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Abstract

Semiclassical approaches can give us much insight into often perplexing quantum
mechanical phenomena. More pragmatically perhaps, they may provide powerful approx-
imation techniques for calculations where solving the full quantum mechanics could be
daunting. In this thesis we discuss phenomena which appear in quantum systems but not
in the corresponding classical systems. Each chapter explores an independent topic. and
each is linked by a common semiclassical point of view.

The systems considered in the first half of the thesis are integrable. In chapter 1 we
introduce a distorted-wave Born approximation based on semiclassical WKB wavefunctions
and show how this may be used to compute non-classical processes such as barrier reflection
and tunneling. Chapter 2 regards the uniformization of a "supercaustic”: an especially harsh
case of divergence of WKB where the energy manifold is asymptotic to the representation.
In the third chapter we consider barrier crossing and reflection in the time as well as energy
domains. We find classically forbidden tunneling and above barrier reflection are well defined
and important processes in the time domain. They can overshadow classically allowed ones.
We show that in general classically allowed trajectories in the time domain are insufficient
to explain tunneling amplitudes in the energy domain. Chapter 4 is an example of how
semiclassical techniques can reduce a problem of higher dimensionality to one involving
only the variables of interest. This is demonstrated by an application of great interest in
its own right, quantizing constrained systems.

In the second half we discuss the quantization of the whisker map. or separatrix
map, a non-integrable system (Chapter 5). This map has particular significance in chaos:
the separatrix is a ubiquitous structure in mixed phase-space systems and it is here where
stochasticity is born. We show how semiclassical quantizations which initially may seem
hopeless in fact work remarkably well. We study aspects of quantum localization inside
the stochastic layer. arising from dynamical localization deep in the layer and at cantori
and re-tunneling at cantori. Our conclusions regarding the quantum transport through

near-critical cantori and the relation to classical scaling hold for generic cantori in any map.
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Chapter 1

A Semiclassical Perturbation

Approach to Quantum Reflection

In this first chapter, we discuss two approximation methods often used in quantum
mechanics and we introduce a new method which combines ideas from each. We consider
the problem of quantum “reflection above the barrier”, introducing a distorted wave Born
approximation based on the primitive semiclassical WKB wavefunction. The idea general-
izes to the concept of an unperturbed Hamiltonian defined as the exact Hamiltonian plus
small parts which “turn off” nonclassical processes such as barrier reflection and barrier

tunneling. This work has been published in [1].

1.1 Introduction

The difficulty in exactly solving realistic quantum mechanical problems. and the
quest for physical insight often drives us to consider approximation methods. Two of the
most well-known are a perturbative approach, where the difference between the real prob-
lem and a solvable problem is in some sense “small”. and a semiclassical approach, which
takes advantage of the smallness of £ relative to the actions in the problem. Clearly the
two methods have different regions of validity and there are parameter ranges where nei-
ther works well. Here we introduce a technique which combines perturbation theory with
semiclassics and in fact bridges a gap between the parameter domains where the individual
approaches give good results. We consider the problem of “reflection above the barrier”:

scattering from a potential in one-dimension when the energy of the particle is greater than

14
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Chapter 1: A Semiclassical Perturbation Approach to Quantum Reflection 15

the potential maximum. In section 1.2, we briefly review the two standard approximations
mentioned above and introduce our technique which combines ideas from both. Section
1.3 presents the results of the three techniques as applied to two types of potentials: a
barrier and a ramp. In section 1.4 we discuss a fourth approximate method. the multiple
scattering Bremmer result for above-barrier reflection. We discuss possible generalizations
of our technique to calculate tunneling coefficients in section 1.5 and multidimensional cases
in section 1.6. Finally, we conclude in section 1.7 and discuss some prospects for the ideas

introduced in this chapter.

1.2 A semiclassically modified Born result

We address here the problem of scattering from a localized potential. Specifically.
we consider the reflection coefficient in one-dimension of a particle of energy E incident from
the left on an interaction region. In the typical perturbative (Born) approach to scattering
theory [2], we start with a plane wave basis representing free particle motion: the effect
of the potential is to induce transitions amongst these states. For transitions between two
degenerate states in a continuum, Fermi’s Golden Rule tells us the probability amplitude
is proportional to the matrix element of the potential between the initial and final states.
In our case, the initial(final) state is a plane wave moving to the right(left) with energy
E : e=P*/% where p = V2mE. Choosing states normalized to unit flux. we obtain the

reflection coefficient
m?2 2

which is the Born scattering result [2]. This formula is valid under certain “smallness”

(1.1)

o 2
/ V(z)enP dz
-

conditions of the potential: we need

<<1 (1.2)

lV(m)a
hv

where v = pfii/m is the classical velocity of the particle and a is the width of the potential,
which essentially requires the scattering potential to be weak compared to the kinetic energy
of the incoming particle [2]. For large potentials and for potentials which do not have a finite
extent, (for example, step potentials rather than barriers), such a perturbative approach is
expected to fail.

There are two well-known semiclassical methods. one based on the stationary

phase approximation to Feynman’s path integral [3], the other on WKB wavefunctions.
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Chapter 1: A Semiclassical Perturbation Approach to Quantum Reflection 16

The equivalence of the two approaches is shown in [4]. Below we very briefly outline the
methods: the reader is referred to the literature. for example, [4. 5. 6, 7, 9] for details.
The probability amplitude that a state of positive momentum and definite energy evolves
into a state of negative momentum, is obtained from the energy domain Green function in

momentum representation:

G(-p.p.E) = / G(—p, t:p,0)eE gt = / (—ple™Ht /R p)etEL/h g (1.3)
- / dt / D[p[r]JeXStrlrD+EO/R (1.4)

where D[p[r]] implies 2 summation over all paths in momentum space p[r] which start
with momentum p and end at time ¢ with momentum —p and S(p[7]) is the classical
action [y £(p[r])dr along the (not necessarily classical) path p{r], £ being the Lagrangian.
This latter expression is a Feynman path integral [3] in momentum space, the position
space version of which is perhaps more familiar. In the limit A — 0. we may perform
both the time integral and the path integral by stationary phase. which is justified as the
integrand oscillates rapidly and cancels itself out everywhere except at stationary points of
the integrand. This reduces the sum over all paths that begin with momentum p and end
with —p and have energy E, to a vastly smaller sum only over paths satisfying the classical
equations of motion. However for energies greater than the maximum potential there are
no such classical paths for real initial conditions and real time. We nonetheless find an
approximation for the quantum reflection coefficient by looking in the the lower half complex
time plane [4], picking up contributions from complex stationary phase points. (See also
chapter 3 where this process is discussed in more detail and related to real stationary phase
points from non-classical trajectories in the time domain). The uniformized semiclassical

reflection coefficient derived in this way is:

—2tm [P z(p')dp'
. Flm [7° z(p')dp

R = — 1.5
W Y e .

where p, is the classical value for momentum at the center of the potential, z(p) is the
classical solution for the position in terms of momentum, and Im denotes the imaginary
part. We note that this is a uniformized expression in the sense that 1.5 connects smoothly
at B = Vg to the reflection coefficient for energies just above the barrier top. The barrier

penetration formula may be more familiar, which is of the form Eq. 1.5 with the exchange
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Figure 1.1: Classical phase space contours for a sech® barrier (solid line). The horizontal
dashed line shows the classically forbidden quantum tunneling process from the left side of
the barrier (L) to the right (R) at energy below the barrier. The vertical dashed line con-
necting contours at energy above the barrier, is what this chapter addresses. the classically
forbidden quantum reflection process.

of the roles of position and momentum: the transmission probability at energy E is

e--,%[mszo p(’Ydz’
T= —
l+e

Y (19

where +z, are the classical turning points and p(z') = /2m(E — V (z)) (see also figure
1.1).

Formula 1.5 in fact gives the exact reflection coefficient for the inverse harmonic
oscillator. This result may also be seen to arise from a semiclassical analysis by Zwaan which
is based on WKB wavefunctions and Stokes line discontinuities in the complex plane (see [5]
for many references and a review). We may also derive semiclassical reflection coefficients
starting with the well-known Airy connection method for tunneling, which addresses the
problem of barrier penetration and involves matching WKB solutions at turning points. The
result may then be generalized to the problem of above-barrier reflection, either through
extension to complex turning points or by working with analogous formulae in momentum
space.

It is well known that the WKB formulae break down for energies near the top of
the barrier. What is mentioned much less often is that they fail completely if the barrier
is too low in a sense discussed below. However a low barrier is just the case that can be

treated perturbatively, so one might imagine that most cases can be handled by one of the
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two methods. However, it can easily happen that the potential barrier is too high to be
treated perturbatively, yet the action [? z(p’)dp’ is too small compared to A for semiclassics
to be reasonably applied. Bridging the gap between the regimes of validity of perturbative
and semiclassical approaches is one of the main results of this chapter.

In the perturbative approach we consider a transition from a right-going plane
wave to a left-going plane wave. For stronger potentials, this is clearly not an ideal choice
for zeroth order states in perturbation theory. We should attempt to use states which
incorporate some of the potential, as in the distorted wave Born approximation. This leads
us to ask whether the WKB wavefunctions may play the role of the distorted wave basis.
although it is not immediately obvious what Hamiltonian they solve exactly and therefore
what perturbation to use. We investigate this next. Perhaps surprisingly. we shall find that
the WKB wavefunctions are ezact solutions to a well behaved. Hermitian Hamiltonian.

As is well known [2], semiclassical solutions to Schrodinger’s equation for a poten-

tial V(z) may be written as linear combinations of wavefunctions of the form

et [ p(z)dz (1.7)

¢%/K3($) =

1
vp(z)

where p(z) = \/2m(E — V(z)) is the classical momentum and +(—) represents the right-

(left-)going wave. As they satisfy Schrédinger’s equation to first order in A, we may expect
that any “quantum” behavior shows up O(%2) (or higher). Indeed, with E = p(z)?/2+V (z),
it is readily shown that wpi{, & g(T) exactly solves the Schrédinger equation with an additional

“potential” of order A%

=3p'(z)*> | p'(z)
8mp(z)?2  4mp(z

“omaz T V(z) - E) Yiv ke p(z) = A ( )> biv i p(2) (1.8)

Casting the momentum derivatives onto potential derivatives and defining an effective po-

tential for the WKB states as

- 5 (V') \? V" (z)
Vers(@.B) = Vi(z) - 12 [32m (E - V(x)) " Bm(E - V(x))} ’ (1.9)
we have
ﬁ'2 d2 + +
~ o g2 T Verf(2. B) = E | by p(z) = (Hwip — E) biwgp = 0. (1.10)
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Figure 1.2: Effective potentials for the sech? barrier as a function of the dimensionless length
Z: the solid line represents V'(z), the dotted line V,f7(z, E) and the dashed line W (z. E).

Thus the WKB wavefuction exactly solves a quantum mechanical Hamiltonian problem with
real potential which is smooth for energies above any potential maximum. We may think
of the difference between the effective and exact potentials W(z, E) = Vip(z. E) — V(z)
as a perturbation which “turns off” quantum reflection: a wave sent in from the left has
no reflected component at energy E; it is perfectly “impedance matched”. We note that
Verr(z, E) is energy-dependent and blows up at classical turning points. as does the WKB
wavefunction. At energies above the potential maximum both the WKB wavefunction and
effective potential are well-behaved. In figure 1.2, we have plotted the potential V' (z), the
effective potential Vfs(z, E) and the difference potential W(z. E) for a range of energies
and potential heights for a typical barrier V(z) = V,sech?(az). We scale = as = az, then

o R[5 Vi(E) \2 V(%)
We.B == [32m (E—V(a’:)) T ImE—V@E)|’ (L)

thus we choose as independent parameters V, and E. In the figures we vary V, and E and
take f‘:n—"z to be 1.

We observe that the effective perturbation has two valleys as well as a central peak,
and this is what enables the quantum reflection of the semiclassical states to be turned off:
loosely speaking, reflection from these valleys interferes destructively with the reflection

from the original potential. At energies close to the barrier top, the difference potential is
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Figure 1.3: Effective potentials for the ramp: the solid line represents V(z). the dotted line
Vesr(z, E) and the dashed line W{(z, E).

quite large. As we increase the energy, the effective potential approaches the original, and
we expect that a perturbative approach using the correspondingly small difference potential
would yield better results. The difference potential can be small even if the barrier is large.

Figure 1.3 shows V'(z), Vess(z, E), and W (z, E) for the ramp V' (z) = V, /(1L + e ™).
We see that although the original potential had infinite extent in space. the effective per-
turbation is localized, and is thus now able to satisfy requirements for perturbation theory.
Similar comments may be made for the unbounded inverse harmonic oscillator, where the
effective potential is also localized and finite.

Some insight may be gained by considering a classical phase space picture for this
problem. In figure 1.1, we showed typical phase space contours for a barrier. The quantum
reflection process is indicated by the dashed line from the top curve to the bottom. forbidden
in classical mechanics. Conventional perturbation theory based on plane waves used the
horizontal p = constant asymptotes as contours to connect; in our modified perturbation
approach using WKB wavefunctions, we take states associated with the curved. constant

energy phase space contours.
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Figure 1.4: Reflection coefficients from the sech? barrier: solid line is the exact. dotted is the
perturbative formula 1.1, dashed is the semiclassical formula 1.5 and the o line represents
our semiclassical-perturbation formula 1.12.

1.3 Reflection coefficients

To calculate the reflection coefficient we use a perturbative approach with the
WKRB states as the unperturbed basis, and so calculate the matrix element of —-W = V -V, ff
between the ¥* and ¥~

2

R=25|] (V@)= Versla)) (L.12)

— p(z)

/-oo o2 [T p()az g |

In figures 1.4 and 1.5 we graph the results of our combined semiclassical pertur-
bation technique together with the known exact quantum reflection coefficient (see [2], for
example), the semiclassical result, and the Born result (where applicable) for the two po-
tentials: a sech’® barrier V(z) = Vsech?(az), and a ramp V(z) = V,/(1 + e™%%), where
a = 1. Energy and potential are measured in units of f‘jn—“z

For the sech® barrier, we see ordinary perturbation (Born) theory is only good for
small potentials and high enough energies. Semiclassics is reasonable for large potentials and

energy well away from the barrier top. Our combined approach works in the intermediate
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Figure 1.5: Reflection from the ramp potential:solid line is the exact, dashed is the semi-
classical formula 1.5 and the ¢ line represents our semiclassical-perturbation formula 1.12.

parameter region, as we expected.

In the case of the ramp, where perturbation theory cannot be applied sensibly due
to the infinite extent of the potential, we see our technique of combining semiclassics with
perturbation theory still works well and is better than the semiclassical approximation.
provided the energy is not too close to the potential top. In figure 1.6. the typical fi-
dependence of the coefficients is plotted. We observe that for very small £, the semiclassical
result is a very good approximation as expected, whereas for large i perturbation theory
does a better job. The combined semiclassical-perturbation method interpolates between.
We notice that corrections to the semiclassical approach depend on £ roughly as e~ 9%,

indicating A2 (and higher) corrections to the action, as is expected in semiclassics.

1.4 The Bremmer method

We mention briefly another technique for computing quantum reflection coeffi-
cients, without which this study would be incomplete. The Bremmer method results from

a multiple-scattering approach, where a smooth potential is approximated by a series of N
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Figure 1.6: h-dependence of the reflection coefficients, R, = R{i —. Here we have taken

the sech?® barrier with Vo = 0.5 and E = 1.0: dotted is the perturbative result, dashed is
semiclassical, and the o line is our semiclassical-perturbation theory.

sharp steps. V being large. The wavefunction at some position z can be expressed as

Do) e L e i
where b:(z) are coefficients to be determined. An incoming wave partially reflects and
partially transmits at each sharp step for which the fully quantum coefficients are known.
Thus we calculate the wavefunction cumulatively and take the limit of a continuously varying
potential. This gives two iterative equations for b.(z) and we take the first iteration to

obtain:

R = %((%e%f’p(fw (1.14)

The Bremmer approach is very much in the spirit of the semiclassical-perturbation results
in that a semiclassical foundation is used to build quantum corrections. In the Bremmer
case. the WKB wavefunction with no reflection results if the zeroth approximation is used.
and equation 1.14 is the single scattering currection.

A numerical evaluation of Eq. 1.14 is in fact very close to the exact result as is
shown in figure 1.7, providing in general a much better estimate than the three approaches
discussed in the previous section. It is however challenging to apply the Bremmer approach
to more general problems (see below).

Berry and Mount’s discussion of the Bremmer approach [5] includes an analytic
evaluation of the integral Eq. 1.14 by a contour integration. The semiclassics enters by
including only the contribution from the pole involving the smallest imaginary action. Their
explicit semiclassical calculation for the potential ramp results in a value for R which

overshoots the standard semiclassical result by the factor of ’g—z This 10% discrepancy,
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Figure 1.7: The Bremmer result (+ line) for the reflection coefficient for the sech® (top
figure) and ramp (bottom figure) potentials is very close to the exact result (solid line).

very minor compared with the differences in the approaches of section 1.3 was attributed
to taking only the first iteration in the multiple scattering coupled equations. that is. to
formula Eq. 1.14 itself. Our numerical evaluation of Eq. 1.14 which indicates how very close
it is to the exact result, together with Berry and Mount’s semiclassical calculation, suggests
that if all the singularities were included in the contour evaluation we would get an analytic
result very close to the exact result. However this is not found to be correct. We can
motivate why from the following observation: the exact reflection coefficient is e Q"R .
(figure 1.6), yet summing the contributions from all the poles results in the addition of
two geometric series (one stemming from complex turning points. the other from complex
singularities) which cannot give such a dependence. This problem remains unsolved. but it

is not the main point of our chapter.

1.5 Generalization to barrier penetration

We are now led to the question of whether the semiclassical-perturbation tech-
nique may be used in more general problems. The success in computing the nonclassical
transitions between the positive and negative momentum branches in phase space for reflec-
tion from a barrier prompts us to ask whether can we compute the nonclassical transition

probability between any two contours in classical phase space in a similar “semiclassically
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modified perturbation theory”. In particular, we may be concerned with generalizing this
to higher dimensions, where there is much interest in calculating couplings and energy
splittings between classically degenerate tori[11].

We consider below the issue of tunneling across a potential barrier in one di-
mension, with energy below the barrier top. We need to find, for the unperturbed basis.
wavefunctions which “live” on one side of the barrier only. We may attempt to construct
appropriate combinations of the WKB wavefunctions Eq. 1.7 which do this. However at the
turning point the wavefunction blows up (as does the effective potential). Uniformizations
of WKB wavefunctions in position representation are well-studied [5]. It is however not clear
how to uniformize at the turning points without inducing tunneling of the wavefunction to
the other side of the barrier, which we want to avoid in order to follow our plan analogous
to the above barrier case treated earlier. Consider the contours labelled L and R in the
phase-space figure 1 again: at the turning points, the projection of the contour on to z is
ill-defined; they are coordinate space caustics. We see the tunneling process connects curve
L to curve R: the picture suggests momentum space is a more natural space to work in for
this problem. If we work in coordinate space for barrier reflection (momentum tunneling)
then we should expect to work in momentum space for barrier (position space) tunneling.
The turning points then pose no problem, as can be seen by the projection on to the vertical
axis. Performing a stationary phase Fourier transform of the z-space WKB wavefunctions

living on the left(right) side of the barrier:

™ (2) — i~ () (1.15)
we obtain the momentum-space wavefunction
A l -1 [P 7 ’
00V 7+ [P z(p')dp 1.16
¢~ (p) =N (1.16)

where +(—) represents the wave on the left(right) of the barrier. We may calculate the

behavior under Schrédinger’s equation:

P . d _
<% + V(m%) - E) d*(p) = R2h(p)d~(p) + O(R®), (1.17)
_ _@*V"™z@) ' ®V"(=z() 3V'(zp)3c(p)?
Mp) = - g - 6 T T8V (2(p))2 (1.18)
+V”'(rr:(;n))2-'5"(1») + V" (z(p)) V" (z(p))z' (p)?

4V'(z(p)) 2V (z(p))
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where V(ih%) was calculated by an expansion-resummation technique, as follows: We
consider the operation of the first few terms of a Taylor series expansion around zero for
V(iﬁ.%) on ¢=(p), collect terms in orders of A and find that to each order in /% we have a
Taylor series which we then re-sum. This leads to the results above. where in a semiclassical
vein, we write down explicitly the lowest order (i.e. #°) correction (see chapter 2 for more
detail). Unfortunately the Hamiltonian is more complicated in its position dependence than
in its momentum dependence (V' (z) as opposed to p®/2) and the price we pay is a more
complicated effective Hamiltonian. In addition, we observe from Eq. 1.16 and Eq. 1.17. that
at the expense of eliminating the turning point caustic, we have introduced a new type of
caustic, caused by the asymptotic constancy of the potential (see figure 1.1).

Before discussing this problem further, we present the results for the inverted
harmonic oscillator, for which this new type of caustic is not a problem (in momentum-
space, with £ > V.. the top of the barrier plays no role, as it is outside the relevant
(i.e. real) domain for p). The analysis follows closely the case of above barrier reflection
from this potential due to the symmetry of the harmonic oscillator Hamiltonian under
the substitution z < p. The series in A in Eq. 1.17 ends at A2 for this potential. so in
fact H — h%h(p) is the effective Hamiltonian for which the WKB solutions Eq. 1.16 are
exact eigenstates to any order in A. The results are given in figure 1.8 and provide a good
approximation to the exact result provided the energy is not too close to the barrier top.

For a generic barrier, which flattens out away from the interaction region, we
encounter what we shall call a “supercaustic” (see chapter 2): as p — +v/2E. the WKB
wavefunction blows up. The ezact momentum-space solution also is singular for flat regions
of potential, however the WKB behavior is still incorrect, as can be seen by the divergence
of the effective perturbation in Eq. 1.17. Thus the WKB wavefunction is a poor approx-
imation to the true wavefunction as p — +V2E. It is possible however, to uniformize
the supercaustic, and this process is described in chapter 2 for a barrier whose asymptotic
behavior is exponential. This involves solving exactly the case of a potential which tends
to the desired potential at large z, then adjusting by well-behaved WKB factors, to find
a wavefunction @ynif(p) which reduces to WKB in the A — 0 limit, and yet has the cor-
rect blow-up as p — +V2E. Applying Schridinger’s equation in momentum space to the
uniformized wavefunction we find that the difference between the Hamiltonian for which
®unif(p) is an eigenstate and the original Hamiltonian does give a finite perturbation and
we find this explicitly up to order 2. However the application of our semiclassical pertur-
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Figure 1.8: Transmission through the inverse harmonic oscillator V(z) = Vo— %xzz the solid
line represents the exact result, which in this case is also the semiclassical result formula
1.5, and the o line is the result of our semiclassical-perturbative approach.

bation theory to calculate the tunneling probability from one side of the barrier to the other
using the uniformized states as the zeroth order basis, has not been successful in yielding a
good approximation, despite the effective perturbation being small and finite everywhere.
Perhaps the neglect of the terms O(/#*) and higher may be partly responsible for this. but

as yet this problem is unresolved.

1.6 Multidimensional cases

Of course the one dimensional problems addressed in this chapter are of limited
utility. However, it is easy to see that as long as there are no position space turning
points one can use the same methods in two, three, or more dimensions. For example,
backscattering from a three dimensional potential which has no classical backscattering can
be computed. We leave this for future work.

The situation we have discussed here is related to is an established technique used
to estimate dynamical tunneling(10, 11] interactions in two or more degree of freedom bound
state systems (12, 13, 14, 15]. Dynamical tunneling occurs when (1) there are good classical
actions partitioning phase space, giving classical trajectories which fail to flow from one

set of actions to another, even over infinite time and (2) tunneling (with associated tunnel

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter I: A Semiclassical Perturbation Approach to Quantum Reflection 28

splittings and mixing of wavefunctions otherwise localized to the vicinity of the tori) is
observed quantum mechanically. It can be shown that classical resonance island chains
which always can be found between the invariant tori control the tunneling between the
states localized on the tori. This is most easily seen by analogy with the barrier reflection
problem discussed in this chapter. In Fig. 1.9 we show the phase space plot for barrier
reflection and for a mostly integrable two dimensional system (on a Poincaré surface of
section). The two tori involved in the tunneling are indicated: note that between them sits
a resonance island chain which has the right Fourier components to give a nonvanishing
tunneling (perturbative) integral connecting the two tori. Locally, the resonance zone has
exactly the structure of the barrier reflection problem, as indicated in the figure. In the
very common case that the islands are narrow (as drawn) the problem can be handled
in a manner similiar in spirit to this chapter. If a single pair of torus-localized levels is
interacting, the resonant zone coupling two tori is removed from the Hamiltonian, thus
turning off the tunneling. The tunnel splitting is then estimated by perturbation theory.
using the WKB-like wavefunctions residing on the invariant tori. This program works very
well in many cases. It generalization to stronger resonances and many interacting levels

was given by Carioli, Moller, and Heller [16].

1.7 Prospects

We have shown that the WKB wavefunction for a scattering problem with no
turning points solves a Hamiltonian problem close to the original problem. It can thus be
used ior perturbative calculations for reflection amplitudes. The resulting WKB-distorted
wave Born approximation yields accurate results in parameter regions where neither WKB
nor perturbation works alone.

The generalization of the coordinate space reflection problem to barrier tunneling
was given. It is more complicated in form due to the need to work in momentum space and
the relative functional complexity of V(z) as opposed to p?/2.

Further generalization leads us to the intriguing idea of finding a Hamiltonian
which is very close to the exact one, but which is constructed to turn off certain nonclas-
sical processes. Whenever such a Hamiltonian can be found and the perturbative matrix
elements evaluated we may have a powerful tool. The reason is that the eigenstates of the

unconventional Hamiltonian Hw g can be constructed from classical mechanics, and the
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Figure 1.9: A. Poincaré surface of section plot for a typical interacting system of two
degrees of freedom in the nearly integrable regime. Resonance zones which divide regions of
phase space are evident. The contours on this (z.p.) surface are of the same fixed energy
E. Tunneling across the resonance zones is analogous to the barrier reflection: These
resonance islands are to be compared to the phase space plot for the barrier, B. which
shows the similarity of the tunneling across the separatrix in the two cases.
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remaining quantum effects calculated by perturbation theory. We actually accomplished
all the desired features of this plan, including simplicity of the integrals, in the case of
reflection above a barrier top or a ramp. We described the analogous situation governing
dynamical tunneling between invariant tori. Whether “turning off the tunneling”, as it
might be termed, will prove practicable in wider circumstances remains to be seen. but the

idea is appealing.

- - o . o
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Chapter 2

Uniformization of a Supercaustic:
momentum-space semiclassics for
an exponentially decreasing

potential.

In the previous chapter we saw that in an attempt to apply our semiclassical-
perturbation theory to tunneling across a generic barrier we ran into a new complication:
the divergence of momentum-space WKB wavefunctions in the asymptotic region of the
potential. It is well-known that semiclassics breaks down at caustics, where the Van-Vleck
probability becomes singular. The projection of the WKB state onto the representation
becomes tangential. This has been much studied in coordinate representation: one may
construct uniformized semiclassical wavefunctions where the singular amplitude is replaced
by a more accurate one. Uniformized wavefunctions do not display the caustic singularity.
In momentum-space a new and more dramatic type of caustic may appear, where the
divergence occurs over an infinite range of the energy manifold, rather than at a point: the
energy manifold asymptotes to a momentum state. These “supercaustics” are the subject
of this chapter. In particular, we uniformize the supercaustic associated with potentials

which decrease exponentially at large z.

31
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2.1 Introduction: The caustic problem

We begin with a discussion on caustics. To a manifold of constant energy in
classical phase space one can associate a quantum wavefunction of the form \/Ee% where p
is a classical probability density and S is the classical action for a particle travelling along
the manifold. Such a semiclassical (or WKB) wavefunction provides a good approximation
to the exact energy eigenfunction, solving Schrodinger’s equation to order /. Let us first
consider the coordinate representation. Energy domain semiclassics breaks down at turning
points, or caustics, in configuration space, which is reflected in the divergence of the WKB
wavefunctions there. Near such points the classical probability is enhanced and we expect
the quantum (and semiclassical) wavefunction to be more heavily weighted there. however
the semiclassical wavefunction demonstrates this rather too enthusiastically, and blows up.
Indeed, the operation of the Hamiltonian on a WKB state yields an error which blows up
as we approach a turning point caustic:

K2 &2 £ o230 @2 =)\ L,
(" T + V(-T) - E) wwkb(z) =h <8mp(2:)2 + 4mp(x)) wwkb(x)? (2'1)

where ¢, (z) = —p\/%ei% ft”(”’)d"", p(z') = /2m(E - V(z')), and one dimension has
been. and will hereafter be, assumed for simplicity.

