode a
distance a in front of it, 7o is the tip radius, Py(cos®) is the Legendre function, 6y is
the cone angle, and A is chosen so that Py(cosfy) = 0.

For our experiment, the constant-voltage anode can be replaced by the constant-
voltage gates and 7 set to zero. A is set to equal 0.22 given that 6, = 12 degrees. So

the analytical model modified for SPM tip becomes

V(r,0) = Vo((r/a)*** Pygs(cos §) — (Tg/a)0'22), (5.11)

where r, indicates the location of voltage gates and the constant term —(r,/a)%?? is

added to shift the potential distribution so that the gates are at V = 0, a boundary
condition assumed in solving Schrodinger’s equation in the next section.

Numerical plots show that Eq. (5.11) gives good fit to the boundary condition of
equipotentials at both tip surface and voltage gates. More importantly, Eq. (5.11)
builds the dependence on tip voltage V{ into the potential generated by the tip inside
the quantum dot. Experimental observation shows a continuous shrinkage of conduc-

tance ring with increasing tip voltage V. Theoretical simulation in the next section
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based on Eq. (5.11) successfully shows the same amount of shrinkage using the same
set of Vy while keeping all other parameters fixed! This is a strong verification of the

validity of Eq. (5.11).

5.4 Conductance Rings for a Symmetric Square

Quantum Dot

With a fairly good model for tip potential established in the preceding section, the
remaining part of the overall potential is the background potential. The exact shape
of the background potential decides electron wavefunction distribution and therefore
the shape of conductance ring under SPM probing. In this section a symmetric,
harmonic potential is used to demonstrate the main experimental observations, i.e.
the width and shrinking speed with tip voltage of the conductance ring. The distortion
in the rings is explored in the next section when asymmetric background potential is

considered.

5.4.1 Energy Spectrum of a Confined Electron

When the background potential is harmonic and 1-dimensional, electrons in it

should reside in various degenerate energy levels given as [32]
E,=(n+1/2)hw, (5.12)
where n =0, 1, 2, ... , with wavefunctions given as

Un(x) = Ap(ay) e 2n ", (5.13)
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where A, is the normalization factor, a, is the raising operator, and V(x) = %mw%Q.
When the background potential is harmonic, symmetric in 2-dimensions, as as-

sumed in our case, the energy levels are
E,=E;,,+E,,=(ny;+n,+1)hw=(n+1)hw, (5.14)

where n, =0, 1, 2, ... , n, =0, 1,2, ... , and n = n, +n, =0, 1, 2, ... . Here for an
energy level n, it’s (n + 1)-fold degenerate.

However, once an SPM tip is added into the overall potential, the symmetry is
broken and the degeneracy is lifted. In Fig. 5.4, we plot both the lowest 55 energy
levels and the ground state electron wavefunction, when the SPM tip is placed close
to the upper left corner of the dot as shown in Fig. 5.4(b). The electron is obviously
pushed towards the lower right corner. The lowest 55 energy levels that previously
made up the lowest 10 discrete levels now become 55 non-degenerate levels due to
the presence of the SPM tip, as shown in Fig. 5.4(a). The lowest few levels are
still closely grouped according to their previous degeneracy, while the highest plotted
levels have a distribution that shows almost no sign of previous degeneracy.

What is relevant to us is the ground state of electron in the quantum dot. The
ground state energy fluctuates as the SPM tip moves around. When it matches
the energy required for electron to tunnel out of the dot, the conductance through
the quantum dot drastically increases and produces a peak in the conductance map.
Given the symmetry of the background potential, a circular ring of high conductance
is expected in the conductance map for a given tip voltage. However, the half width

of the ring is yet to be decided.
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Figure 5.4: (a) The energy levels of the lowest 55 eigenstates, corresponding to the
lowest 10 degenerate energy levels without tip perturbation, (b) The ground state
electron wavefunction when an SPM tip is placed near the upper left corner of the
plot.

5.4.2 Line Shape of Resonant Tunneling in Ground State

Beenakker [7] has shown that, for resonant tunneling, the line shape of conduc-

tance is given by

G = Guax|cosh(A/2kpT)] 2, (5.15)

where A is the energy difference between the lowest energy level in the dot and the
Fermi energy in the leads. The energy difference is zero at resonance and deviates
from zero as the tip moves away from its resonant position. The dot conductance at

resonance is [7]
Gmax(7) = (€2/4kpT)T(7), (5.16)
where I'(7) is the tunneling rate.
When we assume I'(7) to be constant, G.x becomes constant and the line shape

of G is decided by [cosh(A/2kgT)|~2. For fixed T and Fermi energy in the leads,

varying the tip voltage leads to different maps of A in the dot and therefore different
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rings, as shown in Fig. 5.5.

For T" = 1.7K in the experiment, the Fermi energy in the leads is found by
matching the theoretical ring position with the experimental one for a specific tip
voltage, say, 40 mV as shown in Fig. 5.6(a) and (e). If our model is correct, the
same Fermi energy in the leads should give rise to a series of shrinking rings as in
the experiment when the tip voltage increases. Fig. 5.6(a-h) do show the same rate
of shrinkage with tip voltage between experimental data and theoretical simulation.
Even more, the width of the rings is matched reasonably well, which comes out
naturally without any additional adjustment of parameters. This serves as another
justification of the validity of our model.

In the experiment under consideration, I'(r) alters as the SPM tip is scanned
above the dot, due to changes in the coupling between the tip and the point contacts.
It results in variations in Gyay along the ring as shown in Fig. 5.6(a~d). The exact
mechanism underlying such variations would be an interesting topic to pursue in the

future.

5.5 Conductance Rings for a Deformed Quantum

Dot

By assuming a symmetric harmonic potential in the preceding section, we have
produced a set of conductance rings that have replicated many important features
observed in the experiment. However, it is obvious that the distortion in the ex-

perimental rings is largely due to asymmetry in the background potential. Therefore
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Figure 5.5: Theoretical simulation of conductance rings for a symmetric quantum
dot. (a) Vip = 40mV, (b) Vi = 50mV, (c) Viyp = 60mV, and (d) Vi = 80mV.
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Figure 5.6: (a-d) Coulomb blockade images of a single-electron quantum dot at 7' =
1.7K, showing the dot conductance G vs. tip position. The ring of high conductance
around the center of the dot is formed by the Coulomb blockade peak between 0 and 1
electron in the dot. The tip voltages Vi, for a-d are 40mV, 50mV, 60mV and 80mV
respectively. (e-h) Theoretical simulations of the images in a-d for a dot formed by
a parabolic potential with energy spacing 3.1meV (energy of first excited state from
Fig. 5.2a) for the same tip voltages as a-d. (i-1) Experimental maps of the energy
shift A of electrons in the dot vs. tip position, extracted from the measured line
shape of the Coulomb blockade conductance peak forming the rings in images a-d.
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some simulations with a deformed two-dimensional harmonic potential have been per-
formed. Asymmetry is introduced by setting two different oscillation frequencies, w;
and wq, along the two diagonal directions for the dot potential. When the two oscilla-
tion frequencies differ further and further, the ground state wavefunction of electron
also develops similar asymmetry accordingly. The conductance rings are found to
show the same kind of asymmetry as well, but to a much lesser extent.

The reduced sensitivity to asymmetry in conductance rings can be traced back to
insensitivity to asymmetry in ground state energy. When there are two oscillation
frequencies defined for two orthogonal directions, the ground state energy for a two-

dimensional oscillator is given by
EQ = ELO + E270 = 1/2h(w1 -+ u}Q) . (517)

Suppose we keep w; unchanged, but lower wy gradually starting with wy = w;. The
component of the confining potential corresponding to we will flatten out gradually
and the ground state wavefunction deforms accordingly. But the ground state energy
Ey only goes down from 1/2h(w; 4+ we) = hw; to at least 1/2hw,, that is, reduction
of less than a factor of 2. Therefore conductance rings corresponding to resonant
tunneling don’t deform as much as the background potential in the dot. The most
deformation in the rings that has been obtained is shown in Fig. 5.7 for the same set
of tip voltages as in Fig. 5.5.

