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Abstract

The dynamics of charged particles in moderate magnetic fields can present a theoretical

challenge in many systems. Weak magnetic fields may break symmetries in a system, but the

dynamics of the particle are usually only slightly perturbed. Alternatively if the field is very strong,

the underlying system tends to become one dimensional, particularly in the case of the Quantum

Hall Effect in mesoscopic systems, or plasma systems in strong magnetic fields, where the particles

follow flux lines. In this thesis we consider systems where neither extreme holds.

The first Chapter analyzes high Rydberg antihydrogen states in a strong magnetic field,

where the effect of the magnetic field can be as important as the Coulomb well. We find that the

system can be considered in the center-of-mass coordinates with a conserved quantum number, the

pseudomomentum. The states that are produced can be highly asymmetric, and when placed in an

ionizing electric field, the dynamics complicated. We identify two extreme cases of the motion, and

using classical simulations find a relation between an ionization field and transverse anti-atom size.

The next Chapter considers semiclassical dynamics of electrons in a large chaotic quan-

tum dot in a perpendicular magnetic field. The device allows the conductance of the system to

be probed in energy and magnetic field, and strong interference bands are identified in the (E,B)

plane. We identify these bands as due to scarred states in the large dot, and connect the features of

the bands to changes in the dynamics of periodic orbits in the system.

The last three Chapters extend the SPM tip imaging theory in 2DEGs to include more

general tip imaging mechanisms. We consider how a realistic SPM tip scatters electrons classically,

and then what type of fringe patterns such a deflection produces, deriving a formula that connects

the scattering angle to the fringe pattern local to the tip. We then consider an SPM tip imaging of

the magnetic focussing of electrons in a 2DEG, and characterize the results in terms of the novel

effects of a soft weak tip on the electron flow.
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Chapter 1

Introduction and Summary

The work in this thesis concerns for the most part motion of electrons in a magnetic field,

in a regime where the field is small enough that the system isn’t highly degenerate, such as in the

Quantum Hall effect, but where the effect of the magnetic field is more than just perturbative. In

this regime the dynamics of particles can be very complex, and simpler analytic models can fail to

have much predictive power. In addition a number of themes run throughout the thesis. Because

of complexity of the dynamics involved with motion in moderate magnetic fields, much of the

work in the thesis is numerical. This includes classical, semiclassical, and quantum approaches,

the combination of which provides a more complete picture of the dynamics involved. The use

of billiard models is a common theme; using analytic discrete maps allows one to manage the

complexity of the magnetic dynamics in smooth potentials. The work focusses on experimental

results and applicability, in collaboration with the Gabrielse, Marcus, and Westervelt groups at

Harvard. And, being a very visual thinker, I rely heavily on figures and two-dimensional plots of

theoretical results to convey the physics.

The thesis is structured into three main projects:

• Analysis of the ionization of antihydrogen in a strong magnetic field (Chapter 2),

• Modelling of the spectrometry of scarred states in a large quantum dot (Chapter 4), and

• Development of a more general model of SPM tip imaging processes, with application to

experimental results in a magnetic focussing geometry ((Chapters 5, 6, and 7).

In addition we include a Chapter on wavepacket methods in magnetic fields which are utilized in

Chapters (4) and (7), and we derive a novel Hamiltonian approach to the guiding center approxima-

tion in the Appendices.

1



2 Chapter 1: Introduction and Summary

Chapter 2: Ionization of Antihydrogen in Parallel Fields

Of significant interest in the understanding of antimatter is the production of stable anti-

hydrogen at cold temperatures, so that its spectrum and fundamental properties can be observed and

compared to normal hydrogen [38], using precise laser spectroscopy [116]. However, to do so, hot

antiprotons and positrons must be cooled and allowed to bind in a matter free environment.

In the last few years, slowing of the antimatter has allowed the production and observation

of antihydrogen at 4 K; this was first achieved by the ATHENA collaboration [32] by counting

antiparticle annihilations over a relatively large region. In contrast, the ATRAP group observed

the production of antihydrogen [29, 30] by allowing antiprotons to pass through plasma clouds of

positrons [26], forming bound pairs. This required a special nested Penning trap technique [28] that

allowed the hot positrons to cool to 4 K and form a single species plasma cloud in the Penning trap

[13, 84]. The cooled plasma cloud was allowed to interact with a number of trapped antiprotons,

and then a field was applied that would remove unbound antiprotons. A large ionizing field was then

applied, and the number of antiprotons counted. This count indicated the number of antihydrogen

atoms formed with extremely low background noise.