Considering this in classical phase space gives some insight. The caustic is a
tangency of the energy manifold with a manifold of constant coordinate: as shown in figure
2.1, the projection onto the z-state becomes parallel. (This is at the turning point p = 0

which follows from considering the relation p(z) = +\/2m(E — V(z)) describing the energy

contours).

Now, turning points pose no problem in momentum space; indeed the p—state
intersects the contour perpendicularly there. However momentum space comes armed with
its own divergence problems: not only may we have the type of caustic above, where the
projection of the energy contour onto the momentum axis is parallel (figure 2.1), but we
may encounter a contour which slowly asymptotes to a p-state (figure 2.2) and remains
almost parallel for an infinite extent along the contour. We shall call this more severe type
of caustic a “supercaustic”.

The WKB wavefunction in p-space, obtained either by a stationary phase Fourier
transform of the position space wavefunction to momentum space or by solving Schrédinger’s

equation to order % directly in momentum space, is
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Figure 2.1: Harmonic oscillator potential V(z) = z?(above) and associated phase space
(below). Caustics in coordinate space are at the turning points of the motion (dashed line),
and this is where the energy contour projects onto an z-state. There are also caustics
in momentum space (dotted line), at the center of the well, and this is where the energy
contour projects onto a p-state.

..........
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|

Figure 2.2: Eckart barrier V(z) = sech?z (above) and associated phase space (below).
Where the potential flattens out, there is a “supercaustic”, and the energy contour asymp-
totes to a p-state.
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1 & [7 z(p")dp'
= ——eh 9
bwis(P) o)) (2.2)
where
z(p') = V"HE ~p*/2m) (2.3)

(We note that V! is in general a multivalued function: the branch chosen in (2.3) is
determined by the branch that the classical contour corresponding to the semiclassical
state we are describing belongs to. For example, for a potential barrier centered at z =0
and energy below the barrier top, the positive(negative) branch choice of z(p) gives a
semiclassical state which lives on the right(left) side of the barrier. Please see figure 2.2 and
also section 2.2.2.) Caustics in momentum-space, of the ordinary or super type, arise when
the potential flattens out and the denominator in (2.2) respectively is, or tends to. zero.
Indeed. the delta function in momentum, which is the exact solution for a flat potential.
does indicate that the exact eigenfunction for a “flattening out” potential does blow up.
However as we shall see in more detail shortly, the manner of the blow up of the WKB
solution is quite incorrect.

Caustics of the simpler type have been well-studied in position space. The potential
may be approximated linearly near the turning point and there the solution found exactly;
the WKB solution, valid further away may then be “glued” smoothly to the exact solution
near the turning point. Hence a wavefunction valid everywhere may be formed. More
elaborately, there are uniformization techniques which involve a modification of the form
of the WKB solution motivated by the exact solution near the turning point. In fact such
methods give “connection formulae” between classically allowed and forbidden regions. The
reader is referred to the review by Berry and Mount for details of this [5] and references
therein. The resulting uniformized wavefunction satisfies Schrodinger’s equation to order £.
yet does not have the divergence problems of the WKB solution, i.e. it is uniformly valid
in z.

The main result of this chapter is the uniformization of the supercaustic associ-
ated with potentials which exponentially decrease asymptotically. In section 2.2 we first
introduce the potentials and demonstrate the incorrect divergence of the p-space WKB
wavefunction at the supercaustic by calculating to order /2 the difference between the true
Hamiltonian and the Hamiltonian for which @ is an exact eigenfunction. This is followed

by the construction of a uniform semiclassical wavefunction (section 2.2.1). In section 2.2.2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2: Uniformization of a Supercaustic: momentum-space semiclassics for an
ezponentially decreasing potential. 35

we show for the Eckart barrier how close our uniformization is to the exact eigenfunction,
by calculating explicitly to order A2 the difference between the Hamiltonian for which the
uniformized wavefunction is exact and the original wavefunction. This difference may be
interpreted as an effective perturbation which “turns off tunneling” to order A%: the uni-
formization gives us a semiclassical solution to the barrier which lives only on either the right
or the left side of the barrier and is an eigenstate up to order A of the original Hamiltonian
plus this perturbation.

2.2 The Supercaustic of an exponentially decreasing poten-
tial

In this chapter, we uniformize a commonly occurring supercaustic in momentum-

space. Potentials of the form:

l—e T 2
Viz) =V, <1 - (m) ) (2.4)

where 0 < ¢ < 1, of which the Morse (¢ = 0) and Eckart (c = 1) are special cases (figure
2.3), possess supercaustics at p — +v2mE. We point out that for £ > V,, the simpler type
of caustic also exists: at p = £1/2m(E - V,), V'(z(p)) = 0 and the energy contour projects
tangentially onto the p-axis. Classically the particle with this momentum is at z = 0, the
top of the potential. We are however interested in the supercaustic (which exists at any
energy) when p — +v/2E. We shall see that this is due to the exponentially decreasing
behavior of the potential and its derivatives at large z.

We shall first examine the supercaustic in more detail, by investigating how much
the WKB solution in momentum-space misses being an exact eigenfunction. We need to
compute the action of the Hamiltonian on wavefunction (2.2):

(P; +V (zh%) - E) duwis()-
where we shall henceforth take mass 1. In momentum-space it is the kinetic term that is
trivial at the expense of the potential term which is now a differential operator (rather than
simply a multiplicative term which it is in coordinate space). We evaluate the action of the

potential term on the WKB wavefunction order by order in £ in the following way. We first
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T ks 1

L . L L

4 0 4

Figure 2.3: The potentials with Vo = 2 and o = 1, equation 2.4. Uniformizing the p-space
semiclassical wavefunction at the exponential tail (z — o) is the subject of this paper.

expand V(iﬁ.%) in a Taylor series of the form

" 2 1" 3 1 4
v (0) +ihV’(O)§5 _peV@ @ sV £ V() dt

_ . 2.’
2 dp? 6 dp 4 dpt 2:3)

and operate with the series truncated say to 4 or 5 terms on 2.2. Terms of the same order
in i are collected; of course, typically each differential contributes to every order. To each
order we find we have the first few terms of a Taylor series of a different function: these
functions are then taken to represent the result of V(i %)(bmkb(p) to the respective order

in A. With the help of mathematica to calculate the derivatives and collect terms in order

of i. we find
V(i) duss(p) = (V(alo) + 574(5) + O()) o) (26)
where
hp) = _EEVGE) V() V) @)
N 8 6 8V'(z(p))?
V' (@(p)*a"(p) | V"(z(0)V"(2(0))= o) ]
WG T WaeE) | 21

z(p) is as in 2.3, V(z(p)) = E — p?/2, and prime indicates differentiation with respect to
the argument. Then, with H = p?/2 + V (ihd/dp), we have

(H — E)¢urs(p) = h2h(p)puwis(p) + O(1)
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N
T

N
L9

Figure 2.4: The WKB wavefunction in p-space misses being an eigenfunction of the Hamil-
tonian by A*h(p) + O(A®). Here is a plot of h(p) for the Eckart barrier, V(z) = 2sech’z.
for ¢uwis(p) at energy E = 1.5. The dashed lines indicate the p = +/2E asymptotes. This
corresponds to the dashed line in figure 2.2 and is where the potential becomes flat.

h(p) is thus, to lowest order in £, how much the WKB solution misses being an energy
eigenfunction.

Let us consider this function for potentials which, at large z, go like W,e ™% (e.g.
for potentials (2.4) W, = 2V,(c + 1)). Then, as p — £V2E, h(p) becomes very large.
This is the momentum which a classical particle has asympotically, that is. in the region
where the potential becomes flat (and zero). The exact p-space wavefunction does indeed
approach delta-function behavior here; although the WKB wavefunction also blows up,
it very poorly represents this divergence as is manifest in the blow-up of the difference
Hamiltonian h(p). In classical phase space this is where the constant energy manifold
asymptotes to a p—eigenstate and this is what we refer to as a supercaustic. In figure 2.4
we plot A(p) for the Eckart barrier.

2.2.1 Uniformization

We saw above that momentum-space WKB fails in the asymptotic region of the
potential, when the potential flattens out. The first step in uniformization is to find the
exact energy eigenfunction in momentum representation of the Hamiltonian in this region.
The asymptotic form for potentials 2.4 is H = p?/2 + W,e~®*. We shall first find its

exact eigenstates in configuration space and then calculate its exact Fourier transform to
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momentum space. Performing the change of variable z = Q@e’“/ 2 in Schrédinger’s
equation
h? &2 4oz
( 2d:1:2+W —E’)¢(z) 0

yields Bessel's equation of order v = ——i2ﬁV35 :

(;2?4-;: +(1——))¢3(z)=0

with solution

¢Woe oz( ) =NK;_‘3\/.§ (2\/2Woe—az/2) (2.8)

which has the correct exponentially decaying behavior for z = —2c. K, (z) is MacDonald’s
function of order v [17]. A is a normalization constant: choosing

1\7 .. (2V2Enr i 2V2E
=2 () (22 (1 120 o5

gives unit incoming flux from the right: that is,

(1:—)00)—)(2;_;)

where |rf = 1. This can be readily verified by the property (see [17])

0™ 2 () w3 )

['(z) is the gamma function. The Fourier transform then gives the solution in momentum

L e
ww,,e—“ N ( g~ tV2Ez/h rei\/'lEz/h)

space:

¢W,,e‘°"' (p / —zp::/ii Wee—2=z (:z:)dzz:.

With the help of the integral expression (see [17])

L /z\Y [ —t—z2/at—v—1
Kz) =5 (3 /Oe o=ldt,

for |arg(z)| < §. we may compute the Fourier transform exactly. obtaining

e TR i) (E’C—!(p + \/55)) r (é(p - \/ﬁ)) (2.10)

‘bWOe (p) 4\/_
This is the exact momentum space eigenfunction for the Hamiltonian p®/2 + W,e~*%. The
semiclassical limit of the exact solution 2.10 yields the p-space WKB solution, which is as
it should be: noting that ([17])

snz—z—Ltinz+L
P(Z—}OO) _)e..ln.. z 2!n.+2ln27r’
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we find that as A — 0,

—az Na —=V32E —azx
" p) — - Vrahe TR g1 (p). (2.11)

where
Wee™ 2T — 1 -1 [P / ’
Pwikb (p) = —V-’(-:z:(p))-exP ( ra /0 z(p')dp )

B L ~2i %Em p+V2E
- oz(E'—pz/Z)e)Cp e \PTV 72 Wﬁ—

E . p, ,E-p?/2
+ \/;m -3 In(——-Wo ))) (2.12)

We now have an exact solution for the region where the WKB for potentials of

the form 2.4 diverges. This exact solution for the exponentially decreasing potential is
what we need for the uniformization of the supercaustic of these potentials. We would
like our uniform semiclassical wavefunction to satisfy Schrédinger’s equation to O(#) and
have the correct blow-up behavior near p = +v/2F, so that the deficit in being an exact
energy eigenfunction is everywhere finite and of order 42 (and higher). This is achieved by
multiplying 2.10 by well-behaved WKB factors corresponding to the “non-flattening out”
part of the potential, accounting for the behavior away from the supercaustic. We hope the
following will clarify what we mean.

The general potential 2.4 has the exponential asymptotic behavior:
V(z — o) = 2Vo(c + 1)e™** := Vysymp(z)- (2.13)

We first observe that the classical position for the exponentially decaying potential Vasymp ()

. 1 E —p?/2
. Vasymp(z) = —— —_—
.2 aln(QVo(c—i-l))

may be written

and, for this potential,
V'(z(p)) = —a(E - p*/2)

The classical position as a function of momentum for the general potential (2.4),
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[X}
(2]

2(c+1) (1—6 1—5——}-/—)

CHE==) (1+ 1_&&) (2.14)

E—p?/2
“0) = —3in (L) - o

= g"asvmp(p) + zeztra(p)

and the derivative of the potential is

z(c+1)(1- ,/1—5‘;)2/2)
(1-,;2(1_&‘%3&)) (l—:— 1— e-‘z'-'/:!) (ll;;:'::((z;))) (2.15)
Vasymp(z(p)) x Veztrd (p)

The factorization and sum properties in equations 2.15 and 2.14 respectively enable us to

Vi(z(p)) = -a(E-p°/2)

write the p-space WKB wavefunction for the general potential as the product,

¢wkb(P) - ¢2D;(c+l)e‘°’(p) % 1 e-% fp rextra(p’)dp’ (2.16)

wkb Veztra (p)

We are now motivated to assert the uniformization for potentials of form (2.4) as

bunss(p) = N'eR"GEIT((p + VEE)I (= (p — VIE)) (2.17)
1 -% f P rextra(p')dp’

v Veztra'(p) ¢

where we have replaced the WKB solution for the exponential part with the exact solution
for the exponential potential from (2.10). This wavefunction has the correct blow up be-
havior as p — +£V2F (the extra WKB factors tend to 1 (up to a a phase) in this limit)
and, as i — 0, this reduces, by construction, to the WKB wavefunction. The extra WKB
factors are well-behaved semiclassical objects: the divergent part of the semiclassics has
been extracted and replaced by an exact solution, which we then modify by the benign
WKB factors accounting for the difference between the true potential and the exponential.

The final check, of course, is to calculate the deficit of ¢y, f as an eigenfunction
(as in (2.6)). That it is now finite is clear, from the above comments. We shall demonstrate

this explicitly for the symmetric Eckart barrier, V(z) = V,sech?(z).

2.2.2 The Sech? barrier.
For V(z) = V,sech?(z), equation (2.18) gives

#urlp) = F G (o4 VIR T (o - VZE)) (2.18)
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L 270
1 A ln(H- L—k&;—/"-) dp'
X TTEE e
v,

where the R superscript denotes the state at energy E that lives on the right-hand side of
the barrier, corresponding to the positive branch of the V~! function (see also figure 2.2).

The state on the left, is given by the complex conjugate:
L — AR

(stemming from uniformization based on the e¥®* potential). To calculate the action of
the Hamiltonian on (2.19), we proceed as in (2.5). It is easiest however to perform the
differentiation operations on the ['—functions within the integral expression for the ['—
function:

. oc
r (5 @)) = [T ertsmt=vBmgy (2.19)
]

and then integrate the result at the final stage. In particular.
'ﬁ n_-— —_ — —_— t n_-—t ,—-(p:‘:\/’.ﬁ)—l t
(if) dpnF(Qﬁ(p-*_:\/QE)) /0 (~5 lne)re~ted d
We use mathematica to operate with the first few terms of (2.5) on @yn; f» but with the
r (E‘ﬁ(p + \/QE')) r (ﬁ(p - \/2E)) replaced by t#®@+V2E)f5(—v2E) At the expense of
simplifying the differentiation operations we have complicated the re-summing at each order

in A. We obtain. after much algebra:
L d 9 .
V(i 2)bunis (0) = (V(2(0) + hhuni(p) + O(A*)) ) bunis () (2:20)

where hynf(p) is a very long expression (a sum of about 50 terms) depending on V,, E. and
D- B2hyn; £(p) is the perturbation which turns off the quantum effect of barrier tunneling (to
order %2): the semiclassical wavefunction qu,(lf' }, which lives only on the right(left) side of
the barrier is an eigenstate of H — A%hqyn; f to order h? so in this sense the effect of houniy is
to suppress tunneling to the left(right). We note that a complementary concept of turning
off above-barrier reflection has been discussed in chapter 1.

In figure 2.5 we plot hynif(p) for energy £ = 1.5 in the Eckart barrier 2sech’z (c.f.

the corresponding quantity for the WKB function, figure 2.4).
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Figure 2.5: This plot of Aiynif(p) shows how much the uniformized semiclassical wavefunction
at energy E = 1.5 for the Eckart barrier 2sech®z misses being an energy eigenfunction to
order A%. Notice that the function is finite and “small” in the physical domain |p| < V2E,
unlike the case for the WKB wavefunction (fig 2.4).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

Barrier Tunneling and Reflection
in the Time and Energy Domains:

The Battle of the Exponentials

In this chapter we turn from the WKB wavefunctions of the previous sections to
more general semiclassical objects, semiclassical propagators. We will again be considering
the description of classically forbidden processes (specifically, quantum barrier crossing and
reflection). however this time in the time domain as well as the energy domain. We shall
find classically forbidden barrier tunneling and above barrier reflection are well defined
and important processes in the time domain. In fact classically forbidden processes can
overshadow allowed ones when both are present. We shall find that the classically allowed
trajectories in the time domain are not in general sufficient to explain tunneling amplitudes
in the energy domain: They do not correctly account for tunneling below the barrier when
the time-energy Fourier transform is done, nor for quantum reflection above the barrier.
Another important result of this chapter concerns the stationary phase Fourier transform
(WKB result): this cannot be thought of as an approximation to the Fourier integral because
of a branch cut in the complex-time plane. Rather, it is the tunneling trajectories in the
time domain that give the WKB result under stationary phase Fourier transform. We also
make clear the essential distinction of barriers which flatten out at large distance and those

which do not. Parts of this work have been published in [8] and in [9].

43
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3.1 Introduction

Tunneling through (or reflection from) a barrier at fixed energy E is well under-
stood from a semiclassical (WKB) perspective. WKB theory involves the use of complex
trajectories which travel partly in imaginary time in order to penetrate the barrier. The
same barrier problems in the time domain have received much less scrutiny, and have caused
confusion at times, due to some subtleties which we expose here. For example: is there
any tunneling in the time domain across a barrier, since classically trajectories can always
be found which connect two positions, one on each side of the barrier? The probability
amplitude for a particle initially at z, to be found at z5 after time T is given semiclassically
by the propagator

L
s 1 32Sy(za, 21, T)|? s (1o, iy /0
G C(_'L‘:)-’ T:-El' 0) = Z ‘/271_—1.& ca[(zr;’azll ) ‘ ezSd(J:_,.zl,T)/l’ llﬂ’/.. (3.1)
classical
paths

which is the classical limit of Feynman’s path integral [3. 4. 6, 18]. The sum goes over all
classical paths linking z) to z, in time T" and Sy (zs, ;. T) is the action along that path. v is
the Maslov index. Consider a transmission problem where z; and z» are on the left and right
sides respectively of a barrier in an otherwise constant potential. Since to be at position z,
with certainty at time 0 is to have completely uncertain momentum and therefore completely
uncertain energy. there is always a supply of classical paths surmounting the barrier in just
such a way as to arrive at 3 at time T'. At long times the energy of the arriving trajectories
approaches the top of the barrier, since the slowing down near the barrier top is needed to
effect the time delay necessary to arrange arrival at = at long times. At any real time T
there is exactly one classical path with E, > V0, which contributes in (3.1).

So the barrier problem in the time domain seemingly does not involve “tunnel-
ing® or classically forbidden paths and the semiclassical Green function 3.1 can apparently
be constructed with ordinary “over the barrier” trajectories. In order to obtain the semi-
classical energy domain Green function, one performs the Fourier transform by stationary

phase:
G*(z9,21; E) = % / GET/AGIC 2o T 51 0)dT (3.2)
sp

The kernel of the stationary phase Fourier transform is the time domain semiclassical propa-

gator, which is always non-vanishing because of the “over the barrier” trajectories. However
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for energies below the barrier top, no real time stationary phase point is found. forcing a
search in the complex time plane for a saddle point. The search is rewarded with the well
known classically forbidden imaginary time tunneling trajectories, which asymptotically
give the correct WKB fixed energy tunneling amplitudes (transmission ~ e—f:f lp"[dx/ﬁ,
where a| » are the classical turning points at energy E). Suppose the semiclassical time do-
main Green function is very accurate. Then a correspondingly accurate energy domain result
would follow from numerical Fourier transform and would be different numerically from sta-
tionary phase evaluation. It is thus tempting to think that if the original (real time) Fourier
transform over the semiclassical propagator were performed numerically (rather than by sta-
tionary phase) one would get an even better result. Strangely, such a result would be given
only in terms of classically allowed over-the-barrier trajectories (since G°¢(xzo, T: z1,0) is).
The smallness of the tunneling amplitude in this view would be due to the rapid oscillation
of the integrand. This method was considered in recent work [19]. It is reinforced by anal-
ogy with certain uniformizations in semiclassical theory, in which troublesome semiclassical
amplitudes are replaced by more accurate, “uniform” ones, which can come from an integral
expression. The foundation of such an idea was however called into doubt in [20], and the
situation remained cloudy. Here, we show that the numerical time-energy Fourier integral,
using above barrier information. is indeed inadequate. We find the time integral, normally
approximated by saddle point integration, for energies below the barrier top cannot gener-
ally give an improved transmission coefficient under exact (numerical) evaluation. In fact.
below-barrier tunneling trajectories are needed even in the time domain in certain regimes,
where for finite A they dominate the classically allowed result. Moreover they dominate
the Fourier transform at below barrier energies. Conventional semiclassics (above-barrier
trajectories) breaks down at long times (for the transmission problem) but this is where our
correction works well. The corrected time domain semiclassical Green function could then
be numerically Fourier transformed to give a good tunneling amplitude at fixed energy.

In section 3.2 we begin with a brief review of the semiclassical propagator in
the time domain. Then we present a quasi-classical picture of barrier transmission which
suggests that in the generic case the semiclassics based on classically allowed trajectories
is incomplete. We indicate how a correction may be made. At long times and distant
endpoints we obtain a close approximation to the exact propagator where the conventional
semiclassical propagator completely fails. In Sect. 3.3, we investigate the tunneling problem

in the energy domain and give numerical evidence for why using the conventional semiclas-
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sical propagator in a Fourier transform is inadequate. We show that it is the stationary
phase Fourier transform of our time domain tunneling term that gives the WKB energy
tunneling result. By discussing branch structure in the complex-time plane we show how in
performing the Fourier transform of the conventional semiclassical propagator we miss the
stationary phase contribution because of an intervening branch cut. Finally, in section 3.4,

we analyze the case of quantum reflection above a barrier.

3.2 The Time Domain

Counsider a particle of mass m in one dimension interacting under the Hamiltonian
H = {% + V., p being the momentum and V a time-independent potential. The probability
amplitude for the particle, initially at z;, to be found at z, after time T'. is given by the

propagator

G(z2, T;21,0) = (z2|e " HT/R|z ) = / D[z(t)]er =) (3.3)

where D(z(t)] implies a summation over all paths z(t) linking z, to z» in time T and Sz (t)]
is the classical action [ Ldt for the (not necessarily classical) path z(t) linking z; to z» in
time T'. The formula on the right-hand side, due to Feynman ([3]), provides a natural basis
for a semiclassical evaluation of the propagator, the exact evaluation of which is. in general,
very difficult. (See [21] for a recent review of some exactly solvable path integrals.) The
reader is referred to the existing literature [4, 18, 6] for details of the derivation of the
semiclassical propagator. The essence of the technique lies in stationary phase evaluation
of the path integral, and reduces the formidable sum over all paths to the sum over only
classical paths in equation 3.1. We may write equation 3.1 as:

1/2

1 i [*2 poy(z)dz/h—iEqT/hi—ivw/2
e “*

G*(z9,T:z1,0) = Z

2mihpa(zi)pe(z2) ;12 pcfg-')n
classical
paths

(3.4)

where py = \/2m(E; — V(z)) is the classical momentum at z of a particle with energy F.

and E, is determined by the classical relation

(3.5)

L2 d$
T A
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Figure 3.1: Whether the semiclassical propagator. which involves classical paths only, can
describe classically forbidden processes such as tunneling through a barrier (1) and above-
barrier reflection (2), is the subject of this chapter. The lower figure shows schematically
the processes and the potential and the upper figure is the associated phase space.

v is the Maslov index, counting the number of conjugate points the trajectory encounters.
In the special case of a harmonic or linear potential, which generates a quadratic action.
this gives the exact propagator, due to the exactness of the stationary phase method for
quadratic exponents. The contour taken for the integral in 3.5 is the same as for the action
integral, and reflects the behavior of the associated classical trajectory.

The question now arises: what role if any do tunneling paths play in this semi-
classical approach? As this semiclassical recipe calls only for ordinary real time classical
paths linking z; to T2 in time T, the issue arises whether classically forbidden phenomena
such as tunneling through or quantum reflection above a barrier (see Fig. 3.1) are somehow
encoded in the classical trajectories, in the sense mentioned above: i.e. does ezplicit real
time Fourier transform over the “classically allowed” Green function into the energy domain
give good results?

For definiteness, we consider a quasi-classical phase space view of propagation
across a symmetric Eckart barrier Vysech?z and take mass 1. A state |z) may be represented
by a vertical line through z corresponding to momentum being completely unspecified when
the position is exactly known. For our propagation problem we thus consider each point
on a line at z; as an initial condition, and the overlap of the phase space distribution
obtained after evolving these under the classical equations of motion for time T with a

vertical line at z, corresponds to the classical analog of the quantum propagator. Since
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Figure 3.2: A quasi-classical view of the propagator G(10,T: —10,0) in phase space (¢t =
T/2) (see text). As time evolves the density dies exponentially: only at very dense seeding
of initial conditions will the thin manifold be seen. “Tunneling loops” develop. Phase space
contours are overlayed.

(T2lz1(e)) = (zole™HHM|z1) = (zof(eH/P)e~HE/ R g)) = (zo(—t/2)|z1(t/2)), we may
represent the propagator by the overlap of the phase space distribution from a vertical line
at r; evolved for time T'/2 with that of a vertical line at z» evolved backward in time
for T/2. In Fig. 3.2 we focus on the case £, = —z5 < 0 and Vj = 1. We have shown
the phase space distribution at four successive times. At first this distribution simply
shears. as it would for free particle motion. Only very high energy trajectories reach the
interaction region. As time evolves, lower energy trajectories arrive near the barrier. The
classical overlap of the forward and backward propagated distributions is proportional to
the Van Vleck determinant. Because of the separatrix and the concomitant exponential
instability, the density of trajectories at the intersection z = 0 (classically allowed above-
barrier trajectories) falls away exponentially rapidly. In the plots we have propagated a
finite uniform density of several hundred trajectories along the initial line; after some time
(t = 10) the density at the separatrix is so low that the manifold is not seen at z = 0. We
call this contribution to the time Green function the A term (classically allowed, over the
barrier). At the same time however, we see a below barrier loop structure developing with a
healthy density. At time ¢ = 10 for example, trajectories of a certain energy (below V;) have
Jjust reached the barrier and are beginning to turn around. The loops are strongly suggestive

of a tunneling contribution to the propagator, since they are very similar to the fixed energy
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manifolds(Fig. 3.1) which tunnel across the barrier in the energy domain. The loops from
z and z; make no contribution in the primitive semiclassical limit as they do not overlap.
However if we include tunneling between these loops we have a second contribution to the
time Green function, term B. For finite, fixed %, a “battle of the exponentials” ensues. The
classical term A Van Vleck prefactor, which dies exponentially in time, is pitted against
the tunneling term B, which is a factor bounded by a fixed exponential multiplied by an
algebraically decaying prefactor. Thus the battle is always lost by the classical term A at
long times. For the Eckart barrier and endpoints far from the interaction region, tunneling
overtakes the classical contribution when e w=25/T)/h /\/T > | /;72e*~«T/2_ The right-
band side of this is the square-root of the long-time limit of the Van Vleck determinant
(term A), which determines the magnitude of the semiclassical propagator and w is the
frequency of the (inverted) oscillator in the harmonic approximation to the barrier top.
The left-hand side is the tunneling contribution (term B) at long times and far endpoints.
To evaluate this, we observe that in this limit, the loops approach energy contours and
so the issue of getting across the barrier region becomes identical to the energy tunneling
problem. The energy of trajectories arriving at the barrier changes only slowly with time.
Moreover as time increases the trajectories arriving from the distant points are of lower and
lower energy, so the loop “falls through” successively lower energies as time increases. The
tunneling part of the amplitude at a given time then follows from the usual energy tunneling
at the energy of the arriving trajectories, suitably weighted by their number density. We
use expression 3.1 but substitute the (time-dependent) energy of the loop for the classical
energy. This gives the left-hand side of the above inequality: the density on the loops falls
off as 1/T. much slower than the exponential fall-off of the classical contribution. A simple
way to see this is as follows: For z; far from the interaction region and long times. where
the loops resemble below-barrier energy contours, the density on the loop is proportional
t0 ~ purn/T1, where pyrq is the initial momentum that the trajectory which has just hit
the barrier and is beginning to turn around had. This may be seen by considering the top
half of the loop which we approximate as a horizontal line from z; to the turning point at
the barrier. As time increases, the energy needed to reach the barrier decreases and piyurn
falls roughly as z,/t, with ¢ = T/2 (free-particle motion). Hence the density on the loops
falls as 1/T, much slower than the exponential fall-off at the direct overlap. Once we have
reached the cross-over time tunneling dominates the classically allowed contribution. Indeed

the conventional semiclassical propagator using only above barrier trajectories becomes a
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Figure 3.3: Transmission through V = sech®x:G(30, T; —30,0).

much worse approximation at longer times. This is seen in Fig. 3.3, which shows the exact
Green function and the “primitive” semiclassical result, which collapses around T = 50.
Also shown is the “loop” contribution, which does an excellent job representing the full
Green function at such long times. The exact propagator was obtained by numerical Fourier
transform of the exact energy Green function for the Eckart barrier; the latter was calculated

in [22]). In Figs. 3.3 and 3.10, & = L.