It would be interesting to study whether other kinds of asymmetry than the simple
asymmetric harmonic one here can produce more deformation in the rings. One
thing that will remain true is that the amount of asymmetry induced in ground state

wavefunction will be different from that in ground state energy and conductance ring.
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Figure 5.7: Theoretical simulation of conductance rings for a deformed quantum dot.

(a) Viip = 40mV, (b) Vi = 50mV, (¢) Vi = 60mV, and (d) Vi, = 80mV.
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5.6 Signal Processing Using Singular Value De-
composition (SVD)

In the preceding sections we have assumed certain kinds of background potential
for the quantum dot and then solved for the corresponding electron ground state
wavefunction, energy, and tunneling conductance map under SPM probing to match
the experimental data. However, as shown already, to reproduce the deformation
of and variations along the ring requires many numerical trials with different dot
potentials and, most troublesomely, coupling between tip and QPCs. It seems a lot
easier if the problem is approached from a totally different direction, i.e. using digital
signal processing to extract true conductance map and then electron wavefunction.
This and the next section will focus on this method.

Digital signal processing is a field of studying ways to filter noise out of data
collected using digital electronic devices. It has been and still is an actively researched
subject. There have established many popular algorithms like Kalman filter, tracking
filter, and inverse filter, etc. [43]. The one that is most relevant to our needs is
singular value decomposition (SVD). Singular value decomposition has been employed
previously in the study of time-reversal focusing of ultrasound [71], and is also the
method of choice for solving most linear least-squares problems, in particular the ones
singular or very close to singular [61].

SVD is based on a linear algebra theorem that any M x N matrix A whose number
of rows M is greater than or equal to its number of columns N, can be written as the

product of an M x N column-orthogonal matrix U, an N x N diagonal matrix W
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with positive or zero elements (the singular values), and the transpose of an N x N
orthogonal matrix V'

A=U-w.-vT. (5.18)

Here column-orthogonal means that the product of any two columns is zero unless
they are the same column. The diagonal elements of matrix W often correspond to
intrinsic eigenvalues of the system described by the matrix A. The inverse of the

matrix A is conveniently given as
At=v.wt.uT, (5.19)

where W~ is a diagonal matrix whose diagonal elements are the inverse of those of
the matrix W. Problems arise when W contains some near zero elements, which often
correspond to noise, and whose inverses in W~! dominate over those from real signal
in W. Noise filtering becomes critical.

SVD is particularly well suited for our problem. The tunneling conductance matrix
A can be decomposed to show in matrix W its components from electron eigenstates
and noise. Noise filtering is achieved by setting to zero certain number of lowest diag-
onal elements in W and their counterparts in W !, which are assumed to correspond
to noise component [71]. This noise filtering has two important features that make
SVD desirable. First, by eliminating only the smallest elements in matrix W, ma-
trix A is not significantly changed. Second and most importantly, without low level
noise in matrix W, its inversion and therefore the inversion of matrix A is no longer
singular. Thus, noise filtering and non-singular inversion of matrix are accomplished
in the same time. The challenge is to decide what number of the lowest elements in

matrix W should be set to zero in noise filtering, which requires rigorous study [71].
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A primitive application of SVD to the single-electron quantum dot is shown in the

next section.

5.7 Extracting Electron Wavefunction Using SVD

5.7.1 Weak Perturbation Assumption

One of the constraints of applying SVD to extracting electron wavefunction is
the feasibility of expressing energy level fluctuation with tip movement, AFE, as the

product of electron wave density, ¥, and tip potential, T,
AE=V-T. (5.20)

Given Eq. (5.20), SVD can then be applied to invert matrix 7 into T, and

obtain the approximate electron wavefunction gy p
Usyp=AE -Torp =V (T -Tgyp) - (5.21)

However, Eq. (5.20) is valid only if tip potential can be treated as weak pertur-

bation to the original wavefunction [32]
AE =< |Vl >= T - T . (5.22)

As discussed previously, SPM tip potential in the experiment was strong perturbation
due to technical constraints and detection needs. However, for future reference, weak
perturbation theory is assumed here to demonstrate how electron wavefunction can
be extracted out of energy shift map, which itself is obtained from conductance map

using Eq. (5.15).
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5.7.2 Stability Analysis of SVD

To apply singular value decomposition to extracting electron wavefunction, its
stability must be examined because of the particular noise filtering technique of re-
moving the lowest diagonal elements in the decomposition of the original matrix. It is
equivalent to examining whether (7'~ T5yp) is close to 1 in Eq. (5.21). Fig. 5.8 shows
for a test wavefunction the original function, the one obtained through Eq. (5.21), and
the difference between the two. During noise filtering in SVD only the highest 6 out
of 1600 diagonal elements in the decomposed matrix are kept non-zero. The match
between the original and the approximation using SVD is reasonably good. Taking
into account that the original wavefunction is not smooth and naturally causes errors
when being smoothed out in numerical processing, the precision of recovering the

original wavefunction is remarkable.

5.7.3 The Recovered Electron Wavefunction

Applying SVD by keeping only the highest 6 diagonal elements during noise fil-
tering, we obtain in Fig. 5.9 an approximate wavefunction for each of the four con-
ductance maps in Fig. 5.6(a-d). If weak perturbation approximation is valid, the
four maps should lead to the same original wavefunction since they differ only in
tip voltage. The match among Fig. 5.9(a~d) is not good enough, though the tilt in
wavefunction is consistently present in each of them. The mismatch is not surprising
since weak perturbation approximation is not applicable to the present experiment,

as explained above.
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Figure 5.8: (a) The original wavefunction, (b) the wavefunction retrieved using SVD,

(c) the difference between the retrieved and original wavefunctions.
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Figure 5.9: The electron wavefunctions retrieved from experimental conductance
data. (a) Vip =40mV, (b) Vi, = 50mV, (¢) Vi, = 60mV, and (d) Vi, = 80mV.
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5.8 Conclusion

In this chapter, theoretical aspects of a single-electron quantum dot experiment
are investigated. Finite difference methods are introduced and utilized to reproduce
conductance rings and their shrinkage with tip voltage observed experimentally. An
approximate model of SPM tip potential is employed as an improvement over the
common, oversimplified Gaussian or Lorentzian model. The impact of tip perturba-
tion and asymmetry in dot potential are both analyzed. Singular value decomposition
is then introduced as an alternative approach to studying the experiment, by extract-
ing electron wavefunction out of energy level shift. Recovery of electron wavefunction
using SVD is demonstrated under weak perturbation assumption. The match isn’t
ideal for the current experiment, but will likely improve in future experiments that

will be placed well in the weak perturbation regime.



Chapter 6

Imaging Cusps in 2-Dimensional

Electron Gases

In this chapter, we explore another interesting and important phenomenon ob-
served in electron flow imaging experiments: cusp formation in two-dimensional elec-
tron gases (2DEGs). Typical patterns of classical and quantum cusps are studied.
Their respective dynamics and correspondence are explained. Finally, experimentally

observed cusps are well reproduced using the Kirchhoff method.

6.1 Introduction

Cusps have been thoroughly studied in classical dynamic systems. As the second
simplest universality class of catastrophe theory [73, 3|, a cusp describes a certain
kind of singularity with an infinite number of coalescing contributions concentrated

at one point in space. In momentum and coordinate phase space, a cusp singularity is

123
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identified by a vertical segment of the curve which shows a large number of momenta
accumulated at one coordinate point. However, a cusp is less singular than a total
focusing point, which in phase space is represented by all momenta concentrated at
a focal point.

The singularity introduced by a cusp and other catastrophe phenomena has been
a particular challenge in the application of semiclassical methods. Semiclassical meth-
ods are routinely used to probe systems in regimes between classical and quantum
limits, for example, mesoscopic devices where the coherence length is comparable
to the size of the device and wave-like features such as interference are prominent.
Semiclassical methods extend classical mechanics by attaching wave functions to the
“skeleton” defined by a system’s classical dynamics, and thus making the transition
into the quantum regime where all objects are characterized by their respective wave
functions. However, the semiclassical approximation fails in singular or near singular
cases where there are multiple contributions to the wave function within the volume
of a single Planck cell. Various methods have been developed to rescue semiclassi-
cal methods in cases of catastrophe [10, 8, 60], and recently in mesoscopic devices
[86, 56]. Very recently, a new method called “Replacement Manifolds” has been pro-
posed by Vanicek and Heller [83] and has been applied successfully to study coherent
two-dimensional electron flow in the semiclassical setting [84].