We begin by considering a model of a circular guiding center atom, where the transverse

kinetic energy is completely wrapped up in the cyclotron motion, and decoupled from the axial

motion. In this model, the motion of the particle is one-dimensional and axial, and parameterized

by the transverse radius of the atom ρm; in the presence of an ionizing axial field,

H =
mv2

z

2
− e2√

z2 + ρ2
m

− eEzz.

The axial well disappears at the radius

ρm,max = a

(
4
27

)1/4 1√
Ez

providing a measure of the typical anti-atom size than can survive an ionizing field Ez .

Including the dynamics of the full two-particle system, the assumption of cylindircal sym-

metry cannot be made. However, one can identify a conserved quantity, the pseudomomentum K

~K = ~̇R− eB

c
~r × ẑ

which is a constant of the motion in uniform ionizing and magnetic fields. Utilizing this, we can

parameterize the problem, and derive an effective potential in the center-of-mass system,

V =
( ~K + eB

c ~r × ẑ)2

2M
+ U(r)− eEzz.
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This enables the identification of ionization saddle points in the full system. This potential also

allows for the possibility of stable bound states far from the Coulomb well, “giant dipole” states.

An analysis of the experimental parameters and reasonable distributions of the displacement ρ of the

anti-atom leads to an estimate for the experimental distribution of the pseudomomenta. In general

the anti-atoms have K < 1 a.u. and are bound close to the Coulomb well; experimentally no stable

giant dipole states are present. Simulations of the states reveal that for higher Rydberg states the

anti-atoms are either cylindrical in nature, with nearly decoupled transverse and axial motions, or

become fairly ergodic, with energy exchanged readily between the transverse and axial motions.

Classical simulations of anti-atoms in ionizing fields at varying K reveals that for small

K, the guiding center model holds surprisingly well, even when angular momentum is not con-

served. This indicates that for many configurations, there is an adiabatic invariant at play (this

invariant is identified in the Appendices). For smaller radii and for increasing K values, the more

ergodic, fully three-dimensional ionization saddle point becomes relevant. With increasing temper-

ature, the effective anti-atom sizes will also shrink, but due to the rapid change in well depth of the

Coulomb interaction, the decrease in anti-atom size is not large. The experimentally relevant anti-

atom size versus ionizing field, as predicted by the guiding center and ergodic models, turns out to

be within 20%, and the results of classical simulations lie in between the two extremes for relevant

fields strengths and K values. This provides an experimentally relevant measure of the atom sizes

produced in the ATRAP experiments.

Chapter 3: Mesoscopic Wavepackets

The use of wavepackets in quantum dynamics simulations has gained increasing popu-

larity recently, spurred on by the increase in time resolved experimental techniques, or “femto-

chemistry” (see [41] for an overview). In the past, wavepackets have been used mostly as a peda-

gogical example, often to justify the use of time independent approaches in scattering theory [98].

However, the need of time resolved quantum simulations and their use in semiclassical approaches

[48, 46, 60, 99, 70] has renewed interest in wavepacket approaches. Some measures of scars [47]

even rely on wavepacket theory to define correlation functions in the system [54].

Wavepacket techniques have a number of advantages over time independent techniques,

particularly in open systems. Time independent approaches dealing with open systems face diffi-

culties in coupling to the continuum, and must use techniques such as R-matrix theory or a “self-

energy” based on outgoing Green functions to couple to the continuum [21]. Because the wavefunc-

tion remains for the most part localized in space, wavepacket approaches avoid these difficulties.

The problem of the continuum is elegantly dealt with by, for example, defining an absorbing region
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of the grid which attenuates amplitude as it enters. Resonances are naturally dealt with as well.