3.2.1 Inverted Harmonic Oscillator

In [24], Wigner functions are used to show that tunneling at energies below the
inverted harmonic oscillator arises through real trajectories with above-barrier energies.
However an essential physical aspect of the barrier problem is that it asymptotes to a
flat potential, a property which the inverse harmonic potential does not share. This has
profound analytic consequences, introducing branch structure of trajectories in the complex
plane (see section 3.3). In the inverted harmonic case, no tunneling loops develop, since
a vertical line at £ = z; representing the initial phase space density always only shears
because the dynamics is linear (figure 3.4).

The conventional semiclassical propagator (which picks up the classically allowed
intersection of the forward and backward propagated pieces) is exact in this case. No
tunneling trajectories exist to compete with the classically allowed ones. The tunneling

loops are also suppressed even for the Eckart-type barriers if |z;|, |z2| are near the barrier,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3: Barrier Tunneling and Reflection in the Time and Energy Domains:
The Battle of the Exponentials 51

P t=0 =2

-10 10 .10 _1/1\ 10

Figure 3.4: Phase space evolution through the inverse harmonic oscillator V' (z) = 1 — z2,
the harmonic approximation to the top of the sech? barrier in the previous picture. Here
the initial vertical line simply shears. The density variation is not shown in this picture -
the manifold becomes very thin very rapidly at the intersection just like the sech® case. No
loops develop.

where the problem begins to look harmonic. In this limit one might hope the contribution
to the semiclassical propagator from the classical “over the barrier” overlap would give

reasonable results. This was already successfully exploited in [19] and may be of practical
significance.

3.3 The Energy Domain

We address now the probability of going from z, to =, at energy E. This is given

by the energy Green function, which may be written as the Fourier transform
o 3
Glza,21;B) = (iR) ™" [ exFTG(25.T: 1, 0)aT (3.6)
0

In particular, consider the tunneling case, when £ < V,. Consider the idea that the
classically allowed term is sufficient to use in the numerical transform. The thinking is as
follows: The complex time stationary phase integral (leading to standard WKB results)
is an approximation to the Fourier transform over the (primitive) semiclassical propagator
(term A); therefore, doing the Fourier transform numerically should yield a better result.

However the first phrase is incorrect: the integral through the complex saddle point is not
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Figure 3.5: Modulus-squared of the energy Green function G(—z2, zo; E) for V(z) = sech’z
(barrier top at 1). The solid line is the exact, the —o-line is the WKB result (stationary
phase contribution of the Fourier transform of G*¢), the dotted, small-dashed and larger-
dashed lines are the numerical FFT’s of G°¢ with endpoints 5 = 5.z = 10,20 = 30
respectively. The exact and WKB results are independent of the endpoint. as required.

the same integral as the real-time integral. For general endpoints and barrier potentials a
branch cut in the complex-time plane makes the integral along the complex contour distinct
from that along the real-time contour. We shall come back to this shortly, but first see what
happens if we perform the numerical FFT of the semiclassical propagator (term A).

In figure 3.5, we plot the numerical FFT of the semiclassical propagator for the
sech? barrier (the dotted, small-dashed and large-dashed lines). The endpoints are taken
to be on either side of the hump, well away from the interaction region: we take z; = —z,
and consider the three cases o = 5, 10, and 30.

We first note that well above the barrier the magnitude of the Fourier transform
falls as 1/v/2mFE and in this domain, there is good agreement with the exact energy
Green function. However, below the barrier, not only does this method fall below the
exact result, but l(i?’z)"‘ [ G(za, T; z1,0)eET/RgT : decreases as the endpoints are moved
away. This is a non-physical effect since the endpoints are well beyond the barrier range,
where the motion is essentially free-particle: there is no loss of amplitude before the barrier
region is reached, nor after. As the endpoints move out, the exact Fourier transform of the
uncorrected semiclassical propagator regresses towards the classical transmission coefficient
of 0 for E < V, and this decay appears to depend approximately exponentially on the

endpoint. Further, for energies above but close to the top of the barrier, the exact Fourier
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Figure 3.6: (|G(30, —30; E)|? - |G(5, —5; E)|2)/|G(5. —5: E)|? (which is zero for the exact
Green function), for i = 1 (—-), 0.75 (—+),0.5 (-O-). Above the barrier top (at 1),
the endpoint dependence vanishes as A — 0, in accordance with the stationary phase
evaluation at energies above V, being independent of z;5. However below the barrier top
the endpoint dependence persists.

transform of the uncorrected semiclassical propagator overshoots the exact result, and this
effect increases as the endpoints are moved out. This effect was also observed in a recent
paper ([20]), where the S-matrix for the Eckart barrier was computed. involving the Fourier
transform of the correlation function between Gaussian wavepackets. We also note here
that as A is decreased, the endpoint dependence persists at energies below the barrier but
dies away for energies above (Fig. 3.6). We shall come back to this point in section 3.3.

In fact in a numerical FFT, term B must be added to term A as separate con-
tributions to the amplitude. This is in tune with the essence of the semiclassical limit to
Feynman’s path integral, which requires a sum over distinct, stationary paths. The tunnel-
ing term B, dominant at long times, is resonant at below barrier energies. so also dominates
the Fourier integral there. One may therefore eliminate the A term when calculating the
tunneling, at least in the large |z], |z2| limit.

The Fourier transform of the B term can be performed by stationary phase; in the large
|z1], [z2| limit the result is the usual WKB below barrier tunneling amplitude which we now
show. This is not a contour deformation on the A term; rather, both A and B exist as
distinct contributions. When z; and z; are far from the barrier, the loops approach energy
contours of energy E(T), where E(T) ~ 2z2/T? is the energy needed to arrive at the barrier

in time T/2. The loop contribution then follows from Eqn. 3.1 where we substitute E(T")
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in place of the classical energy Ey. The stationary phase point in the time-energy Fourier
transform of this at energy Ej is given by:

) 2 dx oE .

e /1:1 oo~ Ty T B + B =0 (3.7)
Now, by definition, T = 2 fz—l" dz/pg(T)(z) where —zr is the(left-hand) turning point at
energy E(T). This means the first two terms of Eqn. 3.7 together give:

_; /zr' dc__9E| . V2E _inE(T)

-zr |PE(T+)(Z)| OT |- T 1]

where the integral is calculated for the case of the Eckart barrier and we have used the large-
x| approximation E(T) ~ 2z2/T? to evaluate the partial derivative. In the large-z; limit.

this term is ignorable compared to the other two terms of Eqn. 3.7 as it is suppressed by a
factor of 1/|z|. The stationary phase condition becomes E(T™) = Ej. This (real) stationary
phase point is the time at which a loop of energy Ej (below the barrier) has formed at time
T/2 ie. particles of energy Ey have just reached their (left-hand) turning point at the
barrier in time T/2. The prefactor for the stationary phase integral is then calculated
from the second derivative of the exponent and. under the large-z; approximation, gives
2mih [} dz /P, r-)- Gathering all factors, we find
; 1 £ [T pdz+ [T pdz—L [0 ipjdz
/sp G petEoT/hgy — Wen oy Pzt [[pdz—1 [70 ip| (3.8)
which is exactly the WKB result. p, zg etc are momentum and turning point at energy Ejy.
This is plotted as the —— line in figure 3.5; it is a better approximation than any of the
numerical FFT’s and there is no endpoint dependence.
We note that (3.8) is also the result of a stationary phase “FFT” of the classical
term A but along the complex-time contour through the saddle point. We stress again that
this is not the same integral as the real-time FFT of term A due to the branch cut and we

shall now turn to a discussion of this.

Branch structure in the complex plane

We begin by reviewing the common lore leading to the WKB result for energy
domain tunneling from the time domain. In the stationary phase Fourier transform of the
semiclassical propagator 3.1, the critical point T, is determined by

_ 954
aT |,

sp

= Ec[(.’lig,.’l.'[,Tsp) =F (3.9)
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where E is the classical energy function for the trajectory, determined by (3.5). For energies
above any potential maximum between the endpoints, a real stationary phase point may be

found and we obtain

1 + [T p(z)dz
G*(z9,z1; E) = - el dn . (3.10)
ih/p(z2)p(z1)

where p(z) = /2m({E — V(z)). However if the transform variable F is less than any

potential maximum between the endpoints, then there is no real stationary phase point
satisfying (3.9) as there are no classical paths which can overcome the potential barrier.
We may obtain a non-zero value for the transmission by extension into the complex-time

plane, where there are many stationary phase points:

o= ([ 1) votvmm - [ v

where n =0,1,2... and a5 = V~!(E) are the turning points. The resulting complex time

stationary phase points are in accord with the idea that energy is fixed and therefore time is
arbitrary, even complex. Each stationary phase point corresponds to analytically continuing
a classical trajectory through the barrier where its momentum becomes imaginary. Tsp n
can be thought of as representing a trajectory which bounces n times in imaginary time
inside the inverted barrier before emerging out from the barrier.

[t is not the aim of this paper to discuss the issue of the “multiple inside bounces”
and the debate surrounding whether to sum the many stationary phase points; the reader
is referred to the literature for this (see [5] and references therein). We note that the
contributions become exponentially smaller as n increases. The stationary phase points
with 7 # 0 make little difference to the dominant n = 0 contribution (except for near the
barrier top, where semiclassics breaks down whether we include them or not).

Picking up the contribution from only the first stationary phase point gives

s ay + z0 dx——‘- 3] . IL’I
GSC(QIQ,.'IIL;E') = - 1 eﬁ (le fag )p(z:) hfal Ip(z)l (3.11)
ih/p(z2)p(z1)
where |p(z)| = /2m(V (z) — E) is the magnitude of the imaginary momentum at z be-
tween the turning points at energy E. This gives the standard semiclassical answer for the

transmission amplitude across a barrier after multiplication by iAv2E and taking endpoints

beyond the interaction region.
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However as stated earlier, the integral through the complex stationary phase
point is not an approximation to the Fourier integral (3.6) of the semiclassical propaga-
tor. (Rather, it is the stationary phase (real-time) Fourier transform of the tunneling term
in the time domain, term B, as showed in the argument leading to 3.8). This is a subtle.
but fundamental point. We cannot interpret evaluation of the complex stationary phase
point as arising from a deformation of the real time contour. because of an intervening (and
non-rotatable) branch cut singularity. In deforming the time contour to pick up a saddle
“hiding” behind a branch cut, one is not performing the same integral as in the original
real time contour.

Let us consider again the Eckart barrier. V(z) = Vysech?(az), and investigate the
analytic structure of the time domain propagator in more detail. Branch point structure of
G*¢(z2,T: z,0) in the complex time plane arises from that of the action Sy(z5.z,, T') which
in turn arises from that of the classical energy function E(z;,z2,T) defined implicitly by
(3.5). In the case of the Eckart barrier, we have

T = (3.12)

1 (sinh(ezs) + \/cosh*(azy) — Vo/Ey
av2mEy sinh(az) + /cosh?(az;) — V,/Ey .

As this expression does not lend itself easily to inversion we show there is a branch cut
singularity as asserted above in a more indirect fashion. First we argue that the integral
of e’2T/AGsc along the contours C; (real-time) and C, (through the complex stationary
phase point) shown in figure 3.7 are different. with the help of an observation made in
Sect. 3.3. We assert that the non-physical endpoint-dependence of the exact integral along
the real-time contour C) discussed earlier, which persists at £ < V, as A becomes small
(figure 3.6), is not present in the exact integral along contour C,: it does not appear in
the stationary phase evaluation along that contour which the exact integral along Cs must
tend towards as i becomes small. Thus the integrand cannot be analytic between C; and
C>. We note in contrast that the endpoint dependence for £ > V, diminishes to zero as
h — 0, in accordance with the fact that the evaluation by stationary phase (where. for such
energies, the critical point lies on the real axis) is endpoint independent. Thus a singularity
of the semiclassical propagator lies between the contours.

Next we deduce this singularity is a branch cut, by pointing out that E(t) (and
therefore G*¢(z,,T;z,0)) is a multi-valued function of time. It is clear that time is a

multi-valued function of energy in the classical time-energy relation for the sech® barrier
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Figure 3.7: Integration contours for time-energy Fourier transform of the semiclassical
propagator.

(3.12), with branches differing by 27i/(av/2mEy), reflecting the behavior of the trajectory
through (possibly complex) turning points. What is perhaps not so clear. is that the inverse
function. energy as a function of time, is also multi-valued. To see this. due to the lack
of a closed form for the inverse function, we must resort to a numerical search for the E,
which solve (3.12) for a given T. This reveals in fact a countably infinite number of possible
complex roots: for example, for real time, there is a unique real E, > V, representing
the classically allowed path and the complex solutions represent trajectories with complex
initial momentum leaving z,, then bouncing between complex classical turning points before
reaching z,.

We emphasize that there are no such branch points in the case of the inverse

t

harmonic oscillator. For the potential V(z) = —3w>z? we may solve exactly for the action
P 3 y

as a function of time:

mw? 2 2
S(z2,2,.T) = ” - ((1:1 + z3)coth(wT/v/m) — 23:[:z:gcosech(wT/\/H))

As semiclassics in the time domain is exact for this potential, an exact Fourier transform
of the semiclassical propagator gives the exact result. Also the stationary phase evaluation
of 3.6 may be done and yields a good and legal approximation as there are no intervening
branch points to prevent the deformation of contour into the complex plane.

The analytic structure of the trajectory of a particle of energy E gives us some
insight into the different, but related, analytic structure of the action which we have been
discussing above. Approaching the barrier from the left at energy E < V,, there are two

choices at the barrier: either to continue taking real time steps for total time 7 and turn
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Figure 3.8: Trajectories of £ < V, and branch structure of zZ(t). z£(t) is multi-valued:
shown explicitly are a tunneling path (1), complex-time, and a reflected path (2), real-time.
(1) returns to the real time axis through the dashed line (see text).

around or take imaginary time steps and be transmitted through the barrier (figure 3.8).
Once through to the other side, to return to the real time axis with the same total time
T that the reflected path traveled for, we must take imaginary time steps to cancel the
imaginary time gained from passage under the barrier (the dashed line in the figure). For
barriers which flatten out, this results in a complex final endpoint and final momentum.
We thus have two trajectories with the same initial conditions which in the same total time
have different final conditions: one with real position and momentum which was reflected
from the barrier and after time T is on the left side of the barrier, and the other with
complex position and momentum “on” the right side of the barrier (that, is the real part
of the position is at £ > 0). This implies a branch point as shown. In fact. there is an
infinite number of branch points stacked above each other, corresponding to the different
paths which “bounce” a different number of times inside the inverted barrier. as mentioned
earlier (see also [23]).

In the case of a harmonic barrier —%wzxz, there is no branch point; the trajectory
that has penetrated the barrier will in fact return to the left side of the barrier in imaginary
time due to the non-zero slope of the potential: explicitly, the equation for the trajectory is
z(t) = z(0)cosh(wt/\/m) + (p(0)/mw)sinh(wt/\/m), free of any singularities. This is quite

in contrast to the solution for the Eckart barrier V,sech?(az),

() = —sinh~! (, [Vo/E—1 cosh(\/2mE'at) /o +sinh=! (‘ VolE - 1) Ja + z(0),

which has branch points in the complex-time plane at times (n =0, 1, 2...),

1 E 1
t=+———|tanh~ Y/ = +ix(2n + =) | .
aV2mE ( Vo ( 2))
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Branch points of the trajectory in the complex-time plane arise from singularities
of the potential in the complex z-plane, causing singular behavior in the trajectory of
a particle which has approached this divergence after a particular series of complex time
steps. Whether a certain potential gives branch structure may be deduced from the relation
3.5: if. at energy E, we can reach a final z where V(z2) blows up, in a finite (complex)
time, by taking a certain sequence of complex dt and dz, then the trajectory has branch
structure. We see then for the sech?, equation (3.12), we can have z5 = iw/2 and a finite
complex time, but for the inverse harmonic oscillator a particle cannot reach the blow up at
Z = oc except at infinite times. An interesting case is a Gaussian potential V(z) = Ve <.
which blows up at £ = *z00: this point may in fact be reached in a finite time. which can
be roughly seen by the relation 3.5: as £ — +icc, the integrand vanishes and the resulting
time is finite.

We also suspect (although this is yet to be proven) that the larger |z||, ||, the
more “hidden” is T} behind the branch cut, where T is the complex time satisfying the
stationary phase condition at E < V,, for term A. This happens because of the large real
time propagation outside the barrier region. The contribution from T’} is equal to that from
the saddle point from term B at the real time Re(T}), as shown above. This is independent.
of any real-time contribution from term A (e.g. from a numerical FFT) which vanishes in
this limit of far endpoints. For small |z, |z2]|, term B does not exist. and the problem looks
harmonic. Indeed in this case the complex saddle point from term A is near the branch
point and a permitted contour deformation could pick it up. The distinctness of the A term

and integral through the complex saddle point is thus blurred in the small ||, |z2| limit.

3.4 Barrier Reflection

A similar analysis may also be applied to quantum reflection above a barrier.
Taking x5 = z to the left of the barrier in the propagator (3.1) involves summing over
classical paths which have returned after reflection from the barrier as well as the fixed
zero-energy trajectory. Clearly, these have energies below the barrier. Until a certain time,
real trajectories have not had time to reach the barrier and turn around: only the zero
energy, fixed classical path contributes to the semiclassical amplitude. Quantum above-
barrier reflection (process (2) of figure 3.1) plays an important role in this time regime as

quantum reflected amplitude interferes with the zero energy path. In figure 3.9, we show
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— \
Figure 3.9: A quasi-classical view of the propagator G(—10.7:-10.0) in phase space
(t = T/2, see text). In this intermediate time range, where there is nonclassical reflec-

tion, contours resembling above-barrier energy contours have formed. suggesting a quantum
reflection contribution.

the quasi-classical picture for reflection where now we take the overlap of the 7T'/2-evolved
line from z; with its mirror image through the z-axis. The latter represents |z;(—T/2)).
We see contours resembling energy contours above the separatrix (figure 3.1), classically
disconnected, but across which quantum above-barrier reflection occurs. At longer times the
classical reflection kicks in: it is at the shorter times that quantum reflection is significant.
In analogy to the tunneling case, we may evaluate the quantum reflection contribution at
time T', approximating the phase space distribution at an intermediate time by an energy
contour at the energy of the trajectory which has reached z = 0 at time 7/2. We then
analytically continue the semiclassical reflection propagator to this above-barrier energy.
Jjust as in the tunneling loop case. We plot the result in Fig. 3.10 where our quantum
reflection contribution (missing in the primitive semiclassical propagator) reproduces the

oscillations at shorter times well.
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Figure 3.10: The reflection propagator G(—30.7T: —30.0).
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Chapter 4

Quantization of Constrained
Systems as an Application of
Semiclassically Reduced Path

Integrals

We are often faced with the problem of having many degrees of freedom but only
being interested in the dynamics of a few of them. The example of an open system jumps
to mind, where a few degree-of-freedom system interacts with its environment which is an
infinite degree of freedom system. Although we only care to know about the few degree-of-
freedom system, the surroundings clearly affect its behavior and cannot be ignored. In the
spirit of this thesis, we ask whether semiclassical methods can help us to reduce the very
complicated description of everything to a simpler reduced description of just the system of
interest. We shall however not look at open systems in this thesis. Rather, in this chapter
we show how a semiclassical reduction of a larger system to a smaller one can be used in
an analysis of the quantization of constrained systems [25]. This chapter is based on part
of the work published in [25]. For completeness we provide a copy of the paper at the end

of the thesis.
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4.1 Introduction

There has been a long controversy over the proper way to quantize a constrained
dynamical system [6, 26, 27]: ambiguities arise involving terms in the Hamiltonian of order
K2 multiplying the Gaussian curvature. This work was originally motivated by an attempt
to clarify these ambiguities by considering constraints to be the limits of large restoring
forces as the constraint coordinates deviate from their constrained values. We find however
additional ambiguous terms of order %? arising from freedom in the constraining poten-
tials [25]. This indicates that the classical constrained Hamiltonian or Lagrangian cannot
uniquely specify the quantization: the ambiguity of directly quantizing a constrained sys-
tem is inherently unresolvable. There is however no problem with any physical quantum
system. which cannot have infinite constraint forces and always fluctuates around the mean
constraint values. In [25], the issue is addressed from the perspectives of adiabatic approx-
imations in quantum mechanics, Feynman path integrals. and semiclassically in terms of
adiabatic actions. Here, as a demonstration of using semiclassics in this interesting problem.

we present just the path integral approach. We refer the reader to {25] for more discussion.

4.2 OQutline of the problem

There are operator ordering ambiguities in quantizing the kinetic term. Canonical
quantization would give K = —%%a—‘zf(g‘j \/5%) however it is not clear whether this
is “correct”: the kinetic term g¢;;¢*¢?/2 = ¢”p;p;/2 = p - p/2 is mixed in its coordinate
and momentum dependence. These ambiguities, at order %2, are proportional to the local
Gaussian curvature of the constraint surface, which is the only available coordinate-invariant
quantity. So for constrained systems with flat constraints (e.g. the simple pendulum or a
particle confined to a one-dimensional curve), the ambiguity does not arise; for systems
with constant curvature (e.g. motion on a sphere) it leads only to a physically unobservable
shift in the zero-point energy, but for the generic case of varying curvature. the ambiguities
are very relevant.

In the path integral method, the ambiguity arises in choosing how to incorporate
the metric into the kernel and in deciding at what point in the infinitesimal time interval
to evaluate functions of the metric (6, 27]. Two commonly used kernels give answers that

differ by an effective R/6 contribution to the Laplacian (and naturally enough both differ
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from the canonical quantization result). These issues are discussed at some length in Ali’s
recent paper [27].

We approach the problem in a different way by considering constrained systems as
part of a larger system allowing the constrained dimensions to have freedom: the constraints
arise from the limit of tightening the forces in their degrees of freedom. The principle gov-
erning our view is that arriving at a unique quantization is essential only in real. physical
systems. For example, quantization of the usual rigidly constrained classical double pendu-
lum is not a physical problem, because the requirement that the pendulum lengths remain
exactly constant is not realizable. To make the problem as close as possible to physical, the
constraints should be imposed through a limiting procedure, fluctuations remaining physi-
cally allowable along the way. This embodies the idea of classical constraints arising as the
limit of ever larger restoring forces normal to the constraint surface. an idea discussed in
Arnol'd, for example [28]. In this way the constraint coordinates appear as part of the full
dynamical system in the usual Euclidean metric. As the constraint forces are increased.
the constrained degrees of freedom acquire a very high frequency, and their actions remain
adiabatically constant as the slow variables move. This however does not imply that the fast
variables (which we here call the r—variables) are energetically decoupled from the slow (§—)
variables. We shall find that different limiting constraint potentials give the same classical
constrained motion but different quantum dynamics at order A2. The uncertainty principle
requires that in any real physical system there will be quantum fluctuations around the sur-
face of constraint. By examining the effects of these fluctuations in the limit of ever tighter
constraints. we find unavoidable ambiguities in the quantum dynamics along the surface of
constraint. In [25], the analysis was performed in three different ways: a Born-Oppenheimer
type approach to deal with adiabatic processes, a Feynman path integral approach and a
semiclassical one based on considering the adiabatic action invariant. Here. we discuss only
the path integral method, as mentioned earlier, as an example of applying semiclassical

techniques to reduce a larger degree of freedom problem to one in a smaller space.

4.3 Semiclassical Path Integral Reduction

A path integral analysis shows that quantization on the constrained surface is

ambiguous at order 2.
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The Lagrangian L on the full space is given by

L =395¢'¢ - V(a) - Ala) (4.1)
where g;; is the flat metric for the full space and V is the potential. The additional potential
V) enforces the constraint in the limit A — oo. Classically we require V) to have the same
value everywhere on the constraint surface S, for each A\. Now locally, near some region
of the constraint surface S we may separate the coordinates ¢ into “slow coordinates™ 6
parameterizing S and “fast coordinates” r orthogonal to the surface. We will be looking for
an effective theory of the coordinates # when the constraining potential [74{7(1') allows only
small fluctuations in r (small compared to the length scale associated with the physical
potential V', the curvature scale of the constraint surface S, and the scale on which I:’/\”
varies as a function of §). Our approach will be to use the full propagator corresponding to
L to evolve an initial state of the full system and then to reduce the description on the full
space to that of just the #-coordinates using semiclassical techniques throughout. We take
the initial density operator to be the “product” state I\Dgl){) ® |@). where the initial state
of the fast variables is the (purely real) ground state \Ilgl){(r), with 0 regarded as a fixed

parameter. ‘D(&){ is the ground state of the fast Hamiltonian

H, = -f;i%%@‘w%) + W) (42)
where ¢ and j are summed over the fast variables only and the metric is evaluated at a fixed
value of §. Note that g here is the determinant of the full metric on the (r,#) space.

In order for the quantum mechanics to have a sensible semiclassical limit. the

energy of the ground state Egl?t’ defined by
Hy UGy = EGRUGh, (43)

must be §—independent, for any A, to avoid infinite torques acting on the slow variables.
Also the energy of the first excited state must be well separated from it, with the separation
growing with \. One way to do this is to take V}(q) = Av(q), where v is a smooth function
vanishing on the constraint surface and having its minimum there (but with a non-singular
second derivative matrix with respect to the fast variables). Near the constraint surface,

the constraining potential will have the harmonic oscillator form

Vi(r) =riADr + 0(r%), (4.4)
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where the matrix function A(® is smooth. The ground states \II((?I),L will to first approximation

be harmonic oscillator ground states with spatial extent of order £/2/A!/*4 and energy Fgr
of order A\'/2. The matrices A® can easily be adjusted to satisfy this condition. In the
case of more than one constraint variable, this still allows for much freedom in the function
A® and the resulting eigenstates \Pgl){ (energy can flow from one fast degree of freedom to
another as a function of 6. as long as the total energy remains constant). One may choose
to adjust (some of) the an-harmonic parts of the potential as well but this is not really
necessary or natural.

We begin with the propagator on the full coordinate space. Because the space
is fat, this is given by the usual Feynman prescription I D(q(7)) exp(:S(q(7))/h) where
S(q(7)) = [ L(q(7),4(r), 7)dT. We extract the effective dynamics for the “slow” variables
6 by performing a trace over the “fast® variables r in the adiabatic limit. Specifically.
we calculate (67|p(t)|6,) where p(t) = Tr.(W(t)) is the trace over the fast variables of the
density operator W(t) on the full space. The time £ is taken to be small on the time scales of
§-motion but r may undergo many oscillations during this time. Noting that the evolution
of the full density operator is given by W (t) = e ‘AW (0)e*# /", and inserting identities

in the form of complete sets of states, we have

(eflp(t)laa) = /deTldrﬂdoldell(alee—th/ﬂ!elrl) (9’T"W(O)[9”T”) (01lrllleth/ﬁ.leoR> .
(4.5)
Replacing the two propagators by path integrals. we then have
a(t)=¢ 6(t)y=8, _ -
Olo)16n) = [do'de” [~ "Do(r) [ " Diir)p)e (@) F (6(r).0() . (46)
8(0)=0' 4(0)=g"

where
F(0r).0r) = [ dRar'ar”

r(t)=R f(t)=R . . o 12 ’
X /r(O)-r’ Dr(r) /F(O)-r” 'D;(T)els(n/h-zs(-)/h\pgR)(T_u)‘p((gR)(r,) .
(4.7)

S = S(r(7);6(7)) and S@ = S’(F(‘r);é(’r)) are the actions along the respective paths.
In performing the path integrals over the fast variables, 8(t) (6(r)) is to be treated as an
external forcing function with the property 6(0) = 6, 6(t) = 8 (resp. (0) = 6", 6(t) = 4,).