Though for a long time a purely classical concept, with the fast advancement of
experimental techniques, cusps have been observed in mesoscopic devices in quantum
regime, most notably in the recent two-dimensional electron flow imaging experiments

[77, 75, 76]. While branching [76, 66] and fringing [66, 67, 39, 48] in the electron flow
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imaging experiments are well understood, the formation of cusps in a quantum gas
of electrons remains a mystery and therefore has inspired the rigorous investigation
presented in this chapter. Our study looks at a cusp singularity at the classical
and quantum limits and explores the connection between electron flow in these two
regimes. Most importantly, generation of quantum cusps by Kirchhoff method is
demonstrated, and tip scan imaging process is analyzed at both classical and quantum
limits. Quantum cusps observed in electron flow imaging experiments [77, 75, 76] are
reproduced nicely by the Kirchhoff method.

This chapter is organized as follows: the first two sections present various ray
patterns and tip scan images of classical cusps formed by electron flows in the classical
regime. In the third section, the phase space dynamics of classical tip scan are
analyzed. The fourth section builds a connection between the classical and quantum
cusps generated by the Kirchhoff method, where various quantum cusps and their tip
scan images are presented. In the final section, the cusps observed experimentally
are compared to cusps and their tip scan images produced by Kirchhoff method. The

theoretical model matches experimental results very well.

6.2 Ray Patterns of Classical Cusps

A classical cusp is best characterized by its evolution in phase space. As shown
in Fig. 6.1, electrons released from the left hand side, upon passing an attractive
potential, form a cusp behind it. Taken at selected cross sections before, at, and after
the focal point, the P, —Y curve has its two opposite peaks rising and approaching

and passing each other. Right at the focal point, the two peaks are so close to each
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Figure 6.1: (a) Classical trajectories of electrons passing by an attractive potential
with uniform velocity. The red dotted ellipse indicates the half width of the potential,
which is circularly symmetric and compressed into an ellipse due to different scalings
of the axes. (b-e) Phase space diagrams for four cross sections before, at, and after
the focal point.
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other that most of the points between the two peaks lie on a vertical section of the
curve, which represents a large number of rays passing through the focal point at the
same time. However, for rays far away from the potential, P, remains close to zero
throughout, and the rays are not bent in any visible way. The singularity arising from
focusing of only the inner portion of incident rays is the signature of classical cusp.

The entire space is divided into two parts, a one-fold part and a three-fold part.

(b) (c) (d) (e) (f)
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Figure 6.2: (a) Classical trajectories of electrons from a QPC passing by an attractive
potential. Electron velocities are equal in amplitude. The red dotted circle indicates
the half width of the symmetric potential. (b-f) Phase space diagrams for five cross
sections before, at, and after the focal point.

The initial condition in Fig. 6.1 can be modified to have electrons coming out

of one point, which corresponds to a quantum point contact (QPC) in later studies,
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with equal speeds oriented uniformly within an angular range. Fig. 6.2 shows that
a cusp is still formed behind the attractive potential. Comparing Fig. 6.1 and Fig.
6.2, it is easy to see that despite the totally opposite initial conditions in Fig. 6.1(b)
and Fig. 6.2(b), a cusp is formed by partial focusing of incident rays in both cases,
which is represented by a vertical middle section between two local extremes on the
P, —Y curve in Fig. 6.1(d) and Fig. 6.2(e).

While Fig. 6.1 and Fig. 6.2 achieve focusing by an attractive potential which
extends in space and continuously bends electron trajectories, much like a thick lens
bending incident light rays continuously, the formation of a cusp is determined solely
by the distribution of P, along Y axis. If electrons are released in free space with the
characteristic distribution of P, as in Fig. 6.1(c) or Fig. 6.2(d), a cusp can still be
formed despite the absence of any attractive potential. What the extended potentials
in Fig. 6.1 and Fig. 6.2 have done is adjusting the P, of incident rays to some desired
distribution for a cusp to form. The role of the potentials can be replaced by releasing
electrons with the proper P, distribution at the very beginning, just like a thick lens
can be replaced by a thin lens with the same focal length which can bend light rays
to the desired orientations immediately.

There are many possible P, distributions that can lead to cusp formation. One

analytical distribution has been given by Vanicek and Heller [84]
Py(y) = —aye ™, (6.1)

where « is some positive constant. Eq. (6.1) corresponds to the kind of P, distribution
in Fig. 6.1(c).

By releasing electrons with a pre-set P, distribution similar to that in Eq. (6.1),
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Figure 6.3: Classical trajectories of electrons released with equal velocities oriented
differently.

Fig. 6.3 demonstrates the formation of multiple cusps in free space. Furthermore,
the cusps overlap with each other downstream, giving rise to 5-fold and 7-fold regions
in addition to the 1-fold and 3-fold regions for a single cusp. The cusp formation in
Fig. 6.3 verifies the critical importance of the P, distribution.

However, it remains to be seen how a tip scan image of a classical cusp compares
with the original cusp. The introduction of a repulsive tip can greatly complicate the
distribution of electron trajectories, especially when the tip is large. The following

section explores tip scan images in great detail.
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6.3 Tip Scan Images of Classical Cusps through a
QPC

One of the major goals of this study is to understand the quantum cusps obtained
in electron flow imaging experiments using a scanning probe microscope (SPM) tip.
In these experiments [77, 75, 76], a repulsive SPM tip is placed downstream from a
QPC to deflect electrons transported through a QPC. The conductance image taken
by the SPM tip essentially measures the amount of flux reflected back through the
QPC as a function of tip position. In order to develop a parallel analysis of tip scan
image of classical electron flow, the electron flow in Fig. 6.2 is probed using an SPM
tip modeled by a Gaussian tip (which is so steep that it’s close to being a hard disk).
The exact shape of the tip potential, Gaussian or Lorentzian, doesn’t affect the results
in any noticeable way, as long as it’s steep enough. The tip scan images are taken in

both single and double-QPC systems.

6.3.1 Tip Scan Images from a Single QPC

In a single-QPC system, electrons are released from a QPC, and the tip scan
image counts the number of electrons reflected back through the QPC as a function
of tip position. Fig. 6.4 shows for one tip position how the presence of a repulsive
tip can drastically alter the electron’s trajectory. Despite the large number of overall
trajectories, only a small number of them are deflected by the tip, and an even smaller
number of them actually return to the proximity of the QPC.

By moving the tip center over the entire region enclosed by the dotted rectangle
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Figure 6.4: Classical trajectories of electrons from a QPC passing by an attractive
potential and scattering from a repulsive tip. Electron velocities are equal in ampli-
tude. The large and small red dotted circles indicate the half width of the potential
and the 1% width of the tip.

in Fig. 6.4, and by counting the number of returning electron trajectories through
the QPC for each tip position, a tip scan image is obtained. Such an image is shown
in Fig. 6.5(b). The QPC width is set equal to the 1% radius of the tip (where the
tip potential drops to 1% of its peak value), which is also 1/6 of the height of the
scanned region. In a later simulation, the QPC width was reduced to 1/5 of the 1%
radius of the tip, which gave a better match to the parameters in the actual electron
flow imaging experiments. For later convenience, the 1% radius of the tip is referred
to as the tip radius, though most electron trajectories penetrate a little further into
the tip before turning back as shown in Fig. 6.4.

Fig. 6.5 compares the underlying ray density in the scanned region to the tip scan
image. Both figures are plotted as Log[z + 1], where x is the actual data and Log the
natural logarithm (in order to better show their structures). While Fig. 6.5(a) shows

a ray density for a typical cusp structure with 1-fold and 3-fold regions separated by
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bright cusp edges, Fig. 6.5(b) shows a much more complicated structure for the tip
scan image.