In time independent theory, resonances are associated with complex energies, requiring specialized

techniques like complex absorbing potential or complex scaling. In time dependent approaches,

resonances arise naturally as long dwell times. The use of FFT and vectorized multiplication makes

the codes very fast. And finally wavepacket results, being time dependent, provide an intuition that

is lost in time independent approaches.

We consider wavepacket approaches in the context of mesoscopic systems. We show how

to propagate wavepackets efficiently in magnetic fields, and how to construct absorbing boundary

conditions to simulate the “black velvet” of the continuum. Flux into various areas can be calculated

by measuring the amplitude and velocity across a flux surface, or by measuring the probability

removed in some absorbing region. By tracking the history of these quantities we can extract the

energy resolved flux (ERF) across a flux surface or into a “continuum” absorbing region. This

allows us to calculate scattering coefficients for the system.

These approaches can be used to simulate the conductance through a system (see Chapter

4) directly, or can be used with a parameterically moved tip potential to simulate the imaging experi-

ments performed in the Westervelt group (see Chapter 7). After laying out the theory of wavepacket

propagation, we detail the simulation of an example system. Finally, we present some results of

wavepacket tip scan simulations, to demonstrate the types of problems for which the method has

been used.

Chapter 4: Spectroscopy of Scarred States in a Large Quantum Dot

Signs of classical chaos in mesoscopic systems, in particular quantum dots, have been

observed in lateral quantum dots before [74, 73], as well as in resonant tunneling diodes [114, 81,

33, 34, 31]. Spectroscopic analysis is natural in resonant tunneling diodes [78, 80], while spec-

troscopy below the Fermi energy in quantum dots is a relatively recent development [90, 91], used

in particular to study the correlation functions of the local density of states (LDOS) in the emitter

[56, 75]. These studies used vertical quantum dots to probe the LDOS at the electrode wall. A very

narrow resonance in the vertical dot was due to impurity-assisted tunneling mechanisms [97, 90],

where an impurity between tunneling barriers in a quantum dot creates a narrow, isolated energy

state that mediates most or all of the transmission through the system. However, the creation and

use of a lateral single electron quantum dot, with a single sharp resonance, as a spectrometer is of

significant interest for probing the transport of lateral devices at and below the Fermi sea.

Scarred wavefunctions [47, 54] are eigenfunctions of a system that are strongly influenced

by classically unstable periodic orbits in the system. They usually have a spatial character reminis-
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cent of the underlying classical periodic orbit. In addition, the scars usually are due to unstable

orbits with a reasonably small Lyapunov exponent Γ, so that

ΓT ≤ 1

where T is the period of the orbit.

Scars can play an important role in the spectra of atomic systems [85] and in the conduc-

tance of mesoscopic devices, such as lateral quantum dots [74]; in particular, scars have been shown

to play a crucial role in resonant tunneling diodes [114, 79]. Some have even claimed (somewhat

questionably) to have imaged scarred wavefunctions in billiards [19]. Often the observation of scars

in a system is due to a bifurcation of some sort, where a classically stable orbit becomes unstable.

The scar often contributes over a relatively small range of parameters, while the Lyapunov exponent

is still relatively small. However, conductance mediated completely by scars has been seen [79] for

resonant tunneling diode systems. As we shall see below, conductance mediated almost completely

by scarring, as well as changes in the level of stability, may be seen in lateral quantum dot systems

as well.

Inspired by some experimental results found in a study done by Dominik Zumbuhl in

the Marcus group at Harvard, we study the dynamics of an electron in a large, leaky quantum dot

[58, 57]. A lateral quantum dot device was fabricated that coupled a small spectrometer (in fact a

small quantum dot) to a larger quantum dot, which was energized in such a way as to make a leaky,

Fabry-Perot -like cavity in two dimensions. By “leaky”, we mean that the large dot has junctions to

the leads that are open to many transverse modes, so that the an electron can enter or leave the large

dot with relative ease. The small quantum dot acts as a device that could measure the local density

of states LDOS(E,B) in the large dot at the tunnel junction. The small dot is a single electron dot,

and can contain at most a single electron at any given time. Hence the small dot possesses a single

narrow resonance at a specific energy ER with a narrow line shape; this means that this small dot

conducts appreciable current only over a narrow range of energies about ER, and hence acts as a

spectrometer. This feature of the small dot allows the experiment to run at large bias, and allows

the current and hence the transmission through the system to be measured up to 1 meV below the

Fermi sea, and hence to resolve the transmission of the system without the need to convolve over

the Fermi function. While such devices had been created before [56] and used to measure the local

density of states LDOS(E,B), this was performed in a vertical quantum dot, and did not possess

any large scale interference structure.