We evaluate F using stationary phase with respect to A& on the path integrals,

trace, and the integrals over the intermediate fast variables. In fact the stationary phase
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approximation becomes exact in the adiabatic limit: we shall now show that the errors due

to stationary phase evaluation are of order £'/2/A!/4, so they vanish as A\ — oc. Recall that

5 ) o f"(zn
/ g(z)e @ g~ 3 f?,’(” g (za)e (=) (H—O(h”'}%)), (4.8)

where the sum is over stationary phase points z, satisfying f'(z,) = 0. Stationary phase
evaluation of path integrals, although different in the details, scales in the same way. f(z)
corresponds to the action S. The stationary paths are the classical paths and we now
argue that Sy ~ O(A!/?) to leading order in A. The leading behavior of the action in
the fast variables arises from the kinetic term in r and the constraint potential: L, ~
;777 /2 — VI (r), where the sum is over fast variables only. This Lagrangian corresponds
to the fast Hamiltonian of Eq. 4.2 which gives harmonic motion for r at least throughout
the range of the fast variable ground state. Because the initial fast state is this ground

state. the leading behavior of *5/" gives
[ar' [ Drn)es U maGl ) ~ emiEerting ) (4.9)

where we note again that Egr ~ O(fV/A) is required to be f-independent. This shows
the leading behavior of the action on the ground state is simply to multiply it by an
evolving phase. The fast variable r(t) remains in the domain of harmonic approximation
to the constraint potential. Sub-leading terms are a factor of 1/v/A smaller. Thus the
dominant behavior of the action and its derivatives is simply that of a harmonic potential
of frequency O(v/X). The errors in the stationary phase evaluation of the path integrals are
of order A}/2/Al/4, vanishing in the adiabatic limit. The errors in using stationary phase
to compute the trace and integrals over the intermediate variables 7' and r” scale in the
same way. In the harmonic approximation to the action and the ground state it is readily
seen that the stationary phase points are R = ' = v = 0, the constrained value of the
fast variable. Corrections to this approximation due to sub-leading terms vanish in the
adiabatic limit, A — oo.

We have then,

' -1/2 , 0") -1/2
- 2 1nw¥) 82 In ¥
F(6(r).6(r)) = (ar—,,_“ (—a—,m‘i
1/2 1/2
82S§11)I/ 825 / LS /is n (4.10)
OROr! dRor" ’ )
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where the derivatives are evaluated at R = ' = r/ = (. Séll)(resp. ng)) is the action
along the classical path starting and ending at the constraint value r = 0 subject to the
Lagrangian of Eq. 4.1 with 8(7) (resp. 6(r)) treated as an undetermined forcing function.
In the adiabatic limit. we shall now show that the action exponent is just the action for
the reduced slow variable system on the constraint surface, i.e. the action we would have
written down had we begun in the reduced space. The kinetic term in r together with the
constraint potential give a §-independent term in the exponent as discussed above. This,
being a constant energy shift as far as 4 is concerned, can be neglected. The mixed kinetic
term goes to zero: we may expand g;;(r,6) about » = 0 and take functions of 8 out of the
time-integral as they are slowly varying functions of time:

o = i [* i 89ij s5; [ . p
/gi](‘f‘, 6)7‘ Gldt = gij(o, 9)6‘1/(; r'dt + a—rp—e'l‘/o rirPdt
+ O(R2/AMY (4.11)

where the derivatives of the metric are evaluated at r = 0. The first term on the right-hand
side is zero. since the integral gives r*(¢) — r*(0) = 0 due to the stationary phase condition
on the endpoints. For p = i, the integral in the second term is zero for the same reason (the
integrand is d(r*2)/dt). For p # i the integral averages to zero, because different directions
of the fast variables generically oscillate at different frequencies. The higher order terms in
the expansion vanish in the adiabatic limit (they involve at least two powers of r but only
one power of 7 so scale at least as (&/AY2)(A/2A1/4)). We are thus left with the kinetic
term in the slow variables only, with the metric evaluated at the constraint value for r.
Inserting F (9(7’),5(7’)) into Eq. 4.6 gives the reduced density matrix at time ¢.
This factorizes into a part involving (6,8, and 8()) and a part involving (6, 8,, and §(7)).
This implies that the reduced density matrix factorizes: (8f|p(t)|8,) = (0r16(£))(6(t)]6,), t.e.
the final f-state is pure and so we may describe it in terms of a wavefunction. Adiabaticity

has thus uncoupled the fast and slow degrees of freedom. We have
#(65.t) = [ a8 [ Do)A@ 506,00 (4.12)

where
1/2

] =1/2 1
azmq'é’%‘lr_o) e (4.13)

A(6(7)) = (—61'2— = | aRor |R=r=0

S = Séll ) is the action function for the § variable on the constrained surface: § = [ Ldt
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where the Lagrangian is L = %g,-jéiéj — V(8), with g;; now the metric on the curved space
defined by the constraint surface and the sum is over the slow (6-)variables only.

We may compare this to the expressions discussed in Ali, where one works in
the reduced space from the start. Different Feynman kernels are postulated to attempt to
account for the curvature of the constrained surface [6, 27, 3]. There, for infinitesimal time
L,

5(07.t) = / dQ8)G(8,6,)e"/m(8.0) . (4.14)

dQ(8) = \/g(8)dd is the volume element at §. Candidates for G(6. f¢) which are often
considered in the literature include the identity operator and g(6) ~"/*D/2g(6;)'/*, where g
is the determinant of the metric on the curved space, and D is the Van-Vleck determinant
(D = det(—8%S5/0006 £)). The different choices give rise to Hamiltonians which differ at
order A2 by a certain fraction of A2R. Ali demonstrates this by choosing locally normal co-
ordinates £ to evaluate the integrals and considering infinitesimal time so that the exponent
and prefactor can be expanded in £. The action exponent is then at lowest order (in &)
quadratic, and the resulting Gaussian integrals are readily performed. Ouly the even order
terms in the expansion of the prefactor about the initial value 8 contribute. The ¢ — 0
limit is taken and an effective Hamiltonian can be extracted from the resulting differential
equation. The expansion of the potential exponent and the initial wavefunction give the
Hamiltonian —A2V2/2m + V, and it is the quadratic term in the expansion of mc(f )
that gives rise to the A%R discrepancies in the effective Hamiltonian. (Higher order terms
give corrections at higher order in A.)

The key point is that we may apply the same manipulations to our Eq. 4.12.
where A(8(7)) plays the role of the prefactor \/g(8)G(f). Transforming to locally normal
coordinates in which there are no linear terms in the action exponent. and expanding A(6(7))
about 6 leads to finite A? corrections in the effective Hamiltonian as in Ali’s approach
described above. However, it is important to recognize that our corrections emerge from
reducing the full, unambiguous coordinate space evolution down to the reduced curved
space by taking the constraint limit, whereas Ali’s corrections arise from using a modified
Feynman kernel for curved space. We observe that our corrections depend not only on the

curvature of the space but also on the details of the constraining potential.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5

The Whisker Map

In this final chapter we step out of the relative security of integrable systems: we
study the quantization and quantum dynamics of a classically chaotic system. the whisker

map, or separatrix map.

5.1 Introduction

The separatrix plays a crucial role in determining the behavior of dynamical sys-
tems. Indeed, even in fully integrable systems the separatrix trajectory is a very special
one, being at the border between qualitatively different motions e.g. rotational motion and
vibrational motion. It is perhaps not surprising that turning on even the slightest pertur-
bation may cause the motion near the separatrix to go hay-wire, as trajectories are thrown
between regions which are very close in phase space yet topologically completely different.
Generic systems are not integrable, and can be characterized by a mixed dynamics: stochas-
tic regions of phase space separated by regular stable regions. Typical first-order analyses
of such near-integrable systems result in a pendulum Hamiltonian around resonances, and
a closer look reveals a stochastic layer around the separatrix. Rather than joining smoothly
as in the case of the integrable pendulum, the unstable manifold of the separatrix leaving
one hyperbolic fixed point intersects transversely the stable separatrix manifold entering
a neighboring hyperbolic point an infinite number of times, oscillating wildly between the
intersections: even the smallest perturbation renders the stable and unstable manifolds of
the hyperbolic fixed point no longer degenerate. These homo/heteroclinic intersections with

their infinitely increasingly tight loops create extraordinarily complicated behavior near the

70
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separatrix, yet this happens not in exceptional systems but rather it happens generically.
Moreover, near the separatrix of a primary resonance there is an infinite number of sec-
ondary resonances, each armed with its own series of elliptic and hyperbolic points, together
with the wild motion of the separatrix manifold, which intersect each other as well as the
primary resonance. Stochastic motion thus engulfs the original separatrix. The width of
the stochastic layer depends on the strength of the perturbation. as we will discuss later in
this chapter. As the strength grows, more invariant tori bounding the stochastic layer are
destroyed and eventually primary resonances begin to merge. leading to global stochasticity.
It is at the separatrix that the seeds of stochasticity are sown.

Arnol’d introduced the terminology of “whisker” for the branches of the separatrix
[32] (perhaps in fond (or not so fond) honor of his cat map). There are “departing” and
“arriving” whiskers depending on whether the branch approaches the “whiskered torus”
(hyperbolic point) as time ¢t -+ —oc or ¢ — oo. Chirikov was the one who came up with the
whisker mapping to describe what happens to these separatrix branches [30]. In generic.
near-integrable systems it is clear that the whiskers grow in a far from straight fashion. It is
their highly complicated weaving and tangling that the whisker map describes. Stochasticity
is born at the separatrix and so the whisker map is instrumental in helping us to understand
chaos in generic systems. In section 5.2, we present the classical whisker map and discuss
some of its properties.

The quantum mechanics of integrable systems is now on pretty solid ground and
its relation to the underlying classical mechanics is also well understood. Semiclassics
provides this link: loosely speaking, one may think of the quantum mechanics as composed
of classical trajectories put together with phases determined by classical actions and Maslov
indices and weighted by classical probability densities. EBK quantized energy states live
on the invariant tori of classical phase space. To paint the complete quantum picture
and describe classically forbidden processes such as diffraction and tunneling, extension
into complex coordinates must be made. Most systems however are not integrable. The
quantum mechanics of systems with a chaotic component is not so well understood, although
tremendous progress has been made in the last 30 years. Much insight has been gained
into the statistical properties (e.g. eigenvalue spacing and eigenvector distributions) of the
quantum mechanics of fully chaotic systems ([29]). Near-integrable systems, with their
mixed phase space, are less understood yet of fundamental importance since typical atomic

and molecular systems fall into this class. The fuzzy separatrix is ubiquitous in the phase
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spaces of generic near-integrable systems. It is clear then that the quantization of the
whisker map raises many fascinating questions: what do the quantum states look like and
how do their phase space representations compare to dynamics in classical phase space?
what does semiclassics say for this system? do states localize? what can we say about
the onset of rapid transport between two states in the quantized system as opposed to the
classical system? how does the quantum mechanics “smear” over chaos, with the help of
a finite Planck’s constant? is there tunneling across the stochastic sea. and if so how does
it compare with tunneling across resonance zones? We will address only some of the above
questions in this chapter (sections 5.3 and 5.4) : the tunneling issue is described only briefly
at the end and is left to future work.

From a practical point of view, one can, for example. use the classical whisker map
to determine the onset of chaos and hence ionization of orbits near the potential turnover
in a hydrogen atom in a microwave field in the presence of a static field [33]. It would be
interesting to see what quantum mechanics tells us about this system.

The whiskers of the separatrix play a central role in spawning stochastic motion
in classical mechanics: we hope that a quantization of the whisker map will be enlightening

for the study of the quantum analogues of such systems.

5.2 The Classical Map

We begin by briefly describing how the whisker map arises in near-integrable sys-
tems. Details may be found in [30, 31]. Consider the general perturbed two-dimensional
Hamiltonian H = H,(J) + eH;(J.0). Although a power series expansion may be used in
some regular regions to solve for the motion, it fails completely and blows up near a reso-
nance, where the trajectories acquire a modified topology. Techniques of secular perturba-
tion theory have been developed to deal with this difficulty and result in a one-dimensional
pendulum Hamiltonian for the modified “slow” action variable p with associated phase ¢
near the resonance rw; (J) +sws(J) = 0, with the “fast” modified action I becoming an adi-
abatic invariant. The process involves averaging over the new angle § which is much more
rapidly varying than ¢; the latter measures the slow deviation away from resonance. How-
ever, to describe the motion near the pendulum separatrix, the averaging is not valid: at the
separatrix the local frequency w, = ¢ tends to zero, so has an infinite number of secondary

resonant interactions with 6. The terms discarded in the averaging spawn a stochastic layer
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around the separatrix. Reinstating these terms gives, in essence, the Hamiltonian for a
driven pendulum [31],

1
H=Ho(I) + isz — eF cos ¢ + eA cos(d — /7 + x)

The terms in G and F describe the pendulum in the slow variable. and are related to the
second p-derivative of the unperturbed Hamiltonian H, and the r : —s Fourier coefficient in
the perturbation H; respectively. Only the largest term (A) that was neglected in the aver-
aging has been reinstated. since higher Fourier coefficients fall away rapidly [31]. Another
simplification, which does not affect the aspects of the behavior much [31], is to consider
6 = Q as fixed. The whisker map is then the mapping of the action [ and the phase 4 at
the nth crossing of the surface of section at ¢ = 7. This is a convenient surface of section
in which to study the separatrix layer since the unperturbed (A = 0) motion is simply a
straight line; when A # 0 a layer of fuzz appears around the line. Also. there is much going
on in just one iteration of the mapping: in the infinite time it takes to come back to ¢ = +.

0 may undergo many oscillations. One obtains:

I'= [ —ksing

g = 9+Amlﬁ (mod 27) (5.1)

Relating the parameters back to the two-dimensional Hamiltonian problem. k& =
8wAQ2e™%/2/F where the frequency ratio Q, = Q/rw, with w, = VeFG. and A = Q,r.
We refer the reader to [31] and [30] for details.

The whisker map is defined on the cylinder. The logarithmic divergence of the
angle at the separatrix is familiar from the behavior of the period of a pendulum there.
The jump in the action involves an improper integral over all time known as the Melnikov-
Arnol’d integral. We refer the reader to the literature [30, 31| for the details and for
the identification of the parameters £ and ) in terms of the original parameters of the
two-dimensional Hamiltonian. There are essentially two independent parameters in the
classical whisker map, A and k, which act in very different ways as will be shortly described.
I, simply translates in action space and c can be absorbed into a scaled action. In our

numerical work c is taken to be 1.
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We observe that the whisker map is also obtained as the mapping in a y—p, surface
of section of the potential v(z,y) + ew(z,y), where v(z,y) is of the form v(z,y) = y2/2 +
cos(z) and w(z, y) is a perturbation. The mapping is whisker-like near y, = \/2(1 — cos(z,))

where z, is where the surface of section is erected.

5.2.1 Properties of the classical whisker map: I

Fized points, their stability, width of stochastic layer The shearing of the angle,
wrapped back to the fundamental circle, together with the resulting pseudo-random jumps
in the action lead to stochastic motion in a layer around I, (see figure 5.1 for example). The
width of this layer depends on the shearing parameter A and the jumping parameter k. We
can take the two parameters to be as small as we like (but non-zero), yet may still expect
instability if we get close enough to I, due to the blowing up there of the logarithmic shear
of the angle. This is of great consequence in non-linear systems: sufficiently close to the
separatrix of the pendulum a stochastic layer always exists. however small the perturbation
parameter. As the perturbation parameter increases the instability seeded here grows to
eventually fill the phase space.

There is an infinite number of fixed points of the whisker map:

[ =I,+ce /X g . =0orm (5.2)

where 7 is an integer. Their stability is determined by whether the trace of the linearized

map at the fixed point M, has magnitude greater (unstable) or less (stable) than 2:

ar  ar
al a8

M, =
r 30° ag

8l 99

Ak

2+ iI—r:—m’COSQr (53)

Tr(M;)

All fixed points with |[, — I,| < M\k/4 are unstable. The infinite number of un-
stable fixed points in this action slice converge together exponentially to [,, their unstable
manifolds overlapping. The fixed points (6, =0, I, > [,+Ak/4) and (6, = 7, [, < I,—Ak/4)
are also unstable. Stable elliptic fixed points exist at (6, = =w.I. > I, + Ak/4) and
(6r =01, < I, — \k/4).
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Figure 5.1: Classical whisker phase space: A=3.k =2.1[, =0

The islets of stability are clearly seen in the classical phase space in figure 5.1
where we have chosen parameter values £ = 2, A\ = 5 and seeded 50 random initial condi-
tions and iterated the map 400 times, plotting the points at each iteration. As we would
expect from eqn 5.1, the phase space remains unchanged if we flip the sign of the action-
minus-/, and add w to the angle. Also visible are the stable and unstable manifolds at
{Ir — I,| > 10. The motion appears stochastic for roughly |I. — [,| < 10, except in the
islets. To understand this. we improve on the local stability analysis above by transforming
the behavior around these first-order resonances to local standard mappings. The effective
non-linearity parameter ks of the local standard map then tells us about the stochasticity
in that region. Expanding the logarithmic shearing term around the fixed point action
In|I - L| =Wl — | +8[/(I. — I,) + O(6I)?> where 6I = I — I, we find that the whisker
map locally looks like

P = P+keffsin6
9 = 9+ P (5.4)

This represents a standard map in variables
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with effective nonlinearity parameter

Ak
[r - Io

ks = kefp = (5.6)

Work pioneered in [30] and developed by many. in particular by Greene [34], has
shown that a standard map with &, > k. => 0.9716354... is globally stochastic (see also
the next section and appendix): a trajectory started in one area of phase space eventually
travels over almost all of it excluding only isolated islets of stability which shrink as k,
grows. This implies that the half-width I, of the stochastic layer in the whisker map is

L. ~ Mk /ke (5.7)

This is supported by the phase space pictures, one example of which is figure 5.1.
where the motion appears stochastic for [ — I,| < I and regular for |I — I,] > I.. Observe
that even for the smallest non-zero )\ and k there is a thin stochastic layer around the
separatrix. This is further emphasized by the following relation between the parameters
of the classical map: if we decrease k — kexp(—2w/)\) the map is unchanged provided we
scale down [ — [exp(—2m/)). Notice the deformation of the KAM surfaces and periodic
orbits: k gives the phase space contours a curvature as a function of the angle, which is
evident in the pictures. A perhaps truer border between stochastic and regular motion is
something like /. + & sin#.

We note that the degree of stochasticity grows as the action moves deeper into the
stochastic layer. The parameter k. increases from critical (k.) at the layer’s border to
infinity in the middle at I,. As a consequence, deep inside the stochastic layer the motion
is very random and leads to diffusion in the action (sec. 5.2.2). Further out, the phase
space has more structure: in addition to the islets of stability, there are cantori, remnants
of KAM invariant tori which slow down the diffusion. There may be several effective cantori
within the layer, increasing in their “strength” in inhibiting transport (i.e. becoming less
broken up) as the border with the regular region is approached. We shall discuss this in

more detail next.

5.2.2 Properties of the classical whisker map: II

Dynamics: diffusion and cantori Deep inside the stochastic layer, the effective

standard map parameters become very large and approach infinity as I — I,. This leads
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to diffusion in the action in the classical whisker map: Given k and . for I close enough
to I,, the change in the angle is large enough such that from iteration to iteration after
wrapping back to the domain 6 € [0, 2), there is almost no correlation or memory in the

angle. Consequently, it is as if the action is subject to a random force

(@) = (1(0)
(I(t)*y = (I(0)®)+ Dt, D =k*/2 (5.8)

where () represents an ensemble average over many trajectories with initial action I(0).

This follows under the assumption of no kick-to-kick correlations. The diffusion out to
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Figure 5.2: (a)Classical diffusion in the whisker map A = 10: (AI?) for a set of initial
conditions with O action. The initial slopes agree with equation 5.8. (b)Later, diffusion
is impeded by cantori. This graph shows the maximum action in the distribution, A =
10.k = 2. Also a scaled square root of the dispersion in action is shown. The dashed line
corresponds to unimpeded diffusion given by eqn 5.8

the regular region is however impeded by barely broken KAM tori (“cantori®) further out
in the stochastic layer (see figures 5.2 and 5.3). To understand what these structures are
and where they lie, and how much they hang up the classical transport, we shall now
briefly review some classical theory of non-linear dynamical systems. In the appendix more
detail concerning this is provided. The reader is referred to the papers in the references
(34, 35, 36, 37, 38, 39, 40, 43].

In integrable systems all trajectories lie on invariant tori. The winding number
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Figure 5.3: Classical evolution of 20 points initially with random # and 0 < I < 1. A =
10,k = 2. The borders of the distribution at each time shown are at cantori: ¢ = 20 shows
the cantorus at winding number 4 — v~2, ¢ = 300 shows that at 4 + v~2; ¢t = 3000 shows
that at 5 —y~2 (see text). Finally (¢ > 30000) the outermost cantorus is penetrated and
the distribution spreads to the border with the regular region.

w = 1/r characterizes the trajectories: for example in the whisker map, when k£ =0, if

mm=i=%q

Wo

[

I—Io

(5.9)

is a rational number p/q where p and ¢ are relatively prime integers, then the corresponding
trajectory is a series of regularly spaced points which repeat after q iterations i.e. a period-
q orbit, or g-cycle. If r, is irrational, the points never repeat, rather they eventually fill
the line at I. The rationality or otherwise of unperturbed winding numbers is of great
consequence when a perturbation is turned on: Stochastic orbits appear, ones that fill

out somewhat randomly an area in phase space (rather than living on a line or a set of
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points). Some of the periodic g-cycles and orbits of invariant irrational winding numbers
are destroyed completely and some persist, albeit deformed. In a perturbation theory
approach, one encounters the “small denominator” problem where deformations blow up if
the frequencies are commensurate. The KAM theorem [41, 31] states that for small enough
but finite perturbation, there are one-dimensional orbits on surfaces that as the perturbation
strength goes to zero, go continuously into surfaces with irrational winding number w. w
must be irrational enough so that there exists ¢ > 0 such that |w — n/m| > ¢/m?>5 for all
integers m.n.

Such KAM tori are the last to be destroyed as the perturbation strength increases
and they confine other (stochastic) trajectories to lie on one side or the other of the tori.
Greene found (see appendix) that the last surviving KAM curve for the standard map (eqn
5.4) has winding number +(y £n) = £((v/5 + 1)/2 £ n) =~ £(1.618 + n) where v is the
golden mean and n is an integer.

Note that for the standard map, the winding number is simply 2x/I. This curve
remains robust as the standard map parameter k; increases from 0 to ks = k. = 0.9716354...
[34], when it breaks up and global stochasticity sets in. The golden mean (and its integer
relatives) is, in a sense, the “most irrational” number: the continued fraction representation
consists of a series of ones (see appendix). Other irrational winding numbers w correspond
to trajectories that lie on an invariant curve under small perturbations but they break up at
parameters k¥ < k.. At the break-up parameter, the KAM curve acquires a scale-invariant
fractal structure; this is called a cantorus. A cantorus is an invariant set with an infinite
number of infinitesimal gaps ([36, 42]) and present partial barriers to motion across itself
for ks > k¥ (but not too big), invalidating the diffusion picture. (Of course, for smaller
ks they are complete barriers to transport, and for much larger ks they totally disintegrate
and diffusion may proceed rapidly, as in the stochastic region).

For the whisker map it is not surprising that the strongest restraints on the diffu-
sion in the stochastic layer arise from cantori with winding number +(v + m), for integer
m. The unperturbed winding number w, is related to the action by equation 5.9. The
parameter A lays down the structures in phase space (islands, cantori); properties such as
their size and stochasticity depend on both A and k. Typically there are several cantori
corresponding to winding numbers w = m £ vy~2 which are “effective® within the stochastic
layer, with varying degrees of “broken-ness”. (Note that y™2 =1 —~v"! =2 — v =~ 0.382.)

Those near the outer border of the stochastic layer are close to critical and present much
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stronger impediments to diffusion than those further inside the layer; this is as suggested by
the local standard map parameter at the cantori (equation 5.6). For example, in figures 5.2
and 5.3, there are three cantori evident, corresponding to winding numbers 4 —y~2 4 +~~2
and 5 —y~2 at |I — I,| = 9.7,15.7,18.2 respectively. These are of course the values of
unperturbed actions: k curves the manifold as is evident in the phase-space pictures. The
classical distribution gets hung up at each for some time, which is longer the further out
the cantorus is. before escaping further out into the stochastic layer. Of course. ultimately
it fills the phase space (except for the islets of stability) up to the regular region (figure
5.3). It is also important to note that each cantorus has a “width” which represents the
range in action around the cantorus in which the transport is slowed down due to closely
neighboring irrationals (see also appendix and section 5.4.3).

As k increases, the cantori become weaker and the inner ones may disappear (i.e.
totally disintegrate) as new ones appear at the growing edge of the stochastic layer. Whether
in fact there is an exactly critical cantorus depends on a subtle conspiracy of parameters to
produce a golden mean winding number at the border of the stochastic zone: one would need
Ak/k. = exp(2m(m £ 1/4*)/)). In figure 5.4 we have zoomed in on the border between the
stochastic and regular regions in the whisker map with parameters A = 10.k = 1.77. There
is a critical cantorus at winding number 5—+v~2 at action I = 18.7 (the parameter [, = 0.5).
Although the cantorus itself is not visible in this picture, which is limited by the number of
points iterated. what one can see clearly are the resonance island structures embracing where
the cantorus would be. One can make out a period 2, period 3, period 5, period 8 and period
13 chain, alternating between the two sides of the cantorus. Note that this structure is not
unique to cantori in the whisker map: the periodic orbit structure occurs around generic
cantori. These periodic orbits are called “convergents” to the KAM and they have winding
numbers which are successive truncations of the continued fraction representation of the
irrational winding number associated with the KAM. For the golden mean, the convergents
have period given by the Fibonacci sequence Fy =0, F; = 1, F;y, = F; + F;_; with winding
numbers F;/F;1- As i — oo this number approaches v. Our figure does not have enough
points to resolve the structure beyond the 13th level. (Of course for the winding number
n—v"2=n-2+7, n—2 should be added to the winding numbers of the convergents
and the KAM above). We refer the reader to the appendix and the literature for more
discussion.

The periodic orbit convergents are in a sense responsible for the fractal structure
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Figure 5.4: Classical phase-space near a near-critical cantorus at the border of the stochastic
layer.

at criticality; studying properties of these convergents leads us to scale invariance. Indeed
it was a study of their stability as a function of the nonlinearity parameter which led to
Greene’s result regarding the destruction of the last KAM surface in the standard map [34].
There is an extensive literature on the scaling behavior and renormalization group theories
near the cantorus to describe the “structure at all scales”. An analytic renormalization
approach (see appendix and [39]) can also give predictions for when the KAM torus is de-
stroyed and for the scaling exponents: in [39] a close approximation is found by considering
a renormalization procedure between two resonance chains; numerical work in [37] and [35]
developed this idea further. The behavior at criticality has universal characteristics: near
the critical break-up parameter for other irrational winding numbers and for other maps
one finds the same scaling exponents [35] and the same universal map. We expect that the
whisker map, being locally a standard map displays many of the same features. Qur interest
here is in understanding the dynamics near a cantorus: when does a KAM surface break
into a fractal set, what is the motion like near the cantorus , “how much” does it inhibit
diffusion across it and how all this depends on the parameters. We need to understand this
to understand the quantum mechanics of the full system. In the appendix we attempt to
briefly discuss these questions, which among others, have been throughly investigated in

the literature. One major upshot for us are the scaling relations: asymptotically, the map
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is invariant under the re-scaling [35, 37, 39|

B = op
A8 — ald
Ap — BAp
n=F. — F.~n/w (5.10)

where § x~ 1.628 is the scaling exponent for the non-linearity parameter p: o =~ —1.41(—1.69)
near § = m(0) and 8 = —3.07(—2.56) near § = =w(0). The non-linearity parameter
measures the distance away from criticality: for the standard map. p = k; — k.. The last
relation expresses time-rescaling, n being the number of iterations of the map, with scaling
exponent given by the irrational winding number of the KAM, e.g. for the golden mean
torus, w = v = 1.618. It is important to note that the values of @ and 3 correspond to those
at the dominant (subdominant) symmetry line (see appendix). which for the standard map
of the form in eqn 5.4 with k.fy > 0 are at w(0). This implies that for the whisker map.
at I > I,, the relations are as above, but at I < I, (where k. is negative), the dominant
and subdominant symmetry lines are at 0(w) respectively and the values of @ and 3 at 0
and 7 should be switched. As discussed in the appendix. the subdominant symmetry line
tends to cross a hyperbolic point of each periodic convergent, whereas the dominant line
contains an elliptic point of each periodic convergent. Notice that at both the subdominant

and dominant symmetry lines, the product of the phase-space scalings o =~ 4.34.