A close examination of Fig. 6.5(b) reveals a 3-layer structure along the cusp
edges, and they all lie around the cusp edges in Fig. 6.5(a). A strong middle layer
sits exactly atop the cusp edges in the ray density; a weaker and thinner inner layer is
shifted downstream from the middle layer by a horizontal distance of roughly one tip
radius; a weak and broad outer layer extends upstream by more than one tip radius.
Furthermore, the 3D plots of Fig. 6.5 (not shown here because of their large sizes)
show that the peak in tip scan image actually is positioned one tip radius behind the
peak position, i.e. at the focus of the cusp in ray density.

To understand the three-layer structure of the tip scan image requires a detailed
analysis of electron reflection from the tip. There are two possible mechanisms for
electrons to be reflected back through the QPC. One is for an electron to direct itself
at the tip center and, upon reflection, travel its own trajectory backwards into the
QPC, which is referred to as “self reflection”. Self reflection exists in both 1-fold
and 3-fold regions. The other mechanism is for an electron to hit the tip surface and,
upon reflection, travel another electron’s trajectory backwards into the QPC while the
other electron does the exact opposite, which is referred to as “exchange reflection”.
Exchange reflection is possible only in 3-fold region because it requires more than one
trajectory crossing at the same point allowing for an exchange coupling among the
trajectories to exist. In general exchange reflection is less efficient even in the 3-fold
region because exchange coupling doesn’t always exist for crossing trajectories. Fig.

6.5(c) illustrates the difference between self and exchange reflections.
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Figure 6.5: (a) Log ray density plot. (b) Log tip scan image plot based on the same
ray density as in (a). (c) Illustration of self and exchange reflections on the tip.
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The strictly defined self reflection returns to the QPC only 1 electron in 1-fold
region and 3 electrons in 3-fold region, while the strictly defined exchange reflection
returns to the QPC only in the 3-fold region either 0 electron in the absence of proper
exchange coupling or 2 electrons with exchange coupling (except at focal point, both
mechanisms reflect back all electrons passing the focus). The dependence on ray
density fluctuations within the 1-fold or 3-fold regions would not exist in Fig. 6.5(b),
nor would the three-layer structure of cusp edges if the QPC was reduced to a point
with zero width and if the tip was a perfect hard point. Apparently Fig. 6.5(b)
accounts for contributions from more than the strict self and exchange reflections.

The conditions for self and exchange reflections can be relaxed a bit when the QPC
has a finite size and the tip is large and soft. When the QPC has a non-zero width,
electrons returning to the proximity of the QPC could be counted as being reflected
back through the QPC. Now electrons directed slightly off tip center seem to be able
to return via “self reflection”, and electron trajectories slightly off each other on the
tip surface seem to send electrons back via “exchange reflection”. Therefore for each
tip position a range of electron trajectories can be returned to the QPC via “self” or
“exchange” reflection, thus allowing the tip scan image to depend on the underlying
ray density. On the other hand, when the tip is large, the high density cusp edges in
Fig. 6.5(a) can return electrons either via self reflection when the tip center is right
on the edges or via the less efficient exchange reflection when the left tip surface is on
the edges (the tip center is now shifted one radius downstream). This tip size effect
should explain the bright middle and less bright inner layers of the cusp edges in Fig.

6.5(b), which is further examined in later simulation. When the tip is soft, electrons
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can penetrate further into the tip before turning back. This penetration doesn’t
affect self reflection, and modifies exchange reflection only in the sense that now an
incoming trajectory is coupled to another trajectory after it penetrates and emerges
out of the tip at a different surface point, instead of the trajectory intersecting it at
the entering surface point as in the case of hard tip.

Among the three factors - QPC width, tip size, and tip softness, QPC width and
tip size do introduce significant impacts on tip scan image, while tip softness doesn’t
show any important influence until the phase space dynamics of tip scan is studied.
In the rest of this subsection, the impact of QPC width and tip size on tip scan image
is analyzed. In the following section on phase space dynamics, the role of tip softness

will be discussed.

Small vs. Large QPC

To better understand the effects of QPC width on tip scan images, the small region
around the cusp focus enclosed by the dotted rectangle in Fig. 6.5(b) is replotted
with its 3D version in Fig. 6.6(b). The same region is scanned by the same tip again
after the QPC width is reduced to 1/5 its original width, and the resulting 3D and
log density plots are shown in Fig. 6.6(a).

Comparing Fig. 6.6(a) and (b), the most striking differences are the absence of
the weak outer layer and the thinning of both the middle and inner layer in Fig.
6.6(a). The peak in the tip scan image in Fig. 6.6(a) still sits one tip radius behind
the cusp focus position in ray density plot in Fig. 6.5(a).

Clearly a wide QPC allows for more relaxed conditions for “self” and “exchange”
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Figure 6.6: 3D and log density plots of tip scan for (a) a small QPC (width equal to
one tenth of density plot height) and (b) a large QPC (width equal to half the height
of density plot).
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reflections, as discussed above, and thus the appearance of the weak outer layer and
the broadening of middle and inner layers in Fig. 6.6(b). The fact that the peak in
the tip scan image stays at the same location implies its independence on QPC width.
It should also be noticed that tip radius to QPC width is 5 : 1 in Fig. 6.6(a), close

to the ratio in the electron flow imaging experiments [77, 75, 76].

Small vs. Large Tip

To better understand the effects of tip size upon the tip scan images, the small
region around the cusp focus enclosed by the dotted rectangle in Fig. 6.5(b) is
replotted with its 3D version in Fig. 6.7(b). The same region is scanned again
by a tip with a radius 1/5 that of the original tip radius, and the resulting 3D and
log density plots are shown in Fig. 6.7(a).

Comparing Fig. 6.7(a) and (b), the most striking differences are the absence of
the inner layer and the advancing of the peak in Fig. 6.7(a). The weak, broad outer
layer still exists in Fig. 6.7(a), most visible around the cusp focus.

Clearly a large tip allows the same high density cusp edges to appear twice in tip
scan via self and exchange reflections, respectively, as discussed above, and thus the
appearance of the middle and inner layers in Fig. 6.7(b). When the tip size becomes
small enough, the middle and inner layers merge into one which looks sharper because
of its steeper rise from its background. The advancing of tip scan peak indicates a
strong dependence upon tip size. The existence of the weak, broad outer layer in Fig.
6.7(a) is consistent with the preceding argument that it arises from a wide QPC.

The appearance of tip scan peak behind cusp focus in ray density can be under-
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(b)

Figure 6.7: 3D and log density plots of tip scan for (a) a small tip (1% radius equal
to one tenth of density plot height) and (b) a large tip (1% radius equal to half the
height of density plot).
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stood as follows. If the tip center is placed right at the cusp focal point, self reflection
is maximized, but since the tip’s left surface is now in the 1-fold region, no exchange
reflection can happen. However, if the tip is shifted downstream such that cusp focus
sits on the tip’s left surface, exchange reflection is then maximized. Since the tip
center is still in a high ray density region, self reflection is also strong. The combined
self and exchange reflections exceed the sole self reflection when the tip center is at
the cusp focus. Therefore tip scan peak appears one tip radius downstream from the

cusp focus in ray density plot.

6.3.2 Tip Scan Images from Double QPCs

It would be interesting to consider a modified version of the experiment. What if
we detect electrons deflected back toward a second QPC other than the original QPC?
Fig. 6.8 illustrates the setting. A second QPC (QPC2) is placed above the original
QPC (QPC1). Electrons are still released from QPC1, but only electrons deflected
back into QPC2 are counted as signal. The tip scan image and the magnified focal
region are plotted in log density and 3D, respectively. All parameters except the
addition of a second QPC remain the same as in Fig. 6.5(b).

The most striking feature of the tip scan image is the appearance of a second,
tilted, weaker, and broader cusp that overlaps with the original cusp seen in the
single QPC system. The original cusp appears mostly the same except it’s weaker
and has only one fold except for the part overlapping with the second cusp.