The small and large dots were connected in series as a two-terminal device, with the

tunnel junction between the two at the center, and the current through system was measured. The

experimentally measured currents revealed bands of strong interference oscillations in energy versus
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perpendicular magnetic field, implying that the device was probing the effects of periodic orbits

within the large quantum dot, and that as the energy or magnetic field was modified, the phase

accumulated along the orbit changed rapidly, creating oscillations in the current.

In a toy model sense, the phase accumulated around the orbit due to the normal dynamics

of the particle has a contribution from the energy φE = kL =
√

2mEL/~, where L is the length

of the orbit, and from the flux enclosed by the orbit φB = qAB/~ where the area enclosed A has

a directionality consistent with the “right-hand rule.” The total phase is hence φ =
√

2mEL/~ +

qAB/~ where we’ve ignored any topological phase. The interference bands should lie along lines

of constant phase, and hence should have slope dE
dB = − L

2qA

√
2m
E . Linearizing, and asking over

what distance in the parameters E or B we see a complete cycle in phase, we conclude that the

band spacings are

∆E =
h2

mλL

in energy, and in magnetic field

∆B =
h

qA
.

We begin by modelling the resonant quantum dot “spectroscope,” and conclude that the

main effect of the large dot, which acts as a Fabry-Perot cavity, is to modify the tunneling current as

I =
2η

1 + η
Io,

where Io is the tunneling current if the large dot were removed (i.e. the tunneling current assuming

a completely open emitter) and η ≡ T/To, the ratio between the transmission into the emitter with

and without the large open quantum dot in place. With this approach we can focus on the spectrum

LDOS(E,B) of the large quantum dot to determine the variations in the total tunneling current

through the device.

We model the large quantum dot as a rectangular magnetic billiard to begin. This model

does a surprisingly good job of reproducing the slope and spacing of the oscillations in the main

interference band, and predicts some features of secondary bands. However, the model fails to

predict the slope of the oscillations at low B field, the placement of bands, and why the main

interference band is strongly attenuated below 50 milliTesla. This is because the billiard model

does not adequately model the geometry of the tunnel junction region. In addition, we will show

that the billiard orbits have the wrong stability.

We improve the accuracy of our approach by using a wavepacket simulation of the sys-

tem, performed in an effective potential that is created using a DFT simulation [95] of the device

from the gate geometry and voltages. These simulations reproduce the experimental result with

remarkable accuracy, predicting all of the salient features of the system below 200 milliTesla. A
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small discrepancy in the oscillation spacing is consistent with a systematic error in the DFT model,

which predicts a dot with a smaller area than in the real device. This has to do with how the device

is cooled down with positive charge on the gates, which creates an image charge close to the 2DEG

layer, and hence sharper features in the effective potential.

Since the wavepacket simulation reproduces well the experiment, we may conclude that

the interference bands are a single-particle effect, and that the true effective potential has an impor-

tant effect on the dynamics of the system. To determine how this is the case, we search for classical

periodic orbits in the effective potential. We find that periodic orbits are present at all fields, but

when we filter for only those orbits which are relatively short and penetrate well into the tunnel

junction region, we find that the placement of the interference bands in B depend on the details of

the dot potential. The tunnelling rate depends strongly on the overlap of the resonant wavefunction

in the spectroscope and at the emitter wavefunction. The more deeply an orbit penetrates into the

tunnel junction region, the stronger the interference band signal is.

The periodic orbits which contribute to the tunneling are almost all unstable, in part due

once again to the geometry of the tunnel junction region. Thus the interference band signal is due to

scars throughout the experimental range of the parameters. The dropout of an interference band is

not due here to an increase in the Lyapunov exponent of the orbits, but instead to how they enter the

tunnel junction region. To our knowledge, this is the first study that shows this, and it highlights the

strong dependence of the tunneling current on the LDOS at the tunnel junction. The measurement

is closer to a scanning tunneling microscopy measurement than to a resonant diode system in that

sense.