Flux through a cantorus

Perhaps the most important aspect of classical behavior near barely broken tori
for our study of the quantized map, is an understanding of “how much” a cantorus slows
down transport across itself. In the whisker map there are near-critical cantori near the
boundary of the stochastic and regular regions and not so critical cantori deeper in the
stochastic layer. A measure of the impedence each provides to transport is given by the
flux AW swept across the cantoral gaps in one iteration of the map. In the appendix we
discuss this in some detail. Essentially, one finds a curve through the cantorus that closes all
the gaps and computes the area between this curve and its iteration. The minimum of this
over all curves is twice the outward flux through the cantorus (appendix). This construction

gives what is often called the “turn-stile”. It is somewhat easier however to exploit action
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principles to compute the flux: as described in the appendix, the flux through a cantorus
is given by the action difference between the minimizing orbit (points on the cantorus) and
the minimax orbit lying in the middle of the gaps of the cantorus. The former minimizes
the action, the latter is a saddle point of the action.

The scaling properties of a near-critical cantorus make the computation of flux at
some k; near k. easier again for us. The flux follows a scaling relation that is not difficult to
guess from eqns 5.10. The flux through periodic orbit convergents AW, and that through
the cantorus AW, scale like

(@B) AWilke + 1/8") = AWg(u)

(aB)' AW, (ke + /&) — AW (p) (5.11)
(5.12)

The latter implies
AW (1) x " where 7 = 228 ~ 301 (5.13)

Inéd

That the flux scales as (Ak,)* holds for a surprisingly wide range of k,: in [38],
the authors show numerically that the diffusion in action goes as (Akg)® up to ks ~ 2.5. It
is natural to expect that global diffusion in action is limited by the diffusion at cantori and
thus is proportional to the cantoral flux, since it is the cantoral regions that provide the
most impedance to transport.

From calculations described in ref [36], where AW for the golden mean cantorus
of the standard map was computed by a study of the convergence of AW for the periodic

orbit convergents, we deduce the proportionality factor
AW* (ky) = 0.7(Aks)3 (5.14)

By universality we expect that the dependence here on the non-linearity parameter
(i.e. the scaling exponent 1) holds for general one-parameter maps and for irrational winding
numbers other than the golden mean, however probably with a different proportionality
constant.

Our interest is in the whisker map, and we shall exploit the fact that it is locally
a standard map to calculate the cantoral flux (section 5.2.1). We generalize equations 5.5
and 5.6 to the neighborhood of a cantorus, replacing I, by the action at the cantorus rather

than at the fixed point. Note that although we cannot strictly write the whisker map as
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a local standard map except close to a fixed point there certainly is a sense in which we
can associate an effective standard map parameter and corresponding phase-space scalings

anywhere inside the stochastic layer.

aw = Ha=Llpe (——’\k

A e — L)

et — L ( Ak )" _
0.7 TR (5.15)
0.7ce=2m(r=172)/A L _a

ce = (e =7~/ _ kc)" (5.16)

where the last line specializes to the case of a cantorus at winding number r + v~2.
There is another way to derive the whisker cantoral flux. One can express the
dependence of equation 5.13 on the nonlinearity parameter in terms of the residue by making

use of the relation A.2. We may write
n
AW,y = 0.3TAW,/4(R") (ln -if—/") (5.17)

which was obtained in reference [43]: the prefactor relates the cantoral flux to the action
difference at the critical break-up parameter between the minimizing and minimax orbits
of a nearby resonance, with the proportionality factor determined by a numerical study
[43]. There, it is also asserted that for a cantorus sandwiched between two periodic orbits
of neighboring rationals (i.e. p’q ~ pq’ = %1) which have residues of significantly different
size, one may replace the logarithm in eqn 5.17 with the combination weighted by the
inverse “distance” from the resonance to the cantorus. For example, for a cantorus with
unperturbed winding number m + 1/4%, AW,, = 0.3TAW,(R*) (:l; In %%L + ;l_r ln%)”.
(Note that 1/y + 1/4% = 1). It is straightforward to calculate the components of this
expression for cantori in the whisker map using the fixed points for the periodic orbit
pivots on the right-hand side. Their residues may be found by the frequency Q of small
oscillations around around the orbit: for elliptic orbits, R may be written as sin?(Q7T/2),
T being the period of the orbit (see eqn A.1). So we compute 6 =d(\n le/(I — L)l)/dt =
Aksin@/(I — Io) = kefpsin@ near a fixed point. Linearizing gives R = Q2/4 = kepr/4. The
action difference between the minimizing fixed point (hyperbolic point) and the minimax
(elliptic point) is 2k (e.g. consider the F; generating function discussed in section 5.3.2).
At the critical break-up parameter, when R = R*, k, ff = Ak/|I — I,| = k. and so the
action difference at R* is 2kc|I, — I,|/A = 2k.cexp(—2nr/A)/). Putting this all together,
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we get for a cantorus at winding number m + />

0.7ce=277/x (1 Aece2mT/AN\ 1 Nece2 (r=1)/A n
AW~ = [~ [ ) o [ 22 5.18
A (7 kc ’72 /Cc ) ) ( )

This was also obtained in reference [53].
We notice this is almost exactly the same as our earlier formula 5.16: the terms in
the large parentheses may be combined as

n (/\kce.'lrr(r-‘_-'y“l)/,\)
ke

which gives the same term as that taken to power 7 as in eqn 5.16 once the argument of the
logarithm is expanded around 1. The only difference with equation 5.16. is then an overall
factor of e£27/(\7*) The difference, we think. comes about because in the formula 5.18 only
the closest resonance is accounted for in the prefactor, but in our formula 5.16. an effective
weighted combination from both resonances occurs from the local standard correspondence.

Because of this we are inclined to trust 5.16 more when calculating the flux. In

section 5.4.3 we shall provide numerical evidence supporting our approximation.

5.3 Quantization

We are not the first to give a quantization of the whisker map: in [53] the quan-
tization in action representation is given. It is however the angle representation which is
of greatest interest from the semiclassical point of view (and this has not been studied).
We address the semiclassical issues in section 5.3.2, but first discuss the full quantization in
angle representation and in action representation.

It is not a priori obvious what a quantization of a classical map means given that
the concept of a conserved energy does not exist in the conventional sense. We may however
write down a Hamiltonian which gives rise to the mapping: for the whisker map

c
I-1,

H=XI[-1,) (In

+ 1) —kcos8_ §(t —nT). (5.19)

Integrating the equations of motion § = dH/8I,I = —3H/8 over a period T
yields the whisker map (eqn 5.1). We note this is not a unique choice for a Hamiltonian:
the following function, with the “potential” term acting first and then the “kinetic” term.

H = —%kcos@, O<t< 2T
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A - 1) c
= e (lnll—lol+1)’ZT<t<T’

where 0 < z < 1, also effects the whisker map equations. The non-uniqueness is not
surprising considering that the map only “sees” the system at discrete times, every period.
and not in between. The quantum evolution operator over one period (Floquet operator).
U= [exp( -1 f[;r Hdt/ ﬁ.)] . (with [J+ denoting positive time-ordering) is unique as we would
expect: all choices of H give the operator

U = e~ U=l (| 55| +1) /4 ik cos o/n (5.20)

6 and [ are now of course quantum operators. The unitary operator U may be
thought of as defining the quantum map. The phases v of its eigenvalues e~ are called
quasi-energies and are defined mod 27. The corresponding quasi-energy eigenstates are also
called Floquet states.

We note one ambiguity in the quantization arises from the non-commutativity of
the I and § operators: different orderings of the exponentials give different quantizations.
Our choice of ordering follows that dictated by our choice in the classical map 5.1: the
equation mapping the angle depends on the mapped action (I’ rather than 7). (This is
done to ensure area preservation, see e.g. [54]; another choice would be to have instead the
equation mapping the action depend on the mapped angle with the equation mapping the
angle depending on the unmapped action).

One can study the quantized system via U in a number of different ways. We shall
begin by computing its matrix elements in the angle and action bases i.e by examining the
one-step propagator. A semiclassical calculation surprises us by being a remarkably good
approximation to the full quantum mechanics which at first glance we may not expect. The
quantum one-step dynamics gives by iteration the quantum long-time dynamics and this
is what we shall study in 5.4. The main feature we shall discuss there is the nature of

localization in the stochastic layer.
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5.3.1 The one-step propagator
The quantum probability amplitude for being at @y after one iteration of the
whisker map having started at 6; is given by the propagator:

K(6:,85) = ) (65 +2wn|U)6:)

-4

= Z/d[ L (il(8;—8:+27n) /h ;=M I~ L) (In| =5 | +1) /A-+ik cos 0:/ (5.21)
n

- 2mih
where the sum over n is a sum over domains in angle representing the action of taking mod
27 in the map. In the second step we have inserted the identity in the form of the closure
relation [ dI|I)(I| = 1. We also note (/|#) = exp(:[8/K)//2mik which follows from action
and angle being canonically conjugate variables with commutator [6, I] = ih.
The sum over domains may be transformed into a sum in action space (Poisson’s

Summation Formula):

>R = ST RS(I — jR)
n i

vielding the quantum quantization rule for allowed actions. This ensures periodic bound-
ary conditions in angle. Inserting this into 5.21 would give an infinite sum over /-matrix
elements of oscillating exponentials. To avoid this divergence, we truncate the phase space

to a finite (rather than infinite) cylinder symmetric about I,:
oel0,2r), [ €[—L.+ Lo, I + I,)

The number of quantum states is N = 2/./i which allows each state an area of Planck’s

constant h in phase space. The closure relation in action becomes 1 = Z;\Zijvl/,_, (1) L;]

where [; = jh for example (or jh + integerfi). Finally, we replace \/1/(2wik) with \/A/(21)
as the normalization factor and [ dI with A Y, to obtain

[=5"2]

K(ai, ef) = (%) eikcasﬂi/ﬁ Z e'-](a]_ax)_'l’\(]_ro/h) (ln I]hi,g l+l)/h+ikc°5 0i/h (5.22)
c

={=55],

@; and 6; can also only take on quantized values: only N angle states may fit into 2, so
each allowed state has support integerx=f/I.. Choosing states 6, to be centered at pmh/ I,

gives periodic boundary conditions in action.

Let us comment on the role of [,. We observed in the classical map that I, acts

only as a translation in action, shifting the entire phase space by a constant. Indeed. I,
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plays the same role here: if we rotate our basis to |§) = e~*0/%|g)  then the propagator
K (5,-,5 ¢) has no I,-dependence. The quantization changes as the delta function becomes
6(I — I, —jh). I, is much like a gauge variable: any choice of I, leads to the same quantum
mechanics provided the basis is rotated.

The propagator in action may be obtained from a double Fourier transform of

K(6¢.0;), or directly:

K(I;. L) = ([fle—i,\(r-r,,)(ln]ﬁlﬂ)/neikcosa/n”i)
‘ . 2. —1
_ Ef‘;_e-u\(lf—[a)(lnlmi-H) S et/ eskeos(BE)m (5 o
[ p=0

where we inserted the identity in the form of a complete set of angles in the middle of the
factorized propagator. This result was also obtained in [53]. Again. we see the gauge nature
of I,: if we define |I) = |I — I,), then I, drops out of K(ff,fi) i.e. the propagator is the
same for all gauge choices provided we translate the basis (c.f. the classical mechanics case.
sec 3.2).

In section 5.4 we shall study the long-time properties of the quantized whisker map
by iterating the propagator for long times and also by looking at its eigenstates. Before

doing so. we consider what a semiclassical quantization gives for the whisker map.

5.3.2 Semiclassics

Semiclassical quantization of maps proceeds much like that of continuous time
systems: amplitudes are expressed as the square root of a classical probability times an
exponential whose phase is the appropriate classical action. If more than one classical path
links the two endpoints in question, then a sum of such terms, one for each classical path.,
is needed. Pictorially, the one-step semiclassical propagator from an initial state |¢) to
a final state |f) may be represented as summing with appropriate complex weights. the
intersections of two manifolds in classical phase space: one, the distribution corresponding
to |f). the other the distribution obtained by evolving the bunch of points corresponding
to [¢) for one iteration. This yields a very interesting picture for the whisker propagator
in angle-representation, Fig. 5.5a: there are an infinite number of intersections converging
towards I, with any final angle state (a vertical line). This raises an interesting question for
semiclassics: the quantization of action in the full quantum mechanics (sec 5.3.1) smears

over structure in phase space below the level of %, yet within an f-slice of I, there are an
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(a) (b)

Figure 5.5: Classical one-time step evolution on whisker map A = 10,k = 2.1, = 0.5
(a)Initial distribution at = w(b)Initial distribution at [ = 1.

infinite number of semiclassical contributions to be summed. Does the quantum mechanics
“see” them all? In fact, as we shall see shortly, it does.
One may compute the semiclassical angle propagator from the type 1 classical

generating function F:

sc i 82F1 —iFy(6;,8
K (ai,af)=z,/—mme Fi(6:.65)/R (5.24)

where I; = 9F)(6;,65)/06; and Iy = —9F)(6;,0 t)/ 06 and the sum is over different branches
of the action function, (i.e. different classical paths). For the whisker map. F} (0;,0f) =
—Io(0y — 6;) £ chexp(—(8f — 8;)/\) — kcosb;, where the two signs represent the classical
paths above and below I, respectively. This gives for the whisker map:

o

K*¢(0;,0f) = 1 [imch z e~ (05=0i+2mn)/2X oilo(0 =0 +2mn) /R gik cos 6:/h
.V 2X ne=n.
y (e_ic/\e_(gi_a‘-.pzxn)/,\/h _ ieime—(9!—0i+2xn)/.\/ﬁ) (5’25)

where the sum is over different domains in angle, arising from taking mod 27 after the
shearing. We note again the gauge role of I, is manifest: using the rotated basis as described

in sec 5.3.1 the I,-dependence in the propagator drops out. The sum has a lower limit at

ne = [-21? (,\m ry -o,-))L (5.26)

where [ rounds up to the closest integer, to correspond to the truncation of the cylinder

<
I,

in the action coordinate. The two terms for each n represent the two classical paths that
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Figure 5.6: Quantum and semiclassical one-step propagators for the whisker map A\ =
10,k=2.1,=0.5,h =0.2,6; = .

has been sheared over to angle 8; + 27n before taking mod 2w; one with actions staying
above and one below I, respectively. The upper limit of the sum extends to infinity with
the differences between the terms becoming exponentially small as the classical paths they
represent shear farther and farther. At the same time this part of the manifold is becoming
thinner and thinner as it stretches out, which is reflected in the exponential decay of the
Van-Vleck prefactor in eqn 5.25. Each term represents a topologically distinct classical
path, having traversed 27 in angle a different number of times, and is an independent
and exponentially decreasing contribution to the semiclassical amplitude. This is why the
semiclassical sum works so well despite the hairy phase-space close to I,. Moreover. there
are no caustics in the angle-representation; the manifold in figure 5.5b never is tangent to
an angle-state. The semiclassical approximation is very good as seen in figure 5.6 where
the quantum and semiclassical one-step propagators are plotted. One mild warning to the
reader: diffraction at the cut-off introduced at large actions affects the quantum sum over
action matrix elements and the semiclassical sum over angle domains in different ways. The
consequence is that they differ more in certain ranges of final angle than in others.

We can also get eqn 5.25 from a stationary phase Fourier transform of the action

integral in eqn 5.21, each stationary phase point being the classical action at a given inter-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5: The Whisker Map 91

section. In fact not only can we get the semiclassical expression starting from the quantum
one, but we can retrieve a fully quantum propagator starting from semiclassics. if we write

the map as an involution of two (non-commuting) maps: T = T o T} where

T, : =6, I'=1—ksind
Ty : ' =0+Aln|c/([-L), I'=1 (5.27)

The semiclassical propagator for each map is exact, since each map only changes either
action or angle, not both. To construct the angle propagator for T we compose the 8 to [

propagator for T} with the I to @ propagator for T5:
L p(T1) - (Ta)
K(6:,6;) = Z/dI2;ﬁe‘Fs V(1,0)/h i FS™ (0 +2am.0) /R (5.28)
n

The generating functions F3 and F, above are each bilinear in the mixed term and the
Van-Vleck prefactor for each is just 1; this tells us again that the semiclassical expression
is exact. It is not difficult to calculate these and one finds exactly formula 5.21 which
was derived purely quantum mechanically. Performing the sum over domains exactly as
described there gives the quantum propagator eqn 5.22 and performing the I-integral by
stationary phase gives the semiclassical eqn 5.25.

One may also calculate the semiclassical action propagator. Graphically, this is
represented by the intersection of a horizontal I-state with the manifold in figure 5.5b.
The phase-space representation of this is not as interesting as in the angle case however
there are some points we would like to make. There are two ordinary caustics in this
representation due to the curving created by k, and we would expect the semiclassics to
fail here. However one may at first be more concerned about what happens when both
I; and Iy are taken close to I, where the manifold stretches out with very little curvature
in action and may seem to resemble the supercaustic of chapter 2. In fact this poses no
problem for the semiclassics: the naive picture is of course deceiving unless we consider the
thickness of the manifold in this region. The manifold is exponentially thin, which cancels
out any tangency effect. In other words, one can perform a transformation on the phase-
space that squeezes in § and stretches out in [; in this scaled phase-space it is clear there
is no problem with the semiclassics. Another way to illustrate this last point is to consider
the 8 to I propagator, represented semiclassically by the intersection of a horizontal [-state
with the manifold in fig 5.5a; the same issues discussed above arise at an action near I,.

Consider for simplicity £ = 0, this doesn’t affect the essentials of the hairiness near I,.
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That the semiclassics behaves (and is indeed exact at k& = 0) for this propagator is clearly
demonstrated by considering what the picture would be for the I to 6 propagator which is
remarkably simple: the intersection of a horizontal I-state with a vertical #-state, just as in
free particle propagation but with a phase!

For completeness, we give the semiclassical action propagator:

o r 1 1
KNG L) = Vo 1_(1£-I.)2

L
1

k

c

l!—lu

. (k 1_(#) 2+(1f_[,)sin_l (f%’_‘.) _,\([,—Ia)(ln

)

We conclude this section by considering a quantity independent of representation

which shows the difference between the semiclassical and quantum propagators.

x = =Tr{U™ — U (U™ - U*) = zLVZ > IKT™(6:,6;) — K*(6:,6;)>  (5.29)
ioJ

2|~

where U7™ is the quantum evolution operator and U*¢ would be the evolution operator that
gives the semiclassical propagator. In figure 5.7 we plot this as a function of I, and notice
that the difference is very small. We also plot the difference between the quantum and
the semiclassical sum cut off within % of I, and find a bigger difference - the contributions
within £ of I, are indeed important. Notice also the A- periodicity with I, as expected
from its role as a gauge parameter: it is clear from the amount of rotation or shift needed
to yield the same quantum mechanics for different I,’s (section 5.3.1) that I,’s differing by

h xinteger are equivalent.

5.4 Localization in the Stochastic Layer

In this section we find that the long-time properties of the quantized whisker map
are very different from those of the classical map. In particular, the eigenstates are expo-
nentially localized in action and consequently transport across the layer is much impeded.
This is in contrast to the classical diffusion in action: diffusion is fast deep in the stochastic
layer and although it is slowed down near cantori, at long times trajectories roam all over

phase-space. A trajectory started deep in the stochastic layer eventually gets out to the
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Figure 5.7: Difference between quantum and semiclassical propagators. equation 5.29 as a
function of [,(+). Also plotted is the difference between the quantum and the semiclassical
sum cut off within £ of I,(¢). Parameters are A = 10,k = 2,4 = 0.2. The cut-off in action
is 20.

border of the regular region whereas in the quantum case the probability is exponentially
suppressed. (In fact, the probability to go even three-quarters of the way out may be down
by several orders of magnitude, whereas the classical system easily gets there in finite time.
Eigenstates centered anywhere within the stochastic layer are localized. although the local-
ization length is not the same everywhere, nor is the localization mechanism. There is an
earlier study of localization in the whisker map in [53] which raises some of the issues we
discuss here. Our study is an independent one in many ways as will be discussed in the
summary 5.4.4. Also, we draw conclusions which are true for quantum transport through

generic near-critical cantori.

5.4.1 Time-averaged probability and husimi plots

We may study the long-time properties of a quantized map either by studying its
eigenstates, or a closely related property, the time-averaged probability of being at final
state |f) having started at initial state |¢):

T
P(fd) = lim = > I(fIDH0)P
t=0
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= Y KfIn)Piln)?
(5.30)

where in the last line the sum goes over the quasi-energy eigenstates.

For our purposes there are two particularly useful representations in which to study
this object: one is a phase-space representation (a husimi plot), the other is action space.
The phase-space representation helps us to understand qualitative aspects of the localization
and it also indicates that our quantization is a correct one. We take circular coherent states
a(6) = exp (—(0 — 0,)%/2h + il,8/h) /(wh)'/* as final and initial states in eqn 5.30. 6, and
I, denote the center coordinates of the coherent state. Figure 5.8 is a contour plot of the
logarithm of the time averaged density in a whisker map of A = 10.k = 2. = 0.2 where
the initial coherent state is centered at § = w,I = 0. (I, is 0.1). The shading reflects the
magnitude, with light being high and dark low, however it is important not to be misled
by regions of dense contours which make the region look dark when it is not. Such regions
indicate a rapid exponential change in the magnitude of the probability. We see structures
which we recognize from the corresponding classical phase space: islets of stability centered
at [I —I,| =(12.3,6.6) and @ = m(0) at |I — I,| > 0(< 0) respectively. The stochastic layer
covers almost all of the shown phase space for these parameters. The shading out from the
initial state indicates an exponential decay in the deep stochastic layer. This then meets
a series of lines, one set at | — I,| ~ 10, another set at |/ — [,| ~ 16, and yet another at
{I — I,| ~ 18. These are at the cantori in the stochastic layer and indeed their shape in
the husimi plot resembles their shapes in the classical phase space, figure 5.3. In a time
averaged classical phase space they would not be visible, as classical trajectories eventually
penetrate them, yet we see that in the quantum mechanical case they act as much stronger
barriers. One advantage of the phase-space plot over a plot in action representation, figure
5.9, is that we can clearly see the cantoral curves in phase space. The exponential decay
in the deep stochastic layer and at the cantori is clearly seen in the action plot: it is these
exponential slopes that will tell us more about the mechanisms for localization across the
layer. We shall be studying the slopes in some detail for a whisker map with A = 5,k = L.5.
A husimi plot of this for 4 = 0.2 is given in figure 5.10. We notice cantori at winding
numbers 1 + 72 and 2 — =2 (actions | — I,| = 5.7 and 7.64 respectively) We shall come
back to this plot shortly.

There is a more efficient way than the expansion in eigenstates of eqn 5.30 to
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Figure 5.8: Husimi plot with logarithmic contours for the time-averaged probability in the
whisker map with A = 10,k = 2k = 0.2, [, = 0.1. Initial state is a coherent state centered

at@==n,I=0.

InP(1,0)

Figure 5.9: A =10,k = 2,h = 0.2, ], = 0.1, logarithm of the time-averaged probability in
action I = 0. The dashed lines indicate the cantori (see text).
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Figure 5.10: A =5,k = L.5, initial coherent state centered at § = ./ =0
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calculate the time-averaged probability in action. This involves performing a forward and

backward fast-fourier transform at each time-step:

U ) = D _UIAUILGNGIU L)
J

R e 2. /h—1 Ie
_ ie—zz\([f—[a)(ln TT-Ts +l) z e—iols/h sikcosby/h Z e—io,,[j/h([jwi(t- 1))
21c v Panf
(5.31)

where 8, = pwh/I.. The squared norm of this is then summed over all times. For the
computations we used the program “fftw” [57], which held true to its full name (“fastest

Fourier transform in the West”).

5.4.2 The Deep Stochastic Layer

Let us first discuss the localization deep inside the stochastic layer. It is now
pretty well established that for systems which are classically chaotic, the quantized system
displays dynamical localization. That is, destructive interference develops in the quantum
dynamics which leads to exponentially localized states, putting an end to classical diffusion.
Early papers on this are [44, 45, 46] where the standard map at large kicking strength was
studied and, in contrast to the classical behavior, the energy was found to be bounded at
long times. The energy and momentum become quasiperiodic in time. Crucial for this kind
of quantum localization is the existence of two time scales in the classical system [47]: the
fast quasi-random jumps in the angle (due to taking mod 27) and the slower diffusion in
action (sec 5.2.2). In some sense this time scale separation can be interpreted as giving
rise to a slow almost conserved action variable, and hence localization in this variable [47].
In the classical kicked rotor system (AI%(t)) = Dt grows without bound and for k large
enough that the angle jumps may be considered independent and random, the diffusion
constant is D = k2/2. In the classical whisker map if we start in the deep stochastic layer
a similar behavior occurs D = k?/2, as described earlier (5.8), until a cantorus is reached
and diffusion is slowed down. At short times the quantum system follows classical diffusive
behavior. But before (AI%) gets “too big” (which will be quantified shortly) quantum
interference between classical paths becomes important and the system begins to localize.
(AI?) stops growing and undergoes quasiperiodic behavior in time. In some sense the

quantum mechanics is over at what is called the “break time”: the system has resolved the
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finite spectrum and already explored all of its eigenstates. When the classical diffusion is
linear in time, as it is for sufficiently chaotic classical systems, as in the deep stochastic
layer, the localization length in action may be calculated by the following simple argument
([45]): The quantum system diffuses until the “break time” t;, and the action explored until
this time defines a localization length {:

(AI*(ty)) = (iR)* = Dty

[ is also the number of eigenstates spanned by the wavepacket from the break time onwards
[30]:this, with Heisenberg’s uncertainty relation gives a relation between [ and t,: if AE is

the total range of accessed quasienergies and JF the average energy spacing,
[ = AE/SE =2nh/6E  t

We then arrive at the localization length in action

- k2
lh x % =5 (5.32)

[ gives the exponential decay factor for the eigenstates (and time averaged proba-
bility) up to a factor: if we assume states to have the form ¢ ~ e~>//"%_then the expectation
value of the dispersion (AI?) in this state would be (/%)2/2. Thus the localization length
in the time domain [ is related to the exponential decay localization length in the time-
averaged domain { by [ = [ /V2. For the kicked rotor. it has been numerically verified in
the literature that states are localized with
_k

=5 (5.33)

lh

for large enough k,. Before we verify numerically that the same relation holds for the
whisker map, we note another approach which proves that dynamical localization occurs in
kicked-rotor-like and also whisker-like maps. There is a mapping of the standard map on
to the problem of a quantum particle in a one-dimensional lattice with random impurities
[48]. Such a mapping also exists for the whisker map. In the lattice problem. if the site
energies are randomly chosen from some fixed distribution then it can be proven ([49]) that
all electron eigenstates are exponentially localized around a lattice site (Anderson localiza-
tion). The quantum transport vanishes and the quantum particle undergoes quasiperiodic

motion. In the quantum kicked rotor or the whisker map there is no randomness in the
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Figure 5.11: Localization slopes in the deep stochastic layer. A = 20,k = 0.5. On the
left, the initial state is at ] = 0 and A = 0.05; on the right. the initial state is at -3
with A = 0.05(¢) and & = 0.1(+). The slopes are as predicted by equation 5.33: slope
= 4h/k?® = 2/Ih since P ~ exp(—2AI/IR).