It is expected that the original cusp in 1-QPC system will largely remain the same

because by shifting the tip a little downward the electrons going back to QPC1 will
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Figure 6.8: 3D and log density plots of tip scan for a double-QPC system. The
bottom diagram shows the setting and illustrates a virtual QPC for the formation of
a weaker, tilted second cusp.
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instead reach QPC2. Still QPC2 is a less efficient detector because of its asymmetric
location relative to QPC1 and the attractive potential. While prior self reflection
to QPC1 can be re-directed to QPC2 by shifting the tip downward, prior exchange
reflection demands a high symmetry between trajectories for exchange coupling to
happen. Shifting tip downward might be able to re-direct one of the two trajectories
in exchange coupling toward QPC2; the other trajectory however will most likely miss
QPC2. This partially explains the disappearance in Fig. 6.8 of the less bright inner
layer of cusp edges, which heavily depends on exchange reflection as explained above.
Also QPC2 doesn’t face returning electrons normally as QPC1 does. Projecting QPC2
onto the perpendicular direction of returning electrons’ velocities gives an equivalent
QPC with smaller width, which explains the disappearance of the weak outer layer,
the thinning of the middle layer, and contributes to the disappearance of the inner
layer of cusp edges in Fig. 6.8.

The tilted, weaker, and broader second cusp can be explained in terms of a virtual
QPC, as illustrated in Fig. 6.8. When an electron released from QPC1 passes the
potential, scatters from the tip, and returns to QPC2, its trajectory can be viewed
as part of the trajectory of another electron released from a virtual QPC behind
both QPC1 and QPC2. The double-QPC system therefore reduces to a single-QPC
system, in part because of the symmetry of the setup. Thus a second, tilted cusp
appears. Certainly such equivalence is not perfect. As explained above, QPC2 reduces
to a narrower QPC after projection onto the perpendicular direction of returning
electrons’ velocities. Also, to allow for electrons, with a wide spread of initial velocity

orientation, originating from QPC1 to QPC2 to appear as if they came out of the
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same virtual QPC, the virtual QPC needs to be wide. Thus the second cusp is very
weak and has a broad focal region. Having explored tip scan images under different
settings, it would be very interesting to see how the imaging process works in phase

space. The next section provides findings from this unique perspective.

6.4 Phase Space Dynamics of Tip Scan of Classical
Cusps

Modern dynamical systems are often analyzed in phase space to reveal some unique
features that wouldn’t be seen otherwise. The study of tip scan imaging of classical
cusps wouldn’t be complete without investigation of its phase space dynamics. Of
the many choices, the Poincare-Birkhoff phase space diagram has been popularly em-
ployed in studying particle scattering on a billiard boundary, which closely resembles
electron scattering from a tip surface (boundary) in our setting. Therefore it’s natural
to consider tip scan imaging of classical cusps in Poincare-Birkhoff phase space.

Fig. 6.9 shows the phase space diagrams for tip scattering at selected points. Since
angular momentum L (only amplitude considered, positive direction defined as out
of page) is conserved during scattering relative to the tip center, L is plotted against
ray index of electrons in the first row, with ray 0 for an electron released at —m /4
relative to the horizontal axis and ray 2000 for an electron released at /4 relative
to the horizontal axis and the rest distributed uniformly between. Only angular
momentum L of the rays scattering from the tip is registered and the rest L are set

to zero. Normally a Poincare-Birkhoff diagram plots Ps against S, where S is the
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length along the billiard boundary, and P; is the component of linear momentum, P,
tangent to the billiard boundary at S. Here given the circular symmetry of the tip
and that the tip boundary is a circle of constant tip radius R, P; is used to represent
the angular momentum, L, for easy comparison with the first row plots of L, and the
angle S/R is used as the horizontal coordinate to avoid dependence on the specific R.
The resulting P, — S/R diagram is in linear proportion to the conventional Poincare-
Birkhoff diagram, because angular momentum is R (a constant) times the component
of linear momentum tangent to the tip surface and angle S/R is boundary length S
divided by R. The P, — S/R diagrams for incoming and outgoing rays are shown in
the second and third rows, respectively, and are combined in the fourth row to better
demonstrate the action by tip scattering.

Comparing (a-d) in Fig. 6.9, the phase space dynamics of tip scattering are clearly
revealed. First of all, in all the plots of L and P, there is a clear division between
1-fold and 3-fold regions, which corresponds well with the same division of space for
the underlying cusp. When the tip moves, the 3-fold part on L and P curves moves
from below the L = 0 or P, = 0 line when tip is outside the cusp, to being tangent
to the 0 line when tip is on the middle layer of cusp edge, to slightly above the 0 line
when tip is on the inner layer of cusp edge, to high above and symmetric about the
0 line when tip is in the middle of the cusp.

Fig. 6.9(e) plots the phase space diagrams for the peak position in tip scan image.
Comparison with Fig. 6.9(c) proves that the tip actually sits behind the focus to
get optimal exchange reflection on its surface. Had the tip sit right on the focus,

a straight middle segment corresponding to L = 0 and P, = 0 would appear on
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Figure 6.9: Phase space diagrams for selected points inside or outside the cusp. The
first row plots angular momentum vs. ray index. The second and third rows plot
incoming and outgoing P, vs. S/R, respectively, where R is the 1% tip radius. The
fourth row combines the second and third rows.
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the angular momentum and Poincare-Birkhoff curves, which represents optimal self
reflection instead.

The self and exchange reflections now have a phase space interpretation. Self
reflection happens at the points of L = 0 and P; = 0 on these curves. Fig. 6.9(b)
corresponds to optimal self reflection and apparently is helped by the part of the L
or P, curve that is tangent to L = 0 or P, = 0.

Exchange reflection is represented in the following way. First of all, it’s easy to see
from the ray diagram at the top of Fig. 6.9 that exchange reflection can happen to
only rays confined between the outmost two rays of L =0 and P, =0, i.e. the L =0
rays with min and max ray indices or the Py = 0 rays with min and max S/R. This
is a further refinement of possible exchange reflection region than simply the 3-fold
region. When exchange reflection does occur, viewed from the last row in Fig. 6.9, the
relevant point on the incoming P; curve is shifted horizontally (to conserve angular
momentum) to the corresponding point on the outgoing P; curve. If the point on the
outgoing P, curve can match a point on the incoming P, curve which has the same
S/R and exactly opposite P, then exchange reflection happens. Otherwise, no strict
exchange reflection is possible except the relaxed “exchange reflection” due to a wide
QPC as discussed above. Thus optimal exchange reflection requires strong overlap
of positive (negative) part of the outgoing P; curve and negative (positive) part of
the incoming P; curve between the two outmost P; = 0 points. Fig. 6.9(c) and (e)
represent points of optimal exchange reflection and seem to fit the requirement.

Tip softness plays an important role here. As shown in the fourth row in Fig.

6.9, apparently the incoming and outgoing P, curves for the same tip position have
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only the points of P; = 0 (self reflection) in common, except for the extreme points
representing electrons that barely touch the tip. The outgoing P, curve is obtained
by stretching horizontally (to maintain angular momentum conservation) the nonzero
parts of the outer two folds of the incoming P; curve away from the Py = 0 point on
them, that is, the positive P, part to the right and the negative P, part to the left.
The amount of stretching depends on the softness of the tip. For a hard-disk tip,
there is no stretching at all and the incoming and outgoing P; curves are identical.
The last row in Fig. 6.9 shows that the incoming and outgoing P; curves connect
at their two ends. This is logical because the end points represent trajectories that
barely scatter on the tip and thus have the same incoming and outgoing angle S/R.
The phase space discussion completes the study of classical cusps and their tip scan
images. Many interesting results have been obtained. However, it remains to be seen
how these classical results compare to their quantum counterparts. The remaining
half of the chapter first builds the connection between classical and quantum cusps,

and then explores the unique features of quantum cusps and their tip scan images.

6.5 Correspondence between Classical and Quan-

tum Cusps

As discussed at the beginning of the chapter, what an extended potential does
to the formation of a cusp in electron flow is tuning electron velocities to the proper
distribution, for example, like the one in Eq. (6.1). Much like a thick lens can be

replaced by a thin lens with the same focal length in optics, in forming classical cusps
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Figure 6.10: Comparison between extended potential /thick lens, thin lens, and Kirch-
hoff method.

an extended potential can be replaced by simply preparing electrons with the desired
velocity distribution at the very beginning, as shown in Fig. 6.10. But how does the
critically important classical velocity distribution translate into an equally important
counterpart in forming quantum cusps? This section explores such a connection
between classical and quantum cusps in detail.