In addition, a change in the slope of the main interference bands, present in both exper-

iment and wavepacket simulation, is shown to be due not to the transition from stable to scarred

states, but instead due to change in stability of the periodic orbits. A topological change in the rele-

vant orbit at this B value is associated with a change from loxodromic (mixed stable and unstable)

to hyperbolic (completely unstable) stability.

Chapters 5 and 6: Tip Scattering and Fringe Theory

The use of a scanning probe microscopy (SPM) tip to interact with electron flow has been

shown over the past few years to be useful for imaging the electron flow through an open system.

It has been used to image otherwise classical point-to-point electron flow in a weak magnetic field

at low resolution [20], while at higher resolution it has more recently been used to image coherent

electron flow, revealing remarkable classical branching effects and coherent fringes due to backscat-

tering [101, 103, 100, 67, 68, 104].
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These later experiments, mostly in the Westervelt group at Harvard, have had remarkable

success in probing the coherent nature of the electron flow. The experimental setup is usually a

two-terminal device, with a single source QPC [10, 111] on one side, and some open structure and

the SPM tip on the other side. The signal in the experiment comes from the tip backscattering

electrons back through the source QPC; thus the signal of interest is present in the reflectance R.

Measuring the conductance G means that you are in effect measuring the transmission T , since by

the Landauer-Büttiker formalism [64, 14, 21] the transmission T = h
2e2
G. Since the device is a

two-terminal device, the unitarity relation T = 1 − R holds. Thus by measuring the conductance

you are also measuring the reflectance R = 1 − h
2e2
G, and hence the signal in the reflectance is

available from conductance measurements.

This description of the setup implies a number of limitations. In general, to measure the

reflectance R the system must be a two-terminal system, and thus the source and target QPCs must

be colocated. Because of this, the imaging of electron flow in magnetic fields is possible only for

very weak fields. The reliance on backscattering from the tip means that the tip potential must be

well over the Fermi energy, and so weak deflections by the tip are not measurable in this setup.

Thus the technique, while impressively useful for analyzing native electron flow in a B = 0 system,

is not of general use. This motivates us to consider the feasibility more general tip scattering and

fringing effects without these limitations. The results will be put to use here to interpret experimental

imaging of the magnetic focussing setup [2, 110] and in a case in the old configuration where,

because of geometry, the source and target QPCs may be considered as if they were at different

locations.

We model the effective potential due to the SPM tip as a local radially symmetric potential

“bump”, which is monotonically decreasing from the center; the ratio of the potential maximum

to the Fermi energy, η ≡ Vo/EF , proves to be a useful parameter. We then develop the basic

classical scattering theory of the electron off the bump, calculating as usual the scattering angle

θsc(b), where b is the impact parameter. One can derive a transcendental equation for the location of

the caustic structures in the flow created by the scattering potential; we calculate the caustics from

this for attractive η < 0, weak repulsive 0 < η ≤ 1, and strongly repulsive η > 1 potentials, and

characterize the asymptotics of the caustic in each case. For the attractive and weak repulsive cases,

the scattering potential sheds asymptotically linear caustics. These converge to what appears to be a

focussing point; in the attractive case, this focussing point is near a cusp. Treating the tip as a lens,

which is consistent for the linear caustics, we derive the effective focal length of the tip,

f = −b̃ csc θ̃

where b̃ is the impact parameter for which θsc(b) is a maximum, and θ̃ is that maximum angle.
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The lens approximation can be used to predict the effect on the caustic in a lensing system, and

such a lensing system can be used to reduce flow diffusion over a bumpy potential background. We

then consider quantum scattering, and finding the Born approximation inappropriate, evaluate the

scattering system in the far-field by partial wave expansion. While such a partial wave expansion

does reproduce the linear caustics, it fails to reproduce the shadowing effect of the tip in the forward

direction seen classically. This implies that a near-field quantum or semiclassical scattering theory

would be most appropriate.