Hamiltonian, rather the randomness emerges out of the dynamics: hence the term “dy-
namical localization”. In the mapping of the whisker (or the kicked rotor) to the lattice
problem it is essentially the kinetic term K = A({ — L,)(In|c/(I — [,)] + 1), mod 27, with
I = hxinteger which plays the role of the site energies. Although this sequence is uniformly
distributed in 0 to 2w, there are correlations ((KmKm+r) # 0) which lead to a pseudoran-
dom rather than random distribution, similar to the case of the kicked rotor [48]. Although
no rigorous theorems exist for the pseudorandom case we do expect states are localized:
weak correlations do not alter the physics in this case too much.

In figure 5.11 we have plotted the logarithm of the time-averaged probability in
the whisker map when A = 20,k = 0.5. The slopes in the deep stochastic layer are as
predicted by equation 5.33. The much sharper exponential decays further out are due to
cantori (see section 5.4.3).

Notice a difference with the kicked rotor: for the kicked rotor & must be large
enough in order for the stochasticity to be strong enough to cause destructive interference
effects which localize the quantum mechanics. In contrast, for the whisker map, there is
in principle no limit on how small k£ can be in the whisker map: even for a very skinny
stochastic layer, provided £ is small enough to resolve it and also is smaller than k. we
would expect dynamical localization to hold in the middle of the layer. (Recall that the
effective local standard map parameter eqn 5.6 goes to infinity here).
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There is another important difference with the kicked rotor case: whatever the
width of the stochastic layer, the localization length in equation 5.33 may not be realized
due to cantori in the stochastic layer. If the quantum distribution reaches a cantorus before
it diffuses out to the localization length [, there is not enough time for the coherence effects
responsible for the Anderson localization length to develop. In figure 5.12 we have plotted
the logarithm of the time-averaged probability for A = 5,k = 1.5. (We have separated the
distributions by displacing them down in action to get a clear picture. Ouly the slopes
matter for current purposes). At i = 0.2, the Anderson length breaks down because the
cantorus at winding number 1 + y~2 is reached before the localization length is achieved.
The resulting exponential decay is sharper: the localization length is shorter due to the
interference of the cantorus. A time domain picture, figure 5.13. elucidates this. The
quantum distribution at & = 0.4 (top graph) localizes in the deep stochastic layer before
the cantorus can have effect. however the quantum distribution at 4 = 0.2 bumps into the
cantorus too early. This can be seen by considering the maximum of a distribution of points
along I = 0 evolved classically. We shall come back to what happens at the cantorus in the

next section.

5.4.3 Localization at Cantori

The dynamical localization in the deep stochastic layer does not survive through to
the regular region: we notice much sharper exponential decays further out in the stochastic
layer. at cantori, the remnants of broken KAM surfaces. (In fact a cantorus may be reached
before the deep stochastic localization length [A = k2/2A can be resolved as we discussed in
the previous subsection). Classically we observed that (non-critical) cantori reign in the fast
diffusion deeper in the layer. trajectories take many iterations to get out: in the quantum
case the transport is much more severely impeded, the probability of penetration being
exponentially suppressed. Typically, the further out in the stochastic layer the cantorus is.
the steeper is the “cliff” in the logarithm of the time-averaged probability (see for example.
figure 5.9).

There are two quite different mechanisms responsible for the exponential decay at
cantori: one is dynamical localization, similar physics to that in the deep stochastic layer.
but with somewhat different characteristics, the other is a “re-tunneling” where the size of

ki is such that the quantum mechanics sees a closed surface rather than a broken cantorus
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Figure 5.12: Localization slopes in the deep stochastic layer, A = 5,k = 1.5. The graphs
with o, + and O correspond to A = 0.2,0.33,and 0.4 respectively. The slopes for i = 0.33
and 0.4 are as predicted by equation 5.33, however the slope for i = 0.2 is larger than
predicted (smaller localization length); this is due to bumping into the cantorus at winding
number 1 + v~2 before being able to attain the Anderson localization length. See text and
figure 5.13.
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Figure 5.13: Suppression of diffusion in the deep stochastic layer in the quantized map.
A =5.k = L.5. The initial state is an action state at / = 0. The top graph shows initial
diffusion following classical behavior (dashed line), then localization as predicted by 5.33. In
the bottom graph. the cantorus at winding number 1 +v~2 (which has extremal action 6.4)
is reached before the Anderson length can be realized. The o is the quantum < A% >: the
O is the value of the maximum classical action reached at time £ from an initial distribution
at 0. The dashed has slope 1.125 = k%/2, as the quantum initially follows the classical

diffusion. See text and also section 5.4.3.
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(h is bigger than the gaps in the cantorus). We shall discuss these two effects in some detail:
we shall see that the classical scaling properties near a cantorus play an important role in
determining the quantitative properties of the localization. Before turning to this we make

some observations which will help us understand what is going on.

Preliminary Observations

A phase-space representation helps us to understand some preliminary aspects of
localization near a cantorus. First, observe that the contours near a cantorus trace out
curves which follow the shape of the cantorus. This is consistent with the observation in
(38] of the motion near a cantorus in the classical kicked rotor: they found that classical
trajectories in a strip around the cantorus tend to follow curves parallel to the cantorus.
with a much slower diffusion in a direction normal to the cantorus. Our husimi plots
suggest that the quantized system has a related property: the localization mechanism (be
it dynamical or re-tunneling) respects this. We expect that the exponential decay occurs
not just right at the golden mean cantorus, rather, in a strip around it: again. either from
dynamical localization due to slow classical diffusion or from re-tunneling through other
cantori in the strip whose gaps are smaller than . This is clear both in the husimi plots
and in the action plots. We shall come back to this point soon. Second. when looking at
the time-averaged probability in action, it is important to bear in mind the curvature of
the phase space caused by k£ which is evident in the phase-space pictures. Consider figure
5.14 where we focus on the logarithm of the time-averaged probability near the cantorus at
winding number 4 +v~2 in the whisker map with A = 10, & = 2. The plot where the initial
state is deep in the stochastic layer at 0 begins a sharp exponential decay at —16 whereas
the onset of sharp decay for starting at —15 is at —17. This is explained by two points:
that the cantorus is curved and spans a range of horizontal action states and that there is a
“width” associated with each cantorus in which high-order periodic convergents and cantori
associated with other very irrational winding numbers lie. A more natural quantum basis
associated with a cantorus would be to curve the action state to fit the curvature laid out
by the cantorus. From the graph in figure 5.14where we start in the deep stochastic layer.
it appears that the cantoral region starts at -16, but in fact that is the value of the extremal
action of the inner end of the cantoral strip (not the extremal edge of the actual cantorus

but rather, of the cantoral width). The time-averaged probability in action space essentially
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Figure 5.14: A = 10.k = 2 and & = 0.2, time-averaged probability in action space. where
the initial action is [ = —15(¢) and I = 0(+)

projects the husimi plots onto action: the apparent onset of decay in the action plot is at
an action which is the extremal action of the inner end of the cantoral strip. The husimi
plot of figure 5.8 supports this. Starting at -15 cuts across a range of the “natural” curved
states and there is no resistance to being carried across to action -17 by such a curve. This
is further elucidated by the husimi plot of the time-averaged propagator having started in
the action state -15, as shown in figure 5.15.

Now we have an understanding of where exponential decay near a cantorus starts

in phase-space representation and in action representation.

Quantitative Aspects; Dynamical Localization versus Re-tunneling

The quantitative aspects of the time-averaged transport are a consequence of what
the classical scaling properties imply for the quantized system. The effect of scaling on
quantum mechanics has been discussed to a certain extent in the literature [50, 55]; in the
appendix A.3 we provide an outline of the issues and results pertinent to us. To first-order.
the scaling properties carry over to the quantized motion near a cantorus, provided Planck’s

constant is also scaled: the relation [50, 55]
i = a8k (5.34)

Joins equations 5.10. However, as time evolves, ki gets scaled to larger and larger values and

there comes a time when & gets larger than the scaling region ([50] and see A.3). At this
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Figure 5.15: A = 10,k = 2,h = 0.2, initial action state I = —15
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time, scaling breaks down as / is too big to resolve the structures which give rise to scaling.
The breakdown happens at the time t* which scales as t* ~ A~Y7, y = Injaf|/ Inw == 3.05.
[t is on the same time scale that quantum effects such as interference begin to become
important. A consequence of the scaling breakdown for quantum diffusion in the kicked
rotor at k£ > k. is the onset of localization. Quantum dynamics follows the classical diffusion.
scaling with k as does the flux (~ (Ak)3), but begins to keel over at a time that scales with
h as t* ~ h™'/7. We refer the reader to [50] for graphs of this behavior. There is some
diffusion in action after ¢*, albeit slower; the system does not completely localize in the
sense of (Ap?) not reaching a steady state until much after. The approach to complete
localization is not a simple one.

Armed with this understanding, we now return to the more quantitative aspects
of localization at cantori.

Dynamical Localization at Cantori

Classical motion in the scaling region near an open cantorus (i.e non-critical) is a
slow diffusion in action, the diffusion constant being proportional to the flux transported
across the cantorus, AW (equation 5.16). We may then expect that the quantum counter-
part displays dynamical localization, similar in principle to that in the deep stochastic layer.
However the details are quite different: not only is the localization length much longer, since
the classical diffusion is slower, but the onset of localization happens at a time scaling like
A=Y (rather than A~2) and the subsequent approach to complete localization shows a
more complicated dependence on time than in the strong chaotic case (section 5.4.2). The
simple argument given there for the localization length in the strong chaotic case no longer
holds and we shall see that as a consequence the %- and AW -dependence of the localization
length are more complicated. The slope of the logarithm of the time-averaged propagator
gives the exponential decay factor and is inversely related to the localization length. (For
1 of the form exp(—2AI/L), the decay length L is twice the inverse slope). In figure 5.16
we have plotted the logarithm of this slope at the inner cantorus of the whisker map with
A =5 and k = L.5 (see also figure 5.10). This cantorus is at winding number 1 + =2 and
corresponds to the unperturbed action ~ 5.68. The extremal value of the cantorus is at
~ 6.4.

A typical graph of the time-averaged probability near this is shown in the top
graph of figure 5.17. In this figure the initial state is at 4; however most initial conditions

decay with about the same slope at the cantori and the error-bars in figure 5.16 account
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Figure 5.16: Slopes at the inner cantorus (winding number 1 ++~2) as a function of . The
classical parameters are A = 5,k = 1.5. The dashed lines have slopes 0.5 and -0.66 (see

text).

for the variation. Exceptions are when the initial state lies well in the cantoral strip (see
section 5.4.3) or when tunneling interactions into resonances around the cantorus enhance
the probability of being found there. Classical diffusion in the strip is limited by the flux
across the golden mean cantorus (eqn. 5.16) and we expect this to determine the slope
in the quantum probability. Near the golden mean cantorus are other cantori with fluxes
very close to that of the golden mean cantorus, by continuity. As we move away from
the cantorus, because of the resonance structure and the slightly larger fluxes across other
broken-up irrational surfaces in the strip, we are not surprised to find that the slope is not
uniform as we move out to the borders of the strip. The slope recorded in fig 5.16 is that at
(the outer edge of) the cantorus. (This is independent of the initial action as said before).
The range in £ currently under discussion is the low-A end of the graph (In & < —4).
Notice the slopes increase slower than they would in the strong chaotic case (the slope goes
as h* where p goes something like 0.5 rather than as & as in the deep stochastic layer). One
can show that having a slower than linear approach to complete localization in the time
domain in an argument along the lines of [45] (see 5.4.2) would lead to an A-dependence
of the localization length [/ weaker than in the linear case (1/h). For A too small the
localization length would be too large to be resolved within the cantoral width.
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Figure 5.17: Logarithm of the time-averaged probability near the cantorus at winding

number 1 + v~2, whose outer edge is at [=6.4. The slopes are 3.2,18 and 6.5 respectively.

Note the scale differences on the vertical axis.

We can look at this in the time domain too. as shown in figure 5.18 and the
h = 0.001,0.008 traces in figure 5.20. The initial state is at / = 0 and all the quantum
curves as well as the classical initially diffuse out at the classical rate k*/2 (see figure 5.20).
We notice that for small enough values of £ the quantum dynamics follows the classical into
the cantoral region. This is the / regime we are currently discussing. The quantum states
then localize, falling away from the classical distribution at various times after that. We
shall come back to these plots shortly.

As the approach to localization is not a simple one we cannot predict the AW -
dependence of the localization length other than to expect that it goes as some positive
fractional power of the flux. We have checked that this is true. Recall that locally the
whisker map is a kicked rotor (eqn 5.4). In figure 5.19 we have plotted the slopes of
the logarithm of time-averaged probability for the kicked rotor at non-linearity parameter
kepr = Ak/| It — I,| = 1.32 corresponding to the whisker parameters A = 5.k = 1.5 at the
cantorus at 1 + y~2. We notice that the quantum kicked rotor slopes are roughly a factor
of 1.3 higher than those in the whisker (in the dynamical localization regime). What we
can draw from this is that the flux for the whisker is larger than that for the corresponding
kicked rotor since we expect that the localization is stronger for a smaller flux. This supports
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Figure 5.18: < AI? > for the whisker map, A = 5,k = 1.5. The dots represent a classical
average, the curves from the top down are at A = 0.001,0.002, 0.008.0.02.0.1 respectively.
The dashed line shows the initial classical and quantum diffusion with diffusion constant
1.125 = k2/2.

our formula 5.16 over that in [53], 5.18: our formula says that the flux through the whisker
cantorus is that through the corresponding kicked rotor times |I; — I,|/\ = 1.14 whereas
that of eqn 5.18 says that the factor relating the two is [, — [,|/A = 0.7.

Re-tunneling

At a larger value of h, the time-averaged probability graph develops a sharp kink
at the cantorus (lower two pictures of figure 5.17). This signifies the beginning of a different
type of localization mechanism at the cantorus. Quantum diffusion cannot happen for
any length of time when £ is larger than AW, the flux across a cantorus: the quantum
mechanics can no longer resolve the gaps (turn-stiles) in the cantorus when A > AW/x.
In fact we first see a kink when /i = 0.01 and indeed AW/m = 0.01 using our formula
5.16. The barrier to transport caused by the finite A characterizing quantum mechanics
is however overcome by a behavior which is also a characteristic of quantum mechanics:
tunneling. We shall call this “re-tunneling” to distinguish it from tunneling that generally
refers to quantum transport which is classically forbidden. In our case, there is no problem
with classical transport across the cantorus, but there is an obstruction to (even short-time)

classical-type transport in the quantum mechanics. The slopes plotted in the figures are the
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Figure 5.19: Slopes of the quantum kicked rotor, ks = 1.32. The dashed lines have slope
0.5 and -0.66.

local slopes at the cantorus: of course immediately around the cantorus there are typically
other cantori with A > AW, but also resonance chains. This affects the “overall slope” or
overall transport property in the region. However in this figure we concern ourselves only
with the local slope at the cantorus. We can see the distinction between expounential decay
due to dynamical localization and tunneling in the time domain also. First consider again
figure 5.18. It is clear that quantum mechanics at A = 0.1 does not manage to diffuse into
the inner cantoral region, as it collapses at (AI2) = 5.7 just as the corresponding classical
distribution has reached the cantoral region (see also fig 5.13 which was for £ = 0.2). To
see whether the higher A’s manage to penetrate the cantorus (without having to resort to
tunneling over long times), we focus in on shorter times in figures 5.20 and 5.21. Here
we have also plotted the maximum of a classical distribution of points with initial [ = 0
and evenly spaced in angle. The dashed line at 6.4 is the outer edge of the cantorus at
1 ++v72: the classical distribution gets hung up by this cantorus between about ¢ = 40 and
¢ = 200. In the range of time plotted in these two figures, the quantum spread at £ = 0.001
follows the classical average: in this time regime we can think of this curve as representing
the classical average. (It in fact penetrates this cantorus and then localizes). The quantum
spread at i = 0.008 appears to follow the classical into the cantoral region and then fall away
and localize shortly before around t = 200. It localizes within the cantoral strip (with the
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Figure 5.20: < AI? > for the whisker map, A = 5,k = 1.5. The dots represent a classical
average. The curves from top down are at i = 0.001 (line), 0.008(¢),0.02(+). The O
represents the maximum action of the classical distribution. The dashed line indicates the
initial diffusion of all quantum and classical curves, with diffusion constant 1.125.

corresponding localization length in the time-averaged picture as plotted in 5.16). However
the graph at A = 0.02 never makes it in there: if we look closely, the graph falls away
from the classical average (and the smaller A quantum plots) when the classical maximum
reaches the edge of the cantorus. (AI?) can still grow somewhat after that time; that time
is when the highest actions in the evolved distribution reach the cantorus, subsequently
more of the distribution can diffuse out there and so the expectation value (AI®) grows.
Figure 5.21 shows a similar plot for different A’s. The A = 0.01,0.02,0.05 curves fall away
from the A = 0.001 (and the classical) when the classical maximum strikes the outer edge
of the cantorus. That they all fall away at the same time is another indication that the
cantorus presents an un-diffusible barrier to them through which they can only tunnel. (If
it was a dynamical localization effect that we were seeing, different A’s would fall away at
different times.)

From figures 5.16 and 5.19 we observe that the A-dependence of the re-tunneling
does not go as e~*A!/? a5 in ordinary tunneling across a KAM torus or a potential barrier.
Rather, when £ is somewhat bigger than AW it fits a dependence more like e ~33{/2 where

o is a fraction like 0.66. When A ~ AW or a bit larger, the dependence is weaker. We shall

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5: The Whisker Map 112

0 100 200 P 300

Figure 5.21: As in figure 5.20 but with the quantum data being at £ = 0.001.0.01.0.02. 0.05
respectively.

come back to this shortly.

First we note that there is another effective cantorus in this whisker map, one
at winding number 2 — v~2, with unperturbed action 7.64. This cantorus is very close
to criticality, with k.fy =~ 0.98. Figure 5.22 shows a logarithmic plot of the slope of the
logarithm of the time averaged probability at this outer cantorus. Again. the A-dependence
of the re-tunneling in this near-critital cantorus is close to e~¢3/2% In the critical case,
this exponent has been previously discovered in the quantum kicked rotor. We now turn to
a discussion of this.

For a critical cantorus (AW = 0) of the kicked rotor it has been found numerically
that the tunneling probability goes as ™7 where ¢ =~ 0.66 [52]. In [50], this exponent is
shown to be related to scaling exponents in this region. We give a different (but related)
argument to that in [50]: one based on perturbation theory. Consider the basis of deformed
action states, which have curvature in phase space following the curvature of the nearby
cantorus. Let us label these states by their extremal value of action [I£%). Then , in the
neighborhood of a near-critical cantorus, a transition between two such curved states |I%)
and [I5%) is very weak; as we have seen in the husimi plots, the transition is exponentially
small, and in the classical picture, trajectories follow along the curve but transport between

different curves is very slow. In such a case, we might expect a perturbation matrix element
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Figure 5.22: Slopes at the outer cantorus (winding number 2 — y~2). The slope of the
dashed line is -0.66.

could well give the transition probability amplitude and hence the tunneling rate across the

cantorus. If v is the appropriate perturbation potential for this, then

(IZW|IE) = v(ALA,Ak)
= [ Tu(f AL laf|"h, 0T Ak) (5.35)

where in the first step we have expressed the amplitude in terms of all the parameters it
could depend on and in the second step we have used scaling properties (see A.6). We use
the shorthand AJ for I5F — IS*. Let us first consider a critical cantorus where Ak = 0. r
is arbitrary and at criticality we can choose it such that all the i-dependence appears in a
factor in front on AI: letting r = —In#/ In|ag|, then

(AL R, 0)|criticatity = R7v(R™7AL, 1,0) (5.36)
where
= (1 + M) -
In|B|

This implies that, in the critical case, whatever the transition matrix element may be. &
and action appear together as AI/R?. This then gives the tunneling dependence. Now
near the subdominant symmetry line, o = 0.65 whereas near the dominant symmetry line
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o = 0.76: the numerically measured value 0.66 is very close to that near the subdominant
symmetry line. Before we discuss this, we note that this result was also obtained in [50]
where scaling was invoked similarly but inside a time-integral whose upper limit extended
to infinity. Scaling does not hold for most of the times in the integral. Their result turns out
to be valid since numerical evidence shows that the exponential dependence of the integral
is almost independent of time. But why this is so, is still an open question.

We suggest that the subdominant symmetry line provides the pertinent scaling
exponents for tunneling by the following argument: in the cantoral region the motion follows
curves parallel to the cantorus, moving through all angles. The overall quantum tunneling
across the curves will then be dominated by the scaling exponents giving the smallest o and
this is at the subdominant symmetry line. We do not think that this has anything to do
with the extremal action at the cantorus being near the subdominant line as is suggested
in [50, 52: first. as is supported by our husimi plots, this region does not distinguish
itself from the other angles: we re-iterate that the contours near the cantorus evenly follow
curves parallel to the cantorus and the classical motion does this also. We tried to test
their hypothesis in a numerical study: we compared the slopes for entering the cantoral
region from one side to that for entering from the other side. The relevant extremal actions
are clearly at different angles: for example for a whisker cantorus at / > [,, the extremal
action from entering at actions below the cantorus is around 0 — 1 but for entering from
actions above the cantorus the extremal action is around 4—5. Yet, there was no discernible
difference in the slopes. (In [50, 52] only one direction of approach was considered). We
do recognize that the difference between a dependence like £%5% and A%7® would be a small
one, however there was no such difference that we could detect.

We comment now on the non-critical case. For “classically open but quantum-
mechanically closed” cantori (z.e. non-critical but with A > AW) it is not so simple to
come up with a form for v that bundles all the A- and A/-dependence together. If we use
the same  as abave, 6" Ak — A~ nd/nel g Evaluating the exponent and writing in terms

of the flux, we get
(Ll )| = hu(R™° AL L, (AW/R)Y/3) (5.37)

Although we cannot conclude a general dependence from here, we can say that when A >
AW, we expect the dependence to tend towards that of the critical case, A~AI. Qur
numerical results support this (figures 5.22, 5.19 and 5.16). This is what we might expect:
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Figure 5.23: Probability of being found outside the inner cantorus (o). outer cantorus (+)
and inside the regular region (C)

if & > AW, to the quantum mechanics, the cantorus and its immediate neighborhood does
not look that different from criticality.

Finally, as an indication of the overall transport properties through a stochastic
layer, we plot in figure 5.23 the probability of being found anywhere outside the outer bend
of the inner cantorus, the outer cantorus and anywhere in the regular region having started
in the deep stochastic layer at O:

Wour = »_ P(1.0) (5.38)

I>him
where [j;, is outermost bend of the respective cantorus (or torus, in the case of the regular
region). Because this is an indication of “overall” slopes in regions of the layer, we do not

expect the behavior to have a simple dependence on £.

Quantum Kicked Rotor at criticality.

We now wish to clarify a point made in the literature which is perhaps misleading.
The kicked rotor at criticality is numerically studied in [52] where a major result is that
the probability distribution decays exponentially at the extremal value (i.e the outermost
bend) of a critical cantorus as e~%P—pZl/ % ¢ = 0.66. Yet it is evident from the close-up

pictures around the peak of the distribution figure 5.24 that the onset of exponential decay
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depends on where we start: if we begin at 3, the exponential decay near the golden mean
cantorus of winding number y—1 = 1 —~v~2 starts close to 4. whereas for values of the initial
action displaced from 3, the decay begins at actions displaced by roughly the same amount.
The extremal value of the golden mean torus is 4.269. There are two observations which
we have raised in previous sections, regarding the classical phase space which explain this.
They are closely related to the issues discussed in section 5.4.3. First, just as we discussed
there, a natural basis for the phase space would be states that followed the curvature of the
phase space near the golden mean. Classical trajectories near the cantorus tend to follow
such curves: the periodic orbit chains approximating the cantorus have this curvature. Any
I-state cuts across several of these natural curves. so an initial [ can be easily carried
across to any other I-value that cuts across these curves. So the quantum time-averaged
probability shows almost no decay until a limiting action, the extremal action that can be
reached by any of the natural curves that the initial action state lies on. As the initial
action state changes, the limiting value of the action changes correspondingly. The onset of
the exponential decay is where this limiting action is. not at the extremal I of the cantorus
as suggested in the literature. The decay then occurs over a range of actions, because
close to the critical cantorus the transport from one extremal action to another is very slow
classically, which leads to either a short localization length in the quantum mechanics or

re-tunneling. This is as described in the above chapters.

5.4.4 Summary

We have presented a study of the classical and quantum dynamics of the whisker
map. This problem is of considerable interest from the point of view of quantum mechanics.
semiclassics and classical mechanics for a number of reasons. It is a study of quantum
behavior in a stochastic layer near a typical separatrix.

Its quantization in angle-representation may at first seem hopeless, because of
the infinite number of infinitesimally close intersections within A of each other in phase
space that must be summed. Yet these pose no problem, each representing a different.
topologically independent classical contribution.

The classical whisker map has very interesting dynamics and dynamical structures.
the quantization of which tells us much about quantum behavior in classically stochastic

regions in general systems and in the much less stochastic regions near critical structures
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Figure 5.24: Quantum kicked rotor at criticality, # = 0.001. Initial actions are, from top to
bottom, 3.4,3,3,3.2, 3.1, 3.

in general systems. We show how a local effective standard map parameter can tell us
much about the degree of stochasticity in the layer in the classical map and also about the
flux through cantori. Deep in the stochastic layer, where the classical dynamics is one of
diffusion at a rate determined by the action-jump parameter, the quantum states. in con-
trast, are exponentially localized. This phenomenon, dynamical localization, or Anderson
localization, is well-established, being first discovered in the kicked rotor at large kicking
parameter. We find the same behavior in the whisker map, however the cantori further out
in the stochastic layer may prevent the Anderson length from being realized.

There may be several effective cantori in the layer, increasing in their effectiveness
to slow down transport the further out in the layer they are. This brings us to a major part
of the study: localization mechanisms and fi-dependences of transport properties at cantori.
We point out that our new results concerning this hold not just for cantori in the whisker
map, but rather for any non-critical cantori in generic maps due to the universality of be-
havior near cantori. We found there were two mechanisms resulting in quantum exponential
decay at cantori: one, when i < AW, is a dynamical localization similar to that in the deep
stochastic layer, the other, at i > AW is a re-tunneling when quantum mechanics sees a
closed cantorus, due to the finite /i being too big to resolve the gaps. Both mechanisms

have different characteristics and fi-dependences than the usual dynamical localization and
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ordinary tunneling as described in the text. This is due to the intricate structure of the
phase space there and the resulting scaling properties. Which mechanism is at work can
be deduced either by looking in the time domain or at a time-averaged probability. That
cantori act as stronger barriers in the quantum case than in the classical has been discussed
before in the literature ([52, 50]); it is however specifically the re-tunneling phenomenon
that is discussed for i > AW and only at criticality is the fi-dependence discussed. We
point out here that cantori can be strong (exponential) barriers also when i < AW, as
we have seen above. We also show that there are good indications that the exponential
h-dependence which is discussed at the critical kicked rotor cantorus in the literature. holds
for an almost critical cantorus in the whisker map and also holds for non-critical cantori
provided A is somewhat bigger than AW. Numerical evidence as well as an argument based
on scaling and perturbation theory imply this. We stress again that these properties should
hold for generic cantori.

We present a phase-space representation of the quantum mechanics which shows
the cantoral regions in the quantum mechanics more clearly than in an action representation.
This picture is also useful to bear in mind when considering behavior near cantori and the
onset of exponential decay.

Localization in the quantized whisker map was observed in the study of 53], which
was largely qualitative. They discuss Anderson localization deep in the stochastic layer,
however they state a condition that implies this cannot coexist with localization at cantori.
They demonstrate that cantori act as exponential barriers in the case when £ > AW we
expand on this in several ways as described above. We provide a calculation of the (classical)
flux through a whisker cantorus based on considering a local standard map there. which
our numerical results show is a better approximation to the flux than the formula used in
[53].