There have been various studies of cusp formation in wave fields [45, 44]. Accord-
ing to past research in the Heller group [37], the Kirchhoff method has been able to
provide a good and consistent approximation to the exact quantum wave field, and
therefore becomes our method of choice in studying quantum cusps.

The Kirchhoff method is based on the idea that a wave field can be reproduced
if a cross section of the field is taken and all points on the cross section act as new
sources with the same phases and amplitudes as the points have had in the original
wave field. The essence of the Kirchhoff method is the determination of phases and

amplitudes along a chosen cross section in the wave field. To start, one must specify
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what kind of wavefront is desired, which can be, as an example,

z = fy) + o, (6.2)

where f(y) is a continuous function of y and ¢, is an arbitrary constant. Eq. (6.2)

can be rearranged into

which can be interpreted as a specific wavefront in the X —Y space that has a constant
phase. To get a wavefront for more than one phase, a further assumption about the
phase dependence on (z — f(y)) needs be made. Typically a linear relationship is

assumed, which gives the phase at every point in space:

¢(x,y) = k(z = f(y)), (6.4)

where k is a constant called wave number, which sets the phase-changing rate with
spatial coordinates and is often related to wavelength A by k = 27/\. When f(y) =
—cos(y), Eq. (6.4) gives the wavefront shown in Fig. 6.10. Wavefront velocity and

its y-component corresponding to Eq. (6.4) are given as

of(y)

¥ o= Vley) = (ki — k=5 =),
_ 0¢(xy) - 0f(y)
v, = a9y k oy (6.5)

where Z and g are unit vectors.
If a cross section is taken of the wave field along the line of x = z(, where x,
is a constant, Eq. (6.4) specifies the phase along the cross section as ¢(zg,y) =

k(xo — f(y)). If the amplitude distribution in space, or at least along the cross
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section, is also specified, the Kirchhoff method is equipped to produce the desired
wave field.

Comparing the “thin lens” case to the Kirchhoff approximation case in Fig. 6.10,
it is easy to see that the velocity of wavefront in the Kirchhoff approximation is the
quantum version of the classical velocity of electron in the “thin lens” case. Releasing
electrons with a desired velocity distribution corresponds to setting phases along the
Kirchhoff Wall such that the wavefront velocity at every point along the Kirchhoff
Wall fits the same kind of distribution of classical electron velocities. A connection
between classical cusps and quantum cusps by Kirchhoff method is thus established.
The following section will discuss in detail the critical parameters in generating quan-

tum cusps by Kirchhoff method.

6.6 Quantum Cusps Generation - Dimensionless
Parameters in Kirchhoff Method

The preceding section details the general procedure in generating quantum cusps
by Kirchhoff method. For the rest of the chapter on quantum cusps, we use a specific

case of Eq. (6.4) along the line of x =0

5(0,9) = kcos(ay) = = Feos(ay), (6.6)

where [ is an arbitrary constant (added to avoid the strong coupling between phase
¢ and wavelength A implied by the conventional wave number, i.e. A can correspond
to a phase change of 27(3), « is a parameter that controls for fixed A and 3 the

valley-to-valley spacing in phase in y along the Kirchhoff Wall.
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Figure 6.11: (a) Original cusp. (b) After increasing source phase peak-to-valley height
by 2. (c) After reducing source phase valley-to-valley spacing by 1/2. (d) After
reducing wavelength by 1/2 and increasing phase peak-to-valley height by 2. (e) After

reducing source phase valley-to-valley spacing and peak-to-valley height by 1/2. (f)
An illustration for (e).
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If the amplitude is assumed to be constant along the Kirchhoff Wall, except for
some damping on the two ends to remove any edge effect, the Kirchhoff method
implemented in Eq. (6.6) takes the basic structure illustrated in Fig. 6.10 and gives
rise to the various cusps studied in this and next section. Fig. 6.11(a) plots a cusp
generated using Eq. (6.6) for a certain set of A, 3, and a.

Clearly Eq. (6.6) identifies three fundamental dimensionless parameters in the
Kirchhoff method: the wavelength A, the overall phase constant 3 (which controls
peak-to-valley height in phase), and the valley-to-valley spacing parameter a. Each
of the three parameters affects the resulted cusp in different manners, as shown in

Fig. 6.11 and discussed next.

6.6.1 Source Phase Peak-to-Valley (PV) Height

First consider 3, which controls the peak-to-valley (PV) height in source phase and
therefore PV height in the generated wavefront. Increasing [ leads to an increased
PV height in the source phase and wavefront, and decreasing [ leads to a reduced
PV height in the source phase and wavefront. This proportional relationship between
(3 and PV height in source phase is readily seen in Eq. (6.6) as [ is a linear factor
in source phase amplitude. Fig. 6.11(b) shows that, upon increasing [ by 2, the
PV height of wavefront is increased by 2 compared to the original wave field in Fig.
6.11(a). As a result of this change, the original cusp in Fig. 6.11(a) is now drawn
closer to the source wall and the long string of bright nodes at cusp focus is reduced to
a few bright spots, while the cusp opens wider in Fig. 6.11(b). Decreasing /3 in turn

leads to a reduced PV height of wavefront, a cusp focus further away from the source
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wall, a longer string of bright nodes at cusp focus, and a narrower cusp opening.

6.6.2 Source Phase Valley-to-Valley (VV) Spacing

Next consider «, which controls the valley-to-valley (VV) spacing in source phase
and therefore the peak-to-peak (PP) spacing in the generated wavefront. Increasing «
leads to a reduced VV spacing in the source phase and PP spacing in the wavefront,
and decreasing « leads to an increased VV spacing in the source phase and PP
spacing in the wavefront. This inversely proportional relationship between a and the
V'V spacing is readily seen in Eq. (6.6). Keeping ay at a constant value corresponding
to a valley in Eq. (6.6), changing o one way leads to inversely proportional change
in y in the opposite direction. Fig. 6.11(c) shows that, upon increasing a by 2, the
PP spacing of wavefront is reduced by 1/2 compared to the original wave field in Fig.
6.11(a). As a result of this change, the original cusp in Fig. 6.11(a) is now drawn
very close to the source wall, and the long string of bright nodes at a cusp focus is
reduced to a few bright spots, while the cusp opens wider in Fig. 6.11(c). Decreasing
« in turn leads to an increased PP spacing of wavefront, a cusp focus further away
from the source wall, a longer string of bright nodes at cusp focus, and a narrower

cusp opening.

6.6.3 Varying Wavelength with Fixed Wavefront

Finally consider the wavelength \. It is expected that, keeping the wavefront
(the classical “skeleton”) fixed, reducing the wavelength leads to a more classical

looking cusp, i.e. brighter cusp edges. However, Eq. (6.4) shows that maintaining
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a fixed wavefront while adjusting the wavelength requires an inversely proportional
change in the PV height of the overall source phase, which is also implied by Eq.
(6.6). Intuitively one can see that filling the same space with the same wavefront
shape but a smaller wavelength implies more phase fluctuation over the same spatial
distance. Fig. 6.11(d) shows that, upon decreasing A by 1/2 while maintaining a
fixed wavefront, the basic wave field structure is similar to that of the original wave
field in Fig. 6.11(a), except that now the cusp edges become brighter, more classical
looking, which is as expected. Increasing A with fixed wavefront in turn leads to more
wave-like, less classical-looking cusps whose edges are less distinguishable from the

inside.