Turning to semiclassical effects, we consider how the action S(q, q′;E) of tip-deflected

trajectory changes as the tip is moved slightly. Introducing a semiclassical “point tip” approxima-

tion, we can segment the trajectory action into two parts, and conclude that the gradient of the action

∇~rtipS = ~p1 − ~p2. When we consider the fringing due to the change in phase of a single trajectory,

beating against some fixed background amplitude, we find the fringe spacing is

∆r =
λ

2

∣∣∣∣csc θsc2
∣∣∣∣

while the fringes run perpendicular to the bisector of the incoming and outgoing angles. This result

allows the local scattering process to be “read” off from the fringes. It also holds in weak to moderate

magnetic fields without modification. This is a central result of the generalized fringe theory.

Another interesting result is that when the beating of a deflected trajectory versus a

backscattered trajectory is strong enough in amplitude to be seen, fringes of spacing λ
2 | sec θsc/2|

will run perpendicular to the other fringes, forming a checkerboard pattern. We then work out the

fringe patterns from geometric considerations in a number of experimentally relevant cases. It is

possible, using geometric considerations, to extract the tip position with respect to the actual scat-

tering process; however, the mapping may not be one-to-one. Finally we analyze experimentally

seen “elliptical fringes” using the results of the chapter, and find that the experiment and theory are

quite consistent.

Chapter 7: Deflection Imaging of Magnetic Focussing

Imaging coherent electron flow in the absence of a magnetic field has been accomplished

recently in the Westervelt group [101, 103, 100, 67, 68, 104] with significant new insights into

the nature of the flow in two-dimensional electron gases (2DEG)s. However, these experimental

configurations, because the source and target QPCs are colocated, are unable to image electron

flow at anything but weak magnetic fields. While there has been an imaging study of electron

flow between two separate QPCs in the presence of a weak magnetic field [20], the experiment

was at low resolution and could not resolve coherent structure. Imaging has also been performed
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in the Quantum Hall regime [115, 94, 36], but the imaging mechanism is substantially different.

Imaging techniques for coherent electron flow in moderate magnetic fields and open point-to-point

geometries would be of use in designing future devices for spintronics and quantum information

processing, and for measuring spin-orbit coupling and electron scattering.

In Chapter (7) we describe the imaging of coherent electron flow in the magnetic focussing

geometry first used in metals [92, 105] and two decades later in 2DEGs [110]. This geometry has

been used to measure electrons emitted from a quantum dot [37] and spin-polarized electrons result-

ing from strong spin-orbit coupling and birefringent reflection [88, 17]. The imaging process uses

a deflecting scanning probe microscope (SPM) tip which doesn’t backscatter and a three-terminal

device, with a source and target QPC nearly 3 µm away, a new approach to imaging for Westervelt

group experiments. We consider the system in the context of an experiment performed by Kathryn

Aidala in the Westervelt group at Harvard. We will begin by describing the experimental setup and

results, and discuss how the experiment is conceptually different from other experiments.

We will then develop the theory to be used to analyze the system, including classical,

semiclassical, and quantum dynamics methods to simulate the tip scan process and to examine

the flow of the electron in the system. While the magnetic focussing system has been considered

theoretically before [110, 106, 107, 108], the inclusion of an SPM tip is new. The role of branching,

seen in earlier works [101, 100, 103] continues to play a role in the determining the focussing peaks

in the transmission as the magnetic fields is varies, T (B). The classical caustics formed in the flow

of electrons in a clean system give rise to the focussing peaks centered at fields

Bn =
2~kFn
eL

.

In the bumpy disordered case the same holds true, but the branching of the electron flow splits and

shifts the focussing peak into many smaller peaks in general; at higher disorder the peaks cease to be

discrete. At finite temperatures interference effects are negligible, and the structure of the focussing

signal T (B) is determined mainly by classical processes.

The tip scan process in the system we show to be strongly dependent on the particular

shape and strength of the effective tip potential. In particular, the signal in the transmission is

highly non-monotonic in the tip strength η: for some cases the signal is highest for a very weak tip.

In addition the transmission signal varies little once the tip backscatters, η > 1.