We have discussed cases where the classical parameters of the map are bigger then
h. We have not discussed for example when k¥ << £, where the jump in action is too
small to transport across even one state in action. This kind of effect was first studied by
Shuryak [56] and was also discussed in [53]: the quantum behavior is close to unperturbed
behavior. Another example not studied is when the stochastic layer has width smaller than
fi. The quantum mechanics smears over the layer, and appears not much different than in
the regular case.

Because the whisker map describes motion near a separatrix in a generic near-
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integrable system we also believe that the results of our study may help understand aspects

of behavior in generic mixed systems, like transport properties across separatrices.

Tunneling Across a Stochastic Layer.

The whisker map has the discrete phase space symmetry
T:0—-0+m(mod2r), I -1, = —(I ~1,)

However, under T, the whisker Hamiltonian, equation 5.19, changes sign. This
discourages tunneling across the stochastic layer, because the quasi-energies of correspond-
ing states (e.g. period 1 islands) which are related by T are almost equal but opposite each
other.

In order to look at tunneling across a stochastic layer, we can however modify the

whisker map to obtain a symmetric kinetic term: consider the map

I = I+ksinf

¢ = 6+ isgn(l'—1L,) mlﬁ (5.39)

where sgn represents the signum function, sgn(I’ ~ I,) = 1(—1) if (I — [,) > 0(< 0). The
Hamiltonian becomes

H = \I - L| (Ine/((I - L,)| + 1) = kcos(8) 3_ é(t — n).

n

Under the symmetry
T:60— —0(mod2x), [ — I, - —(I - I,)

not only is the map invariant, but so is the Hamiltonian. The quasi-energies of related states
across the stochastic layer are now near-degenerate. The quasi-energy eigenstates appear
now as doublets across the layer. We can use this modified map to study the nature of
the tunneling across a stochastic layer. This raises many interesting questions. It has been
found that tunneling across a few isolated resonance zones is controlled by the particular
resonance in the zone corresponding to the quantum number difference between the two
tunneling states [58]. (Also see for example [59] for a review of approaches to tunneling
in mixed phase-space systems). We may think of the stochastic sea as a convergence of

resonance zones: then does the tunneling matrix element between two states across the sea
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simply pick out the resonance chain with the appropriate quantum number ratio? Another
question relates to the role that chaos may play in the tunneling process: it has been found
that chaos can enhance the tunneling probability in some studies [60], for example, by
picking up an exponentially small tail of a state on a torus and carrying it to the other
side. How the localization of states in the stochastic layer affects this is another question

we leave to further study.
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Appendix A

Appendix

A.1 KAM convergents and scaling relations

We refer the reader to the literature, for example,[31, 34. 35, 36, 37. 39] and more
references therein for detail of what we are about to review.

A big clue to understanding the scale-invariance and hence the dynamics. comes
from a study of periodic orbits near the KAM whose winding numbers are successive ap-
proximants to the irrational of the KAM [34]. A winding number w may be expressed in a

continued fraction expansion:

where the partial quotients a; are positive integers. Rational numbers have a finite expan-
sion, whereas irrationals have an infinite number of partial quotients. The larger ay is the
closer [ao,ai....ay] is to [ao, @i....ay—1]. It is perhaps not surprising then that the number
that is “farthest from the rationals”, the golden mean, has continued fraction representation

V5 +1
’Y=

&

=[1,1,1...].

Truncating the continued fraction expansion after n partial quotients gives an
approximation to the irrational, called the nth convergent. For example. convergents to
v are Fii2/F;;1 and convergents to 1/y are W; = F;/F;., where F; are the Fibonacci
numbers, defined by F, =0, F;.; = F; + F;_;. The first few are 0,1,1,2.3,5.8.13.... The
cycles converge to the KAM at a rate § = lim; ,oo(Wiw — W3)/(W; — Wi_1) = —(1/7)%

125
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The nth convergent corresponds to the periodic orbit, which out of all the periodic orbits of
length n or shorter, approaches most closely the most irrational torus. The scaling theory
and the existence or otherwise of a KAM torus rests on the properties of these convergents,
perhaps the most crucial of which is their stability.

The stability of a periodic orbit is determined by its residue:

1 1
R=12-TrM)= (2 v —1/v) (A.1)

where M is the tangent map of the periodic orbit (i.e. the linearised mapping over
q iterations) and v and 1/v are its eigenvalues.

0 < R < 1 corresponds to complex eigenvalues of modulus 1; tangent space orbits
are stable and lie on ellipses about the origin. When R < 0 or R > 1 eigenvalues are real and
positive or real and negative; tangent space orbits lie on hyperbolae and almost all initially
small deviations are exponentially unstable (the exceptions lying on the eigenvector of M
corresponding to the eigenvalue of magnitude < 1). In the integrable case. R = O(\ = 1):
all periodic orbits lie on surfaces composed of periodic orbits, so there must be a line of
periodic orbits in the tangent space too. For non-zero perturbation parameter k there
is an even number of periodic orbits of winding number p/q, half with R > 0 and half
with R < 0: in fact for the standard map, there is one orbit of each type ([34]). As &
increases [R| does and the positive residue orbit goes from being stable to unstable: the
change in stability of the convergents tells us whether the KAM surface exists or is a broken
cantorus. For the standard map, |R| « k7, q being the length of the orbit. A crucial result
of Greene’s regards the existence of KAM torus: that there is an infinite discontinuity in
the residue at the critical k. This provides a precise way to find the critical parameter
for when a particular KAM torus breaks into a cantorus. At k < k! the residues of the
R > 0(R < 0) periodic orbits associated with the convergents w; = p;/q; approach 0 from
above (below) as ¢; — co. At k > kY, they approach co(—o0). At k = k. they approach a
finite constant. For example for the golden mean, R},  — 0.2500888, R, . — —0.255426
and k. = k] = 0.9716354.... Greene also asserts and numerically shows that if the torus
of winding number w exists then so does that of the golden mean, where w is any other
irrational number. It then follows that the standard map is globally stochastic for any
k> k..

The convergents thus provide a very powerful way to study the KAM curve. It

would be perhaps impossible to track down a surface of irrational winding number otherwise.
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One can numerically construct the KAM curve by taking high-order convergents to it. To
find a g-cycle one may exploit a reversibility property of the map ([35]): 7 may be written
as the product of two involutions each of whose fixed points forms two lines in the phase
plane. There is a point belonging to one of the two g-period orbits on each line ([34]); this
clearly eases the task of finding the orbit in phase space. One of the lines is called the
“dominant symmetry line” and the elliptic cycle (R*) always has a point on this line. For
the standard map 5.4 with positive nonlinearity parameter k this is at § = r. Another line.
the “subdominant symmetry line” is at § = 0 (see also text).

We refer the reader to the literature (in particular, [35]) where the fine scale
structure of the KAM at criticality is beautifully shown. Both a phase-space representation
and a Fourier transform which shows similar structure repeated between the primary peaks
of the spectrum demonstrate this clearly. A numerical analysis of this structure-at-all-scales
provides scaling exponents and scaling functions for characteristics of the behavior. The

residues of the elliptic and hyperbolic periodic orbits converge to their critical values as:
BF ~ RE(y")>3,
where p = k — k.. In particular, observe that
In(RF/RZ) ~ (A.2)

Positions of neighboring minimax points near the dominant symmetry line § = 7
converge together as
Abi = a;lAHi
where the scaling exponent @, = —1.41. The positions of the minimax points on the line
converge together as
Al =B7'AL
with the scaling exponent 8, ~ —-3.07.

The scaling near the subdominant line # = 0 goes similarly, but with ag = ~1.69
and fy = —2.56. Notice that both at § = = and at 6 = 0, the product of the phase-space
scaling exponents aff =~ 4.34.

Fixing a value for the residue R,, where 0 < R, < oo is arbitrary but the same
for each periodic orbit corresponding to the convergents, one finds that the corresponding

values of the non-linearity parameter k converge to k¥ as

Akir1(Ro) = kiy1(Ro) — k¥ =07 Aki(R,)
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where § = 1.628. Note that although typically the convergence goes as 4, if we pick the
special value R, = R* the convergence is faster, as ¢’ =~ 0.6108.

These scaling results are universal: for one-parameter maps other than the stan-
dard map, and irrational winding numbers other than the golden mean and its relatives,
the same exponents are observed to dictate the behavior. They imply that asymptotically,
the map is invariant under the re-scaling [37, 35, 39]

p o= & 'p
A8 — a7lAg
Ap — [ Ap
n=F — F. ~uwn (A.3)

where the last relation expresses time-rescaling, n being the number of iterations of the
map, with scaling exponent given by the irrational winding number of the KAM. e.g.for the
golden mean torus, w = v =~ 1.618.

Phrased in language closer to that of renormalization-group theory. there exist

coordinate and parameter changes Bp(z,y, ) such that

Bn..B,T"RPrBS B Yz, y,u) — T (z.y.p)
Bn(z.y,u) = B™(z, y.u) = (az.By.du) (A.d)

where R(z.y) = (z — 27, y) expresses the periodic property of the map.

The limit map T* is universal: it is the same for all typical one-parameter maps
(up to rescaling).

The above behavior has been well couched in renormalization-group theory, [39,
37, 35]. One searches for a fixed point in the space of maps of the following renormalization
procedure: start with some map, zoom in on a region, iterate the map there, then rescale.
The scale factors that work to eventually give the fixed point of the renormalization, give
the scaling exponents. If we start in the stable manifold of the renomalization operator R,
then this procedure takes us to the fixed point of R. In the case of one-parameter maps,
such as the kicked rotor, the renormalization procedure can tell us the critical value of k:
k # k. lies on the unstable manifold of R and if we start with a map here, k£ grows under
iteration of the renormalization procedure. k is a “relevant” variable, lying, in a sense,

orthogonal to the stable manifold. In [39], an explicit renormalization method is presented
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for KAM tori between two resonance chains. They describe higher and higher resonances
in between by successive renormalizations of the Hamiltonian. They are able to determine

the existence or otherwise of a KAM torus from their scheme.

A.2 Cantoral Flux

A measure of how much a cantorus slows down transport is given by the flux §W
swept across the cantoral gaps in one iteration of the map.

The flux across a closed curve C is defined as the phase space area occupied by
the points mapped from the interior R of C to the exterior in one iteration. If C' is the
image of C and R’ the image of R under the mapping, then the outward flux across C is the
area in C’ which is not inside C. For area-preserving maps, the inward fAux is equal to the
outward flux. Consider a curve going through the cantorus closing all of its gaps. Then the
flux through the cantorus is defined as the outward flux through the curve that minimizes
the flux over all such curves (36, 40]. One way to obtain this curve is the following [36]:
we choose a gap in the cantorus and iterate the endpoints of the gap backward in time
for n steps, bringing us to another gap in the cantorus. We close that gap with a straight
line (between the back-iterated endpoints) and then iterate the line forward n steps. This
gives a curve W*(G) that closes all the gaps that are backward images of the original gap.
We repeat the process, starting from the original gap, but doing the forward-time iteration
of the endpoints first, and then the backward-time iterates of the line. This gives a curve
W?3(G). Now W™ + W gives a curve closing all the gaps uniquely except for the original
gap in which there are 2 curves, which intersect once in the middle of the gap, to choose
from. The rest of the curve is invariant by construction, i.e. a barrier to transport. The
“turnstile” in the original gap represents the total flux across the cantorus, and it is a
minimum fux: if we choose W™ to close the gap then in one iteration, the curve is mapped
to W?. Then the upward flux through the cantorus is the area of the left-hand side of the
turnstile: points in the left-hand area get mapped from below the original curve to above
it. For area-preserving maps this is the same as the right-hand area, which represents the
downward flux through the cantorus. We note two details: (i) if there is more than one
turnstile in the gap, which would happen if W* and W intersect more than once, we
take a sum over the left-hand or right-hand areas (ii) sometimes, but not often, more than

one original gap may be needed to fill all the cantoral gaps through the iteration process
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described above.

In practice, fortunately, one may exploit action principles to calculate AW rather
than performing the above procedure. We recall that for each winding number, there are
two periodic orbits for the standard map, with residues of opposite sign. The p/g-orbit
with R < 0 minimizes the action sum W = 3°7_ F(z¢, T¢1) over arbitrary variations of
the intermediate z;, with x4 = z, + p fixed [42, 36]. F(z,z') is the generating function for
one iteration of the map. This can be generalized to irrational winding numbers,[42, 36]: a
minimising orbit of winding number w is either a closed circle (KAM surface) or a cantorus.
with a dense set of gaps.

The minimising cantorus is the limit set of minimising periodic orbits correspond-
ing to the convergents to the KAM. The orbit with B > 0 is a minimax orbit, that is, a
saddle of the action. The saddles lie in between the points of the minimizing orbits: a min-
imizing orbit started at some point is equivalent to the orbit started at that point shifted
by one iteration, so has the same minimum action. By continuity then. there must be a
saddle of the action in between the two points, which is also a periodic orbit of the same
winding number. For irrational winding numbers, one may generalize the argument above
to show there is a minimax orbit in the gaps of the cantorus, since each of the endpoints of
a gap belong to a minimizing orbit in the cantorus. The minimax orbit is homoclinic to the
cantorus, since it lives in the gap and gap widths go to zero as ¢ —+ +oc. In fact, the limit
set of the minimax periodic orbits is the cantorus plus all homoclinic points in the gap.

The flux through the cantorus is given by the action difference between the min-
imizing and minimax orbits. The curve created by the construction described to minimize
the flux resulted in a turnstile in the original gap, whose pivot is at the minimax orbit, since
it approaches the cantorus in both backward and forward time. The area in the left-hand
turnstile is, by Stokes Theorem, given by f,? (p~(zo) —p*(z0))dz, where p=(z) are the two
upper/lower branches of the turnstile, [, and ¢, being the minimizing orbit on the cantorus
at the left and the minimax orbit in the gap respectively. The momenta can be expressed
in terms of the action function for the area-preserving map: p~(z,) = 8F(z_1, z,)/0z, and
pT(z,) = —8F(z,,21)/8z,, where TF are the z-coordinates at the previous/next iteration.
This makes the area

00
AW = F(co1,¢0) + F(co,c1) = F(li:lo) = Fllos 1) = Y (Flee.ceer) — Fles lear))
t=—cc

where the last step follows from stationarity of the action (the intermediate terms add to
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0)

So the flux across a cantorus may be calculated by taking the difference in action
between the orbit of an endpoint of a gap on the cantorus and the centerpoint of the turnstile
in the gap. We note that if the orbit corresponding to the irrational winding number is
actually a circle (not broken), there is no minimax orbit and AW = 0 as it must be.

Near the broken-up KAM in question are other irrationals, and by continuity, their
AW's are approximately the same. The transport in the region is limited by the smallest
one.

A similar quantity AW}, may be defined for periodic orbits as the difference in
action between the minimizing periodic orbits and the minimax orbit. To compute the
fHlux acorss a cantorus it is easiest to find the orbits for the periodic convergents (see A.1)
and their actions AW, ,, and take the limit as p/qg & w. We refer the reader to the
tables and trees in references [36, 37] to see this process in action. As the order of the
convergent increases, AW, , decreases and approaches a limit [42]. [t is interesting to note
that the minimum of AW, in any interval between neighboring rationals p/q and p'/q’.
where pq’ — p'q = 1 is at the winding number (p +vp')/(q + v¢'). Numbers of this form
are called “noble” numbers and are in a sense the most irrational numbers in the interval
[g-, %'] Indeed, their continued fraction expansion has a, = 1 for all n > N where N is the
smallest it can be while still being in [2 5—:]

ql

A.3 Scaling in Quantum Mechanics

What are the consequences for quantum mechanics of the intricate structure of the
classical phase space near a cantorus and the resulting scaling properties (section 5.2.2)? In
fact, in a first approximation, scaling carries over to the quantized motion near a cantorus,
provided Planck’s constant is also scaled (in renormalization-group-speak, # is a “relevant”
variable): one must add [50, 55]

k= |aflh (A.5)

to equations 5.10. On the one hand it may be surprising that the quantum scaling exponent
is given by classical exponents and indeed that % even obeys a universal scaling relation
considering that quantum mechanics can give very different physics than classical. We
shall come back to this point shortly. # represents a quantum uncertainty or “noise”, yet

it scales so simply unlike classical noise. On the other hand, from the perspective that
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h is an area in phase-space, it may be expected to scale as the classical phase-space area
does 5.13. That this is the correct scaling to leading order has been shown in reference
[50]. A renormalization-group theory approach to quantum mechanics. generalizing the
RNG theory method for classical systems supports the scaling factor for A for lowest-order
Huctuations: |af| emerges as an eigenvlaue of the linearized renormalization transformation
[55]. A numerical study based on the Wigner function [51] has shown consistency up to A*.

In reference [50] the Wigner function corresponding to a quantum wavefunction
is used to demonstrate the scaling to lowest order. The Wigner function has the useful
property that the expectation value of any Weyl-ordered quantum operator (i.e. symmetric
ordering of z and p) is equal to the corresponding classical quantity: the phase-space integral
of the classical function corresponding to the operator weighted by the Wigner function of
the quantum state. This enables the comparison of a quantum object with a classical one
for which scaling properties are known, and leads to the result A.5 above to lowest order
in Ai. For example, the expectation value G, of a Weyl-ordered operator G(z. p) at the nth

iteration of the map in an initially coherent state ¥ with width ¢ in z, scales like
Gy(z,p,0,h, Dk, t) = AT"Gy(a"z, 8 p, "0, |aB| k.67 Ak.t ") (A.6)

where A depends on the nature of the operator, A = « for example if G = z. We may
think of time n ~ £ ~ w", so that this equation relates quantities at time ¢ to quantities
at one iteration of the map. We now arrive at at crucial observation: as we go to larger
times (n), Planck’s constant % is taken to larger values under the scaling back to the time
L. Yet if the scaled % gets bigger than the scaling region itself, which is O(1) in our units.
the quantum mechanics cannot detect the structures giving rise to the scaling behavior [50].
There thus comes a critical time ¢t* when /i becomes of order one when scaling breaks down
in the quantum mechanics and quantum behavior begins to deviate from classical. The
breakdown happens at a time ¢* which scales as t* ~ A~Y/7, 4y = In|ef|/Inw = 3.05. This
is simply obtained from the scaling exponents for time and for A.

We have so far discussed the scaling only to lowest order in the quantum mechanics:
we need to consider higher-order corrections to Weyl-ordering. We may expand an arbitrary
operator in a series of Weyl-ordered terms with each term being of order % up from the
previous:

G=:G:+ih:Gy: -h*: Gy : +...

where the :: denotes Weyl-ordering. The terms odd in % are actually zero if G is a Hermitian
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operator. At short times, for small enough fi, the zeroth order Weyl term dictates the
behavior and so quantum mechanics follows the classical mechanics. But deviations from
classical behavior and scaling emerge when the higher order terms in this expansion get
large. In fact it has been shown numerically that quantum effects from the higher order
terms kick in appreciably at the same time scale as when the scaling breaks down due to
the scaled /i being too big in the initial wavepacket [50, 51]. In fact, in [51] it is shown that
the leading corrections scale in the same way. So quantum expectation values follow the
corresponding classical averages with the extra scaling relation A.5 until the critical time
t* ~ R Subsequently, scaling breaks down and quantum effects such as interference

become important.
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We der q mech on constrined surtaces which have non-Euclidean metncs and vanable
Gaussian curvature. The old controversy about the ambiguities involving terms in the Hamiltonsan of order h*
muluplying the Gaussian curvature 1s addressed. We set out to clanfy the matter by considenng constraints (0
be the limuts of large restoring forces as the constrant coordinates deviate from their constraned values. We
find additional ambiguous terms of order £~ invalving treedom 1n the constraimag potentials. demonstraung
that the classical construned Hamiltomian or Lagrangian cannot umquely specify the quanuzation: the ambi-
guity of directly quanuzing a constrained system is inherently unresolvable. However. there 1s never any
problem with a physical quantum system. which cannot have wfinie constraint forces and always tluctuates
round the mean constrant values. The 1ssue 1s addressed from the perspectives of adiabatic approximations in
quantum mechamcs and Feynman path integrals. and semiclassically tn terms of adiabauc acuons.
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L. INTRODUCTION

The controversy over the proper way 1o quantize a con-
struned dvnamical system has had a long and wnteresung
tustory 1n 20th century physics. One treatment of the subject
opens by saymng that "1t vou like exciement. conrlict. and
controversy. espectally when nothing very sertous s at stake.
then vou will love the history of guanuzauon on curved
spaces”” [ 1]. The possibility of resolving the ambiguities ex-
penmentaily tor naid body systems was the subject of a
conference discussion in 1957 among DeWitt. Wheeler. and
Feynman [1}. The probiem was also treated 1 Dirac’s fa-
mous text of 1967 (2] Yet many vears later we sull seem tar
from attaiming a consensus regarding quanuzauon on curved
~paces. The “"quasipermanent discussion among the special-
st [ 2] has by no means come to an end. In fact. a recent
paper (4] laments that “"in spite ot all the successes ot guan-
tum mechanics and atter vears of ctforts on quanttizauon. we
are stifl not absolutely sure about the correct quanuzaton ol
4 simpie a system as the double penaulum.”” The subiect
also receved early attenuion 1n the works of Cheng (3] and
DeWint (6] In this paper we do not atempt (o review the
extensive research on the subject ot constrned quantuzauon.
and refer the nterested reader to the hteratsre | 7). Our ap-
proach to this problem 15 quite independent of all previous
methods.

The canonicai quanuzauon prescnipuon has served us
well in defining a strughtforward and unambiguous way of
quantizing a classical system n tlat space. However. 1t 1m-
mediately runs into problems where constrained dynamics ts
mvolved. It 1s easy enough to restrict the potential term to
the constraint surface — the difficulty anses n treaung the
uperator ordering ambiguities 1n quanuzing the kinetic term
K=—th=-2mu /s enalagg’ \giiligi)yl. These ambi-
guities. at order fi-. are proportionat to the local Gaussian
curvature of the constrant surtace. which s the onty avail-

1050-2947/97/56141 259248 1S10.00 6

able coordinate-invanant quanuty. Thus tor constrained sys-
tems with flat constraints te.g.. the simple pendulum or a
particle contined to a une-dimensional curve!. the ambiguity
Jdoes not anse. whereas for systems with constant curvature
re.g.. motion un a sphere) it leads only to a physically unob-
ervable shift in the zero-point energy. In the latter case. the
«cmiciassical Van Vleck approximation can be used to fix
the ““correct’” energy otfset [3]. In three dimensions thus re-
qutres adding an R term to the Lapiacian (R being the scalar
curvature). For a two-dimenstonal surtace of constant nega-
uve curvature. the semiclassical approximaton becomes ex-
act tthough oniy at distances large compared to the curvature
radius 1f the quanuty added to the Laplacian 1s R/4. Even it
one tsomewhat arbitraniy ?) requires that the Vun Vleck ap-
proximauon should be as close as possible to betng exact tor
the constant curvature case. it is by no means clear that this
prescniption 1s valid in the genenc case of varving curvature.
where the ambiguties are most physically relevant.

One mught think that Fevaman's path-imtegrat approach
‘5] would help to resolve these uncertainties. However. as
remarked by Schulman in this context. ““there &s no free
tunch.”” In the path-integral method. the ambiguity anses i
choosing how to mcorporate the metric 1mto the kernel and n
Jeciding ar what pomnt in the infimtesimal ume 1nterval to
evaluate functions of the metne {1.4]. Two commoniy used
Kernels give answers that differ by an etfecuve R/6 contn-
bution to the Laplacian tand naturaily enough both differ
from the canonical quanuizauon result). These issues are dis-
cussed at some length in Ali’s recent paper {41 and here we
will not go nto the details.

Given this history. we have dectded to attack this oid
problem using a somewhat different. and in our view. more
physically mouvated approach. The pninciple goverming our
view Is that AmIving at a umque qUantizaton 1s essential only
in real systems. That 1s. yuanuzation should be pivsicaily
unambiguous. For example. quanuzanon of the usual ngidly
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constrained classical double pendulum s not a physical
problem. because the requirement that the pendulum lengths
remain exactly constant is not realizable. To make the prob-
lem as close as possible to physical. the constraints should be
imposed through a limiting procedure. Huctuations remamning
physically allowable along the way. We call this the **limit
quanuzation.”” as oppased to direct quanuzations which do
not pass through a limiting procedure. This procedure 1s car-
fied out in Sec. [I using a Hamiltonian formalism. and later
in Sec. [II from a path-integral point of view. The limit quan-
uzation embodies the idea of classical constraints anising as
the limit of ever larger restoring forces normal to the con-
straint surtace. an idea discussed in Amol'd. for example [9]
tsee also Lanczos [10]). In this way the constraint coordi-
nates appear as part of the full dynamical system n the usual
Euclidean metnic. As the constraint forces are increased. the
constramned degrees of freedom acquire a very high fre-
quency. and their actions remain adiabatically constant as the
slow vanables move. This. however. does not imply that the
fast vanables (which we here cail the r vanables) are ener-
veticallv decoupled from the slow ( #— ) vanables. We dis-
cuss the classical and semiclassical issues of constramned dy-
namics further i Sec. IV. where from suil another
perspectuive we will see that the direct quanuzanon 1s intnn-
sically ambiguous at order 4°: different liminng constrant
potentials give the same classical constrained motion but dif-
ferent quantum dynamics at order A -

The uncertinty pnnciple requires that in any real physical
svstem there will be quantum tluctuations around the surface
of constraint. By exarmimag the effects of these Huctuations
n the limit of ever ughter constraints, we find unavordable
ambrguities in the quantum dvnamics along the surtace or
constramnt. Qur claim s that these ambiguities are an inherent
part of any reasonable quantization procedure. and need not
he more bothersome in pnnciple than the Aharonov-Bohm
effect. which shares the property of wdentical classical dy-
namics giving nse to ditferent quantum dynamics. As the
Aharonov-Bohm etfect illustrates. there 15 no good reason
why a quantum system should be umiquely determined by us
classical tor even semiclassical) limit. and the nchness of the
fnew phenomena that can occur 1 physical quantum systems
can well be viewed as a posiive aspect ot the guanum
theory rather than as a shortcoming.

In any case. we hope our contnibution to the literature will
he a valuable one. i spite of this concluding waming by
Schulman: “~Additionai papers on curved space path integra-
on are fegron. and we do not attempt to list them ail. Some
Are comect: some are less comect. Some have ongmnai tea-
tures: some are less rich m this praseworthy property ™ [ 11,

[L. QUANTUM MECHANICS OF CONSTRAINED
SYSTEMS

A physically natural way of defimng a constraned dy-
narmucal svstem 1n classical mechanics s through a limuing
pracedure where a strong attractive potennal forces the SYS-
tem at any fixed energy to live closer and closer to the con-
straint surtace [9]. The etfectuve classical dynamics obtained
n this limit tems out to depend only on the intnasic proper-
ties of the constraint surface te.g.. the curvaturer and not on
the detatls of the constramming potenual chosen on the em-
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bedding space. We will use an analogous procedure in quan-
tum mechanics. and consider the quanuzation of a con-
strained classical system as the limit of quantizations of
classical systems with large potentials away from the surface
of constraint. This approach is in accord with our intuition
about physical constramts. [t is also appealing because once
a specific squeezing potential is chosen. the resuiting quan-
tum mechanics is entirely unambiguous. and can be obtained
equivalently via a canonical or path-integral method. Ambi-
guities will nonetheless arise in this approach. but are due to
the freedom in selecting a constraining potential. The effec-
tive quantum dynamics in the squeezing limit will have cor-
rections at order A° which depend on the details of the way
in which this limit is taken. These ambiguities are analogous
to operator-ardering effects in canomcal quantization ap-
proaches. and to ambiguities which arise in the choice of
kemel (particuiarly in the choice of evaluation points for
functions of the metric) in path-integral methods. However.
the physical ambiguities we tind are considerably more gen-
eral in that they need not be functions only of the intrinsic
properties of the constraint space. Even for a flat constraunt
space a large set of possible quantizations are available. each
having its own physical realization 11 an embedding space.
but all having the same classical and semiclassical limits.
The existence of such quantum ambiguities in construned
systems all leading to the same classical physics 1n our view
overshadows any attempt to resolve the operator ordenng
yuestions and terms involving the curvature.
We begin with a Lagrangian

L=_:g-“q'q‘—"h[)—\’-'\u[) o

on the tull coordinate space. with fat metnc ¢,, and potental
V twe take the mass to be umty throughout). The addinonal
potenial V, entorces the constramt mn the limit A — < Clas-
sicaily we require V, to have the same value evervwhere on
the constramnt surtace S. for each A. We now transiorm to
the Harmiltonian

=-eipp —Vig1=V g, 12}

where p =+L/5qg' =¢, 4 1s the momenwum coordinate and
2715 the averse of ¢,, . Canomcal quantization now requsres
that we replace ¢ pp =p-p with the operator ~A-%2.
which in coordinate svstem ¢ has the torm

or -

1
A= e — o — 3

UM s

where ¢ 15 the determinant ot the metnic 1e.. the square ot
the volume efement). Notice that there 1s no vperator order-
g ambiguity here because the tull metnc ¢, 1s tat.