6.6.4 Varying Source Phase VV Spacing and PV Height Jointly

It is interesting to notice from the above analysis that either o or § can adjust
in the same direction the wavefront shape, cusp focus position, cusp focal nodes, and
cusp opening. But do « and ( have the same adjustment power? To answer this
question, one can increase « and reduce (3 by inverse proportions to observe their
interaction. From the above analysis, it is expected that if « is more powerful, the
PP spacing of wavefront will decrease, the cusp focus will move toward the source
wall, the string of bright focal nodes will shorten, and the cusp will open wider; if
0 is more powerful, the exact opposite outcomes will occur. If o and 3 are equally
powerful, the wave field will remain the same as in Fig. 6.11(a). Fig. 6.11(e) shows
the result after increasing o by 2 and reducing by 1/2, which shows a reduced PP

spacing of wavefront, the cusp focus drawn closer to the source wall, less bright focal
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nodes, and a wider cusp opening. It appears a exerts more influence on the resulted
wave field than 3 does. Fig. 6.11(f) illustrates how wavefront and cusp focus respond
to increasing « by 2 and reducing 5 by 1/2 in Fig. 6.11(e). The cusp focus, roughly
defined by the crossing of the most sloped wavefront velocities, moves from F, to Fj
following the adjustments. Conversely, increasing 3 by 2 and reducing « by 1/2 leads
to an increased PP spacing of wavefront, a cusp focus further away from the source
wall, more bright focal nodes, and a narrower cusp opening. A cusp focus would move
from Fy to F, in Fig. 6.11(f) following such adjustments.

The above analysis completes the technical study of generating quantum cusps
using the Kirchhoff method. The next few sections examine how quantum cusps thus

generated exemplify some basic wave physics features.

6.7 Quantum to Classical Transition at Short Wave-

length

First of all, it is interesting and important to see how quantum cusps transition into
classical cusps at short wavelengths, as this further verifies the connection between
quantum and classical cusps established in the previous section. As already shown
in Fig. 6.11(a) and (d), reducing the wavelength with fixed wavefront leads to more
visible cusp edges and a more classical looking cusp. Fig. 6.12 plots a cusp with
an even shorter wavelength. It can be directly compared to the classical cusp in
Fig. 6.1(a). The bright cusp edges and focal region in Fig. 6.12 match the high

density counterparts in Fig. 6.1(a) very well. The cusp edges in Fig. 6.12 are
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mainly constructed from many bright, nearly horizontal small lobes. The horizontal
orientation of the small lobes is due to superposition of waves from different directions.

Reducing the wavelength further will yield cusps that further resemble the classical

cusp in Fig. 6.1(a).

6.8 Overlapping Quantum Cusps with Varying Phase

Difference
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Figure 6.13: (a,b) The original two cusps. (c-f) The overall wave field after superim-
posing (b) to (a) with (b) lagging Om, 1/27, m, and 3/27.

When there is more than one cusp, how do different cusps interact with each

other? The simplest case is a two-cusp system. The two cusps can be aligned in
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series (downstream), as investigated in this section, or in parallel, to be shown in the
following section.

The series alignment of cusps has one additional advantage over the parallel align-
ment. It’s easier to observe interference between two different cusp foci along the
propagation direction of wave. In particular, when the initial phase of a cusp field is
adjusted, the entire wave field adjusts its phase along the wave propagation direction,
represented by the fringes shifting down or upstream in the field, making cusps in a
series alignment more sensitive to changes in the initial phase.

Fig. 6.13 (a) and (b) show two individual cusps with slightly different focal lengths
from the same source wall. Fig. 6.13 (c-f) show the superposition of the two cusps
when the smaller cusp lags in initial phase by 0, 7/2, m, and 37/2 (strictly speaking,
this is the phase difference between the middle points of the source walls in Fig. 6.13
(a) and (b)), respectively.

When there is no initial phase difference, Fig. 6.13 (c) shows two largely separated
cusps with separate foci. When the initial phase difference is 7/2, Fig. 6.13 (d) shows
that the two cusps merge together nicely with only one bright focus at the original
large cusp’s focal point, and the cusp edges are indistinguishable from the cusp inside.
When the initial phase difference is 7, Fig. 6.13 (e) shows a striking phenomenon.
The small cusp disappears, along with the region in front of the large cusp’s focus.
The region between the edges of the two cusps is significantly enhanced, so are the
two branches reaching out from the source wall to the focus of the large cusp. The
drastic depletion and enhancement in different parts of the field can be attributed to

the exact m difference in phase, which often leads to perfect constructive or perfect
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destructive superposition. When the initial phase difference is 37/2, Fig. 6.13 (f)
shows that the two cusps start to separate again, and their edges are distinguishable
from their inside.

In all cases, the interference has always led to angular nodes in the common pre-
focus region of the two cusps, i.e. the region between the source wall and the large
cusp’s focus. The two original cusp foci always correspond to some special points in

the combined wave field.

6.9 Small, Medium, and Large Tip Scan Images of

Quantum Cusps

Finally, tip scan images of quantum cusps must be examined. In particular, the
impact of tip size on tip scan images must be studied carefully. The experimental tip
is pretty large, with a radius roughly 4 times the Fermi wavelength. In this section,
a single-cusp and a double-cusp system are separately probed by a small, medium,
and large tip in turn. The different tip scan images are compared among themselves
and with the original cusps.

Fig. 6.14 (a~c) show in turn a single-cusp wave field, its density distribution, and
its total flux distribution (nearly the same as the distribution of horizontal component
of flux, due to weak vertical flux). Fig. 6.14 (d-f) show the tip scan images of the cusp
in Fig. 6.14 (a) by a tip of radius equal to 1/200, 1/2, and 4 wavelengths, respectively.
The blank slab on the left of the tip scan images is due to offset of one tip radius

from the source wall when imaging the same area using different tips. Their width
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Figure 6.14: (a) A single-cusp wave field. (b) The wave field density distribution. (c)
The total flux distribution. (d-f) Tip scan images with tip radius equal to 1/200, 1/2,
and 4 wavelengths.
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equals the corresponding tip radius.

The tip scan images are obtained by the Kirchhoff method as well. The tip surface
is viewed as consisting of a number of points that receive incident waves and then
send the waves out as new sources. Signal is collected at an observation point, the
equivalent of a QPC in the experiments, that is 50 wavelengths to the left of the middle
point on the Kirchhoff wall. Only the illuminated half of tip surface contributes to
the QPC. When damping is used to discount contributions from parts of the tip that
are on the top and bottom sides of the illuminated surface and therefore farther away
from the QPC, the tip scan images remain mostly the same as without the damping,
except that some bright angular nodes are enhanced slightly. Here we take tip scan
images without any damping.

Comparing Fig. 6.14 (d-f) with (a), the most striking change is that the fringe
spacing in Fig. 6.14 (d-f) is only half the fringe spacing in Fig. 6.14 (a). This
is because wave travels from the source wall to the tip and then from the tip to the
QPC behind the source wall. When the tip shifts a half wavelength up or downstream,
wave travels one wavelength less or more to reach the QPC (this has been discussed
in Chapter 4 on conductance fringe patterns in 2DEGs).

It is easy to see that the presence of tip does make a tip scan image look different
from the original wave field, even when the tip is very small and close to being a point
scatterer as shown in Fig. 6.14 (d). When the tip radius increases, the cusp tends to
be deformed more and shifted to the right accordingly in Fig. 6.14 (e) and (f). But
still, the changes are not drastic and the size, shape, and location of the cusp remain

roughly the same as those of the original in Fig. 6.14 (a). This testifies to the validity



Chapter 6: Imaging Cusps in 2-Dimensional Electron Gases 161

of detecting cusps using a large SPM tip in the experiments.
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Figure 6.15: (a) A double-cusp wave field. (b) The wave field density distribution.
(c) The total flux distribution. (d-f) Tip scan images with tip radius equal to 1/200,
1/2, and 4 wavelengths.
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Fig. 6.15 presents results for a different system, two cusps aligned in parallel. Fig.
6.15 (a-c) show in turn the original wave field, its density distribution, and its total
flux distribution. Fig. 6.15 (d-f) show the tip scan images of the cusps in Fig. 6.15
(a) by a tip of radius equal to 1/200, 1/2, and 4 wavelengths, respectively. The blank
slab on the left of the tip scan images is again due to offset by tip radius. Signal is
collected at the same point as in Fig. 6.14.