There are consistent classical signals in the tip scan system: as a weak tip passes over

nascently transmitted flow, the transmission is reduced, while bordering these regions there are strips

where the tip deflects more new flow into the QPC than obstructs it. These patterns are present in

both classical and quantum simulations. The scanning of a weak tip, attractive or repulsive, can use

this effect to map the nascent transmitted flow in the system. It is important to point out that the
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the tip will map only transmitted flow when used in this manner. This is different from the use of a

backscattering tip to map the flow in two terminal systems at zero field [101, 100, 103].

Larger tip strengths will induce fringing, but in the clean system the fringing is often hard

to discern from the classical signal and is easily washed out by thermal averaging. However, the

branching due to smooth disorder present in realistic systems tends focus the flow into “bundles” of

transmitted trajectories. By “bundle” we mean a small continuous neighborhood of trajectories in

phase space that remains nearby to a central trajectory over the course of the flow to the target QPC.

While these bundles aren’t necessarily the caustic branches seen previously, they do form discrete

regions in phase space of transmitted trajectories. This bundling enhances fringing; each trajectory

in the bundle accumulates nearly the same phase as it propagates through the system, and as such

discretizes the amplitude into “bundles” as well. If we parameterize trajectories by their initial angle

α, then the nascent semiclassical amplitude at the target QPC may be approximated

Ao = C

∫
dαA(α)eiφ(α) ≈ C

∑
traj j

Aje
iφj (1.1)

where C is some constant, and the sum is over the typical bundle trajectories j. Weak tips will

diminish or remove one of the terms when placed over a bundle, lowering the transmission but not

creating a tip position dependent interference effect (i.e fringe).

When a strong tip deflects flow into a new bundle (or bundles), this new discrete amplitude

term is a function of tip position, A′(~rtip)eiφ(~rtip). Varying the tip position will vary the phase of

the bundle in accordance with the arguments in Chapter (6), where we now use the typical bundle

trajectory, with the amplitude sum over nascent bundles serving as the background amplitude. The

interference of the new bundle amplitude with the nascent amplitude produces the fringes we see.

When these bundles happen to coincide, or nearly coincide with caustic branches, the response may

be very large, and the fringe signal stronger than expected.

Lastly, we note that the varying of the tip strength can be used as a calibration for the

system. By measuring the range of fringes seen, one can empirically derive a typical scattering

function θsc(b) and use this to understand the effective tip potential. The flow direction determined

from weak tip scattering, along with the fringe direction for stronger tips, can be used to calculate

the wavelength of the electron. Finally, it may be possible to use the differential signal of alternating

weak attractive and repulsive tips to gain further information about the electron flow density from

the tip scan data.
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Appendices

In the Appendices we describe the basic non-relativistic classical theory of particle mo-

tion in a strong magnetic field, particularly when the system is cylindrically symmetric about the

direction of ~B, and in addition for the case of bouncing ball motion along a wall. The aim is to de-

velop some basic analytic and geometric results of the classical trajectories of electron in a magnetic

fields, for use in other Chapters.

With a focus on the guiding center approximation [82], we begin in Appendix (B) by

developing the theory in action-angle coordinates via a canonical transformation. Under the guiding

center approximation, the cyclotron action and the orbital action are independently conserved, and

such an analysis highlights this fact. The guiding center holds to be exact in a number of basic

cases. This approach is useful for considering the classical mechanics of hydrogen atoms in high

Rydberg states and relatively strong magnetic fields, particularly in the case where the effective

atomic potential is cylindrically symmetric. In addition it is useful for considering the classical and

quasiclassical motion of charged particles in a two-dimensional electron gas (2DEG), moving under

the influence of a weak to moderate magnetic field.

By expressing the system via a canonical transformation to guiding center action-angle

variables, we derive a Hamiltonian version of the guiding center approximation in Appendix (C),

something rarely if ever seen in the Literature. The breakdown of the guiding center approximation

can then be considered as the breakdown of this independence of orbital and cyclotron actions.

The casting of the electron motion in terms of otherwise independently conserved actions provides

a direct way of quantifying how the guiding center approximation breaks down, which is more

difficult in Cartesian coordinates.

Lastly we consider such a guiding center type of motion, but in the presence of a billiard

wall located at some position y = b in Appendix (D). The wall breaks translational invariance in

the y direction, but not the x-direction