Now locally. near some region of the constraint surtace S
we may separate the coordinates ¢ into ““slow coordinates™
# parametnizing § and *“fast coordinates’* r orthogonal to the
surface fsee Fig. 1). We will be looking tor un etfective
theory of the coordinates # when the constraming potential
Viir) allows oniy small iuctwattons in r «small compared to
the length scale assocrated with the physical potennal V. the
curvature scaie ot the constraint surtace S. and the scale on
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FIG. I. Schemauc showing the fast motion along r and siow
moton along ¢, .#. coordinates for fimte conhming lorces ifinite
N

which V! vanes as a function of #). The quantum wave
function on the full space can be wrnuen as

Wig1=W(lb.r=da WV Rlr~da V¥ r1— ...
14)

where &, . &;. ... are arbitrary tunctions ot the slow van-
ables. Wig(r) 1s the ground state of the fast varables r.
treating ¢ as a tixed parameter. W'\ ”'(r) s the first excied

state. and so on. More precisely. W . V.. et are the
ergenstates of the fast Hamiltoman.
AT L -
H=-ab—=—uy g— =tn '3
- w I o

where 1 and / are summed over the tast varables oniy. and
the metne s evaluated at o nxed value of #. Note that ¢ here
i the determmant ot the tull metric on the (r.¢) space.

Now we want to consider the ettective Hamiltoman 4.,
acting on the slow wave tunction én #) which multipties the
sround state of the r vanables. We will argue toward the end
ot this anaiysis that this ettective theory s 1n [act unnary in
the Hmit A — = as the transiion probabilities connecung the
zround states (o the excried states ot the tast vanables disap-
pear in the constrame himit tdue to adiabatcty ).

We have mentioned previously that 1n order to oot the
comrect classicai motton n the constrmnt hmit. we must
make Vi r=th be independent ot # and have the potenual
increase away from £=1). [n urder tor the quantum mechan-
10> 10 have a sensble semiciassical humt. we must tusther
sntoree that the energy ot the wrouny State £ . denned by

HoV = EaWin. o

must be # mndependent. tor any A, and the energy of the inst
excrted state must be well sepamated from 1. with the sepa-
ratton growing with A. This can be implemented tn 2 number
ol ways. but two particufarly simpie scenanos present them-
selves. In the first we take Vi(g)=Accg). where ¢ i a
smooth function vamshing on the constraint surtace and hav-
ng s mmmum there tbut with a nonsingular second denva-
uve matnx with respect to the fast vanables). Near the con-
strant surtace. the constrmming potential will have the
harmomic-uscitlator torm

Virn=rA "r-Our, )
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where the matrix tfunction A'?' is smooth. The ground states
Wi will to tirst approximation be harmonic ascillator
ground states with spatial extent of order £"*/A"* und en-
ergy Eqg of order A %, As discussed above. the coefficient
of this energy must be ¢ independent. to prevent intinite
effective forces in ¢ from ansing in the A—=x limit. The
matrices A'® can easily be adjusted to satisfy this condition.
In the case of more than one constraint vanable. this sull
allows for much freedom in the function A'” and the result-
ng eigenstates ‘{"G'g (energy can tlow trom one fast degree
of freedom to another as a tunction of ¢. as long as the total
energy remains constant). One may choose to adjust (some
of) the anharmonic parts of the potenual as well. but this is
not reallv necessary or natural. The quartic term wiil lead to
order 4° (X independent) corrections to the ground-state en-
ergy and thus (if these anharmonic correcuions vary with 6.
which in general they will) (o the effective potenual in 4.
We wili later see that this etfect is of the same order as other
termns that are encountered in the etfective potential. We
mught also mentton at this point that if 1n finding the ground
state of r at a given ¢ we used normal coordinates centered
W d.r=0y. g, =4,+0tr) for tixed ¢. and neglected the
1, <) curvature correction. we would also make an error of
order £i° i the ground-state energies and theretore i the
etfective potenual for ¢.

A second scenano involves a hard-wall potenual with the
Cross section of the allowed region shninking toward 8 as
A —=x Thus we may instead take

=0, o ™xrm- | %)
R VIS N Q)

~vhere the tunction ¢ ™ defines a #-dependent region shnink-
mg as /X which the tast ergenstates hve. The energy ot
the ground state 1s of order £°\-. and can agamn be adiusted
0 be # independent while allowing tor substantial treedom
:n the shapes ot the ground states. In the tollowing we wiil
tocus on the ongmnai smooth potenual) scenarto. but this
vne could be used to obtan sirmiar resuits.

We now see what happens when we compute the etfective
Hamiltonan tor the stow vanables H... .o/ ot dentned by

ChniH g by = VIHDW i

“ith

Wesr = o mW i i

The potenual Vig) clearly induces an erfecuve potental
Vid.r=1. up to corrections which disappear 1n the con-
stramnt limut. since Ve 4.y vanes slowly in r over the extent
of WiR(ry. The constramnt potenual V, . combined with the

For the purpose ot dimension counung. esery power of £ 10 an
sxpression contnibutes a tactor of 7\ to the expectation salue
whereas o/dr acung on 'W,.p ‘but not the metnc) contnbutes
A YA Denvauves actng on the “slow™™ wave tunction du 9
and the metnie ¢. as well as of/24 acting on 'V, 7 ail produce tactons
ot order unity.
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tast part of the kinettc term. wives. by assumption. a
#-independent etfective potential which we can theretore
drop. We are left with the slow « #) part of the full g-space
Laplacian. as well as mixed terms tnvolving one denvative
cach with respect 1o the slow and tast vanables.

In the Bom-Oppenhetmer spint. consider first the action
ut the ~“slow™ part ot the Laplacian on the tull wave func-
tion. We are interested in matnx clements ot the form

R G -
C dgWari - ?I;"'—‘ gVg—z i da¥er ). (12

The two denvatuves can act on the slow wave function dn.
or in the ground state W ;. or on the metne and us deter-
munant. Consider terms where both denivauves act on the
sround state or the metne. After integraung over the tast
vanables. this leads 10 « dq) —A~ 1t H)lbn). an etfectuve po-
renual scaling as £~ ° iNote that both the metnic and the
sround state are changing over tvpical scales ot order umity
in ¢.) Furthermore. tus etfective potenual 1s A independent
tor large A. since W,z mamntans us tuncuonal form tthat of
1 Gausstan plus higher-order corrections: and simply shnnks
toward r=t as A — <

Now suppose one ot the denvatives acts on the metnic or
on Wp . while the other acts on the slow wave tunction. We
then obtain

b, ~ ity o -H.e &y . 13

where #toare real tunctions ot # vbecause the sround state
¥ ;r can be chosen to be real. and the metrie s real as wetl).
Faking the Hemmunan part we agan ontain an effecuve po-
tenual of order A% Finaily. if both denvatives act on the
~low wave tunction ,. we obtain the usuat Kinettc werm tor
the stow vamables. mciuding order &< terms proporuonal w
the curvature ot the constraimng surtace. as discussed in Sec.
1. This concludes the discussion ot the pure #-denvanve nart
o the Kinete enerey, and we move on o the mixed terms
next.

It the o/ or denvanve acts on the metnc, we obtain a
contnbution ot order i 1o the etfective potential as betone
ail denvanves are ot order unity ) B /or acts on VL wiile
ot JCTS 0N 2 o0 e Wave TUACTIon .. s oblain

’

o ‘V(;;( o — - Hu. ‘l’,‘u . e
r

where s astowly varving reai function. So to this order 1in
fi only the commutator ot £ with #/or survives, and once
again the resulting coatnbunon to the etfective potential 1s of
order fi-. The remaining term 1s the one where both denva-
tives act on the ground state: it has the form

‘The dentvatives acting on the metnc only will ¢ive the usual
curvature-dependent comections o the etfective potenttal. Terms
coming trom denvauves acting on the eround state are of the same
arder ang will sive nse to additlonat corrections.

‘( 4 g’ 5
2{ ) — —\ P t
A \ qut(” r):wdr! VGR/ {

Since Weg(r) 1s even in r. the slowly varving tunction
<t #.r) must be expanded to tirst order n ~ to abtain a non-
vamishing contribution. We then obtain vet another contribu-
tion to the etfecnve potential of order £ {since rtd/dr) act-
ing on Weg(r) ts of order umty .

Finally. we argue by adiabaucity that there s no muxing
between dq( #) and the excited wave tunctions &y( &), etc.
This follows because the splitting between Wiig and the ex-
cited states of r scales as & A in the constraint limit tor as
£3\% in the case of a hard-wall potenual). whereas the matrix
clements do not grow with A. So assumung i tinite amount of
energy in the mitial &q( #) wave function. transition prob-
abilities vamish i the A—= limit. and we obtamn a
probability-conserving effective yuantum mechanics. The ef-
tective Harmitonian 1s

’ puyl .
Hogm = = —= i g\ g = VI =RV i 8.
ol 2 N A ¥

16)

This is the key result of this paper. V., is essentally an
arbitrary smooth tuncuion. depending n a complicated way
un bath the curvature properties of § and on the constraining
potential around § {together these determne the ground-state
wave functions’. \ & can be taken (o be the square root of the
Jeterminant ot esther the tull metnc or ot the metnic re-
Jdneted 10 the constrant surtace. Any difference between
these expressions can be absorbed mto V., .

. LAGRANGIAN FORMALISM

A path-integrai analvsis also shows that quantization on
the constrasned surface 1s ambiguous at order - We begin
with the propagator on the fuil coordinate space. Because the

space s flat. this s given by the usual Feynman
srescortion  DMgt THexpuSiget/h) where S(geTy)
= VL{gt Tt =17 = The Lagrangian L on the tull space 1s

aven by Eq. 11110 Sec. [ we tollow the notation introduced
there. We extract the effective dvnamies for the “slow™
<anables # by pertforming a trace over the ““tast”” vanables ~
i cthe  adiabatic  imt. Specificaily. we  calculate
daptent o oahere g =TroWion) s the trace over the
tast vamables of the denstty operator on the tuil space. The
‘1me £ s taken to be smatl on the ume scaies of # moton. but
- may underzo many osailatons dunng tis ume. Noung
that the evolution of the tull density uperator 1s given by
Win=e “""Wihe """ and mserung wdenuues i the
torm of complete sets of states. we have

CHlpenid )=

CHPWONE T T e R g Ry

AR dr'drd @’ do'(a.Rle MM G r)

an

We take the imuai density operator to be the ““product’” state
WiR) = id). where the intuai state ot the tast vanables 1 the
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(purely real) ground state W¢p(r). with ¢ regarded as a tixed
parameter tsee Sec. (). &) is an arbirary nital wave
tunction of the slow vanables ¢. Replacing the two propa-
sators by path integrals. we then have

LR

Décn
HOy=o’

cddptod, )—J d6’ dlf’

Cmemd,
< J . DO d LY
Q)=
< FlOm. 80 ). (18)
where
- - SrnER
At otm)= , dR dr'dr” ’ Dri sy
- Jrms=s
Jrimas”
W R(r\‘l’,-ktrl t19)

S =S(rr):607)) and §'' =S(r 16t n) are the acuons
along the respecnve paths. In performing the path integrals
over the fast vanables. #( 71 (#(7)) is to be treated as an
extermal forcing tunction with  the —wropeny
MOV = 8" ) = o, [respectvely. S =47 8(01=1n ]

We evaluate S using the stationary phase approximation
with respect to A on the path integrals. the trace. and the
integrals over the mtermediate tast vanables. [n tact the sta-
nonary phase approximation becomes exact m the adiabatic
it we shail now show that the errors due o statonary
phase evaluation are of urder £ \'% o they vamish as
A —=< Recall that

- M
. 2mh
e’ ”“J’xrv\usk — Cogge et
- AR )
[
CleOt A B
N

where the sum Is over sSEuonry phase poines ©. saustying
“rvas =4 Statonary phase evaluatton of path integrais. al-
shough ditferent in tie detaths, scales i the same way. oo
corresponds o the actuen 3. The satonary patns are the
Ztassical paths and we now argue that ¥ (A 1o ead-
ing order i A. The leading behavior of the action n the fast
wanables anses trom the kineuc term n r and the constrant
potenual: L. ~g, 7 /2= V). where the sum is over fast
vanables oniy. Thls L.x::r:mgl.m corresponds to the fast
Hamiltoman of Eq. ¢2) discussed in Sec. (I which gives
harmome monon for r at least throughout the range of the
tast vanablie ground state. Because the mitial fast state 1s ths
zround state. the leading behavior of ek nves

T ERIAE S .

21

, dr’ ,. Drizsie?™ ™I ir~e

where we note that Eqg ~ (£ vA) 1s required to be ¢ mnde-
pendent to avoid intinite torques acting on the siow vanables
(Sec. [I). This shows the leading behavior of the action on
the ground state is simpiy to muitiply it by an evolving
phase. The fast variable rtr) does not stray from the doman
of faithful harmonic approximation to the constraint poten-
ual. Subleading terms are a tactor of 1/yA smailer. Thus the
Jominant behavior of the action and its denvauves 1s simply
that of a harmonic potential of frequency O( A ). The errors
in the statonary phase evaluation of the path wmtegrals are of
order £YSAY%. vanishing n the adiabatic limit [see Eg.

120}]. The errors in using stationary phase to compute lhc
trace and integrals over the intermediate vanables r* and r

scale in the same way. [n the harmonic approximation to the
actton and the ground state it 1s readily seen that the stauon-
ary phase points are R =r" =r" =0, the constrained value of
the fast vanable. Cormrections to this approximation due to
subleading terms vamsh 1 the adiabauc limit. A —=

We then have.,

y R T I
ot el oW’ FnWig
Al . g(m)= — ! —
ar'= ar’s
i 12 M
< S . L etd ll-r.s':: A
iRar’ aRar"
22)
where the dcnvanv:s are evaluated at R=r =r"=0

§*Hirespecuvely. $'7") 1s the action alony the classical path
starting and cndm5 .n the constraunt value r =4 subect to the
Lagrangtan of Eg. (1) with 807 {respectvely. ot 71| treated
1 an undetermuned torcing function. n the adiabate hmit.
we shall now show that the actuon exponent 1 just the action
tor the reduced slow vanable system on the constramt sur-
tace. re.. the acton we would have wrtten down had we
begun 1n the reduced space. The Kineuc term i r together
with the constraint potential give a #-independent term in the
exponent as discussed above. This. bemng 1 constant energy
<hift as far as # 18 concemed. can be neglected. The mixed
Ainetic term goes (0 zero; we may expand ¢ or. about

=1) and take tunciions of # out of the ume meegral as they
are sfowly varving tunctions of ume:

arirde=g pahe | orar—

-().{,':'\ 4. i3}

anere the denvanves ot the metnc are eLaluated at » =4
The tirst term on the rtght-hand side 1y Zero. sinee e mte-
zral gives Fen —rtth =4 due o the stationan phase con-
Jdition on the end ponts. For p =1 the mntegral 1o the scumd
term 15 zefo tor the same reason (the integrand 1s (- mlll

For p =1 the mtegral averages to zero. because different di-
rections of the fast vanables genencally osailate at ditferent
trequencies. The lgher-order terms i the expansion vanish
1 the adiabaue timut [they involve at least two powers of r
but oniy one power of r. so scale at o least s
CA/AMICR AN Y3 We are thus [eft with the kinenc werm
the slow variabies only. with the metnic evaluated at the con-
straunt value for r.
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Insering F{H( 7). dt 71) nto Eg. (18) gives the reduced
density matrix at ume ¢. This factonizes mto a part mvolving
#.4.. and # 7 and a part mvolving #°.4,,. and 9t This
implies  that the reduced density mamx  factonzes:

Haptrnd,) =« 8160 1Y), 1e. the final # sate o
pure. and so we may descnbe it in terms of 3 wave function.
\drabaticity has thus uncoupled the tast and slow degrees or
rreedom. We have

|
b= | JHJ DA HAH 2 e s, o2

4

“where

~InW sy -

,,,--' aRar

A=t
L AR aEN]]

25

y =5, 1 the acuon funcuon for the # vaable on the con-
armned surtace: S =[L 4t where the Lagmangan s
L=-¢ of#—=Vit, wii ¢, now the metne on the curved
pace defined by the constramt surtace. and the sum s over
e slow « 4y vanables oniy.

We mav compare ths 1o the expressions discussed in Al
here one works in the reduced space trom the start. Drtfer-
<nt Fevnman Kerneds dare postulated o atiempt o account tor
the curvature ot the construned surface ¢ 1.4.8]. There. toran
mnnesimal ume 1.

i 1= At HIGo 0 e " Y

SOUHY = g hd s the voiume clement at ¢ Candidates
tor Go .4, which are otten considered in the tterature m-
ctude the wenuty operator and ooy DI Ahere
« 1~ the determnant of the metne on the curved space. and £
~ the Van Vieck determinant | D = et = - Yiooath o The
dttferent choices give mye o Hamidtontans amich ditrer at
wrder fi - by a certain traction ot AR, Al demonstrated ts
My choosing lucally normal coordmates ¢ o evaiuate the
tegrais and considening mnnesimal tme. o that e ax-
Poflent Jnd prefactor can de expanded n & The acton -
sonent s then at lowest order vn o gquadraie. and the re-
alting Gausstan mitesrais are reaatdy pertormed. Only e
sven-order Rerms i the sypansion ol the pretactor apout e
mttal vatue # contnbute. The 7 —o himiat os taken ang an
sttective Hamiitonian can pe estracted trom e resuting
atterenuad cauation. The expunsion of the cotentiar 2.00-
went ang the mtiat wave tuncnon gse e Hamitoman
S-S 2m - L and it s the quadraiie term i e expansion
& oGS that grves rise o the iR discrenancies in the
srtective Hamittonwan, Higher-order terms e corrections
4t hugher order tn fi

The key pomt s that we may apply the same manioula-
nons o vur Eg. 123, where At#0) piays the role or the
aretactor . 2t HGoh Transtormung W focally tormai coor-
dinates i which there are no linear terms n the action ex-
ponent. and expanding A (#7)) about o leads 0 note h-
corrections 0 the etfective Hamiltonman. as m Ali%s approach
Jdeseribed above. However. 1t is umportant to recognize that

2597

our corrections emerge from reducing the fuil. unambiguous
coordinate space evolution down to the reduced curved space
by king the constrant limit. whereas Ali’s correcnions anse
from using & moditied Feyaman kemnel for curved space. We
ubserve that our corrections depend not only on the curvature
but also on the constrmnt potenual. These conclusions are in
accord with the results of Sec. II. and provide addiuonai
nsight 1nto the ambigwity and connection wath the literature.

[V. CLASSICAL AND SEMICLASSICAL PERSPECTIVE

Finally we provide a third. classical and semiclassical per-
specuve on the ambigwties nherent i quantizing con-
“trained systems. The classical point of view on constraints
as limats of strong restonng forces s instrucuve. and meely
complements the quantum discussion. In classical mechan-
ics. adiabaucity plays an important role. Adiabaticity ot clas-
<ical actnons also played an important role 1n the old quan-
tum theory. Here we will see that the sermclassical approach
contirms the mherent order A° problem of quanuzing a con-
<traned svstem. Agan. the plan 1s to stark wath the system in
the full Cartesian space. transtorm to curvilinear coordinates
and the Luapiace-Beltrami kinetc energy operator with no
ambiguty. and begin 1mposing sutf force constants about
nxed values of une or more of the coordinates. The resuit in
the limit of mfinite restonng forees s constraned dynamics
on @ Riemanman mamiold. Agan an ambiguiy will anse
because we can arrive at dentical classical consirained dy -
namics i ways which ditfer quantum mechanicaily.

The dea that ctassical constramnts are the fimt of merely
autf degrees of treedom s 4 satural one. thougn not often
discussed. Amol’d ncludes a brier treatment of this an s
ramous ook 10 a chapter desoted o Lasranman Jdynamics
on mamtoids [Y] \rmot'd states that @ the mit & -~ e
Jtassical dynamies sausiies Lasrange '~ cyuatons of motion

=T . - - I8

anere [ s the Kineuc energy and Voany nenconstraint po-
ennial energy of the tuil system. Howeser. tnere s anom-
sortant difference for the present purpuses: e need o con-
Srder e larae crereies “Mored  cn e constraiied
LOORGINATES. COITESPONUINEY T e JUanium 7em DOINL cnersy
SLMDINY o0 armErartis eh saives as A — - Ty se can do.
Jowever. using e neorem on fhe adiabaneity ot classical
actions under sfow varaton of a4 parameter.

The ssues which contront the classical approach to con-
strants 0 the high-energy constrant limut are iy energy
<tored 1 the tist vanables generafly vanes as 4 tunction of
the slow vanables. esen though actions are constant. thus
raming the specter of large energy exchanges with the slow
Jegrees of freedom: +2) the possibility that the slow coordi-
nates are chaone: and 3 the possibility that the constraunt
coordinates ¢an exchange energy among themseives. pernaps
<haoncaily.
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FIG. 2. ta) Area-preserving tadiabanc) change of Hamiltonan
parameters generafly changes the energy. as ndicated by the -
crease w pt at g =0. where the potenual V=0, (b) Sume slow
Jeformanions of the Hamiltoman do feave the energy unchanged.

A. One dimension

In the simple case of one-dimensional moton with an
adiabatic change of one or more parameters. the vanauon of
the action decreases exponentiaily as the rte of vanauon of
the parameters decreases [11]. However. as the phase space-
disgram w Fig. 2(a) shows. the energy generally changes
signiticantly as the parameters change. as measured by the
contemporary value of the Hamiltonian. For example. 1n the
case of a one dimensional harmonic osciilator. suppose we
sMowly adjust the frequency wtf) = A wy toward higher
values. begiaming with some energy £, 10 the osciilator:

H=:sp = s \NDwag™. 129)

Since the action 1s constant. the area of the ellipse enclosed
by the trajectory is constant. but this means that at ¢ =0 the
momentum must ncrease. However atg =0. # =p=2. o the
energy Increases as wi(l) INCreases adiabaucally. Specifi-
cally, with @ * + A, we have p <A ** and Ex\-*

Now suppose we have only one constraint coordinate .
The situaton 15 deprcted 1 Fig. 1. The slow # coordinates
it as adiabauc parameters. Whatever thewr motion. in the
fimut of large. fixed A the action of the r mouon s preserved
Jdunng the course of the # mouon. Clearty 1t we are to avord
any of the large zero-pont energy of the r coordinates nnd-
in ity way 1o the ¢ coordinares. we must restrict the con-
dmng potential Virig. 0., . wvary with 092 n
1 way that mantuns fixed energy tor fixed icuon. This con-
diton does not fix the potential umguety. but 15 possible tor
1 wide class of potenuals. for exampie satistying

Edqh=xied=cd™=-- e, $30)

with
ah) =€, 12

independent of A. The acton [ s defined. as usual. as
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An example showing two potentials (or rather their phase-
space contours at idenucal actions and energies) satisfving
this requirement is shown in Fig. 2(b). The area enclosed by
the dashed and solid contours is the same and the momentum
at g =0 (where we assume v=0 for both potentials) is also
identical. showing the energy is the same for the two poten-
uais at that action. Any potential satisfving Egs. (30) and
(31} at tixed values of the ¢ coordinates is an allowed con-
straint potential at that point i ¢ space: the independence of
Egs. (30} and (31) under changes in the ¢ coordinates must
then be arranged lo ensure energy remaining tixed in the r
variable.

The semiclassical estimate of the energy in the r coordi-
aate is thus independent of the § coordinates. since that en-
ergy is just given by the classical energy at acuon [=A/2:
this 1s what we set constant by definition. However. it is not
the semiclassical energy we want. but rather the exuct quan-
rum enerzy. Now the key tact is that the exact and semuclus-
sical enervy differ in order £~. This follows trom the den-
vauon of the WKB energy e¢quaton. which 1s an expansion
wm A. Thus. the freedom to choose among patentals which
lead to identical classical constrned motion as A — < leads
unavoidably to a quantum ambiguity at order fi~. n agree-
ment with the discussion in the previous two sections. This is
another contirmation of the view forwarded there. and 15 the
man result of this secuon.

B. Chaos in { 4} variables

The 1ssue of chaos n the {6} varables s casily disposed
ot: 1t makes no difference. since n the it A — = the tre-
quency of the r vanable 1s far from reach of the siow o
cuordinates. which just act as siow parameter changes on the
 vanabie mouon. The fact that the changes of the ¢ coordi-
nates are not quasiperiodic i the chaouce case s of nu con-
sequence to the adiabancity ot the r coordinates.

C. Resonance or chuos in {r} variables

Interaction between several r vanables can be avorded by
independent coatrof Of 4 MANY A PArameters ds there are r
coordinates. With this control we can force the trequency
AUOS w.iaw. ., —¢) even as each w, —& By this nne we
avord any low-order resonance feading (o energy transier be-
mween the r vanables. The concern that mgh-order reso-
nunces must Ziways exist 15 soltened by the tact that even i
the external control parameters (# vanables) are etfectively
nxed and the hgh-order resomance 1» aowed o act the
energy exchange (resonance width) 1s expected o be expo-
nennally small i the winding number ttreguency ranos tor
smooth potenuals. as 1t depends on Founer coetncients of
the arder of the winding number. [n etfect. good actions are
mamuned in the r vanables as A — =

(n the opposite extreme of tull chaos n the r vanables.
we appeal to Liouville’s theorem applied to the invanance of
the total phase space volume enciosed by the energy surtace
n the r monon i the limt that the o varables are slow
enough to be considered to be adiabatieally separate external
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parameters. [n addition. we need Herz's theorem. which
states that in an ergodic system the energy shell maps onto
another energy shell in the adiabatic limit of changing pa-
rameters (12.13]. We may write £=£, 4(1). where Vis the
phase-space volume. As long as the constraint potentials are
tuned to preserve this energy as a funcuon of the ¢ variables.
1e. Ep VI=E V) for all {8’} and tixed V. there wiil
agun be no forces on them from the conswants. Having
arranged the potenuals in this way. there remains the ques-
uon of the semiciassical energy tor the chaouc dynamics.
This can be given by periodic orbit theory (1+4]. Somewhat
paradoxically. penodic orbit theory has been shown to give
excellent results for low-energy eigenvalues in a number of
svstems. breaking down at higher energies. We need the low-
est (zero pont) energy. which at least formally has an error
of order £°. s0 once agun we reach the same conclusion
about the order &* ambiguity n the quantization procedure.

V. CONCLLSION

We have shown from three ditferent points of view that
the ambiguities which anse i the quanuzanon of a con-
stramned svstem are physical in nature. and cannot be re-
solved by finding the ““nght’” mathemaucal formalism. Con-
sidening the constraned surtace as a reduced subspace of a1
larger system. we have found that terms of order £~ inevita-

QUANTIZING CONSTRAINED SYSTEMS 2599

bly arise in the etfective description. These terms depend on
the details of the forcing potential as much as on the intrinsic
geometry of the constrained surtace. but there is no ambigu-
ity in the classical or even semiclassical dynamics. Thus we
obtain a large set of equally valid ~"quanuzations™ of the
same classical system. each corresponding to a pamcuiar
construning process. [n any physical situarion. one such con-
straining process is the correct one. and the ambiguities dis-
appear. [n the absence of derailed knowledge about the na-
ture of the constraints. additional “*quantization conditions ™
must be selected before one can speak of quantizing any
classical dynamucs on a curved space.

Qur discussion has been cast in terms of holonomuc con-
strunts twhich can be wnitten in terms of the vanishing of
one or more tunctions of the coordinates). but the idea of
reaching ngid constrants via a limiting process also applies
to nonholonomic constraints. which can be couched only in
terms of nomntegrable differenuals.
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