Compared with Fig. 6.15 (a), Fig. 6.15 (d-f) show the reduction in fringe spacing

as well. The presence of tip still makes a difference even in Fig. 6.15 (d). When
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tip radius increases, the cusps tend to be deformed more and shifted to the right
accordingly in Fig. 6.15 (e) and (f). But, as in the single-cusp case, the changes are
not drastic and the size, shape, and location of the cusps remain roughly the same as
those of the originals in Fig. 6.15 (a), consistent with detecting cusps using a large

SPM tip in the experiments.

6.10 Matching Quantum Cusps in 2DEGs

With both classical and quantum cusps and their corresponding tip scan images
thoroughly studied above, we are ready to compare the calculated quantum cusps
by the Kirchhoff method and their tip scan images to the cusps seen in the experi-
ments. Among the many similar looking cusps observed in the electron flow imaging
experiments [77, 75, 76], Fig. 6.16(a) is the clearest and most cited one.

In Fig. 6.16(b), a cusp is generated by the Kirchhoff method and compared to
the experimental cusp. The width, spacing, and total number of the bright nodes
are nicely reproduced. Also the angular node right under the string of bright focal
nodes is reproduced in simulation. The absence of a symmetric angular node above
the bright nodes in Fig. 6.16(a) is due to another cusp starting to develop above the
cusp shown here and thus complicating the region above the bright nodes.

In Fig. 6.16(c) and (d), the tip scan image of the cusp in Fig. 6.16(b) is generated
by Kirchhoff method and compared to the experimental cusp, which is also a tip scan
image. The width, spacing, and total number of the bright nodes are matched nicely.
The angular node right under the string of bright focal nodes is also reproduced in

tip scan simulation.
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(i

Figure 6.16: (a) A cusp observed in experiments. (b) A cusp produced by Kirchhoff
method. (¢) Tip scan image of (b). (d) Matching (c) to (a).
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Comparing Fig. 6.16(b) and (c), one finds that the wavefront before cusp focus is
flattened in tip scan compared to the original wave field. The flat wavefront before
focus matches Fig. 6.16(a) very well. Similar flattening effect also exists in Figs. 6.14
and 6.15 in the preceding section, thus seems to be a tip scan effect. The main reason
is that, in tip scan, wave travels from Kirchhoff wall to tip and then from tip to a
distant QPC behind the Kirchhoff wall. The overall wavefront shape depends on the
total distance from the Kirchhoff wall to the tip and then to the QPC, and becomes

flattened due to the additional distance from the tip to the QPC.

6.11 Conclusion

In conclusion, we have presented a comprehensive and thorough study of classical
and quantum cusps and their tip scan images. The ray patterns and phase space
representations of different classical cusps were given and compared. The tip scan
imaging mechanism of classical cusps is found to consist of two kinds of reflections, self
reflection and exchange reflection. The QPC width and the tip size play important
roles in forming the three-layer structure of cusp edges in tip scan images, while the
softness of tip gives an interesting stretching effect in the phase space representation
of tip scattering. A connection between classical and quantum cusps was then estab-
lished through the correspondence between classical velocity and wavefront velocity.
The Kirchhoff method of generating quantum cusps was examined in detail and the
three dimensionless parameters were identified. The transition from a quantum cusp
to a classical cusp at the short wavelength limit was demonstrated. Additionally, two

cusps aligned in series were shown to interfere differently at different initial phase
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differences. Finally, tip scan images of quantum cusps were shown to reasonably

reproduce the original cusps even at large tip limit. The typical cusp observed in

experiments was matched nicely by simulation based on the Kirchhoff method.
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Appendix A

Asymptotic Expression for 2D Flux

To discuss fringe patterns and make use of Eq. (4.18), a simplified analytical

-

expression of electron flux J(7, F) is desired. In this part let us establish a sim-

ple connection between J(7, E') and total reflected wave W (7, ) at the QPC. Given

U (7, E) of energy E at location 7, the flux through 7 is defined as
J(7, E) = —Im (W"V¥) . (A1)

For k|Ar] >> 1, there exist asymptotic forms of the 2D Green’s function for free

propagation from a point scatterer at 7, toward the QPC at 7s: Go(7s, Tm; E) =

— i HSD (|7, — Fn|) & —i2% [~ 2 eilki—Tml=%) and its derivative: 2C00smmiE) _
igsHy (k|7 — Fl) = —iggs R =] € 1/, and its derivative: === =

kme 77(1) = ~ ~ Ekm 2 (k| Fs—Tom | —32) o - oo

igs Hy 7 (k|7 — ) = %% wklf‘s—f‘m|e( Ts=Tml=F) ~ ikGo (7, T E). In a general

s-wave scattering system, U(7,, E) and V7 U(7,, E) are

N
V(7 E) = > em(E) GolFs, Tin; E)V (P, E)
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0G(Ts, T E)

O|Ts — Tl

N
Ve U7 E) = Y en(E)

m=1

N
ik > em(E) Go(Ts, Tms E) V(s E) o

m=1

\I/m(Fmv E>TAs m

)

Q

where 7 ,,, is the unit vector pointing from 7, toward 7, N is the total number of
scatterers (impurities plus a tip), €,,(F) and V,,(7,, E') are the scattering strength of
and the total incident wave on the m!” scatterer. Obviously the reflected flux through
the QPC at 7 includes flux along every orientation originating from the scatterers.
Here, of interest is the reflected total flux through 7, along the negative Y axis as

shown in Fig. 4.1(a),

J(F, E) = j(fs,E)*(—g):ifm(qf*w*(_g))

Me

Tt (S 0] (83 0@t G -

Me n=1

_ hkRe((Ze e m) (ZenGsn\If cose>>

m n=1

Q

where 0,, is the angle that 7, makes with the negative Y axis. For the scattering
system studied in this paper, all impurities are located close to each other and have
similar 6,,. The SPM tip probes only local region around the impurities and therefore
has a similar 6,, as well. For simplicity, let’s assume 6,, =~ 0, for all impurities and the
SPM tip, where 6, is the angle that the center of a group of impurities makes with

the negative Y axis as in Fig. 4.1(a). Now the flux can be simplified into

N
J(FS,E)%MRG«Z e m) (zenemqf )) Tkeosto g (5 9)
Me

Me m=1
Eq. (A.2) establishes a proportionality between the reflected flux through 7 and the
wave density at the same point. The approximation 6,, ~ 6, works well compared to

exact numerical simulation in Chapter 4.



Appendix B

2D Scattering Strength

In Eq. (A.2), both the flux and wave density contain scattering strength ¢,, of
various scatterers. It is necessary to obtain an explicit form of the scattering strength
for numerical computation in Chapter 4. For the 2D scattering strength €,,(E), there

1s
i —8h°

2i5m(E)_1 _ in (5. (E 0m (E) B.1
(e ) = = sin (O (E)) ) (B.1)

em(E)

Me
where §,,(F) is the phase shift in scattering. For a 2D circular potential barrier or
well with potential energy U (U < E) for r < a and 0 for r > a, the s-wave phase

shift is given by [62]

kJo(ka)J)(ka) — kJ|(ka)Jy(ka)
tan (0(k)) = 5 )i () — BY2 (ka) Jo(wa) (B-2)

where Jy(z) and Yy(x) are the zeroth order Bessel and Neumann functions, respec-

tively, k = 4/ Q”gsE and Kk = w Let us assume there are two kinds of scatterers
in our example. One is an SPM tip with a large radius a; , which is comparable to the

Fermi wavelength but still makes s-wave scattering valid, and the others are identical
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174

impurities with same radius a; that is much smaller than the wavelength. To have

significant reflection of electron flux, assume further that both create for an electron

a potential energy U ~ Ep such that x — 0 and therefore Jj(ka) — 0. Now the

phase shift simplifies to

tan (5(k)) = ;ZE’ZZ;

5(k)

Q

Q

Q

Q

nk*a?

4
cot (kat + Z) for the SPM tip,

mk%a?

for impurities;

for impurities;
1
(n+ Z)?T — ka; for the SPM tip ,

(n=0,+1,42,...), (B.3)

where approximations at small and large = for Jy(x) and Yy(x) have been used. Phase

shift for a small potential well can be derived similarly and shown to be small as well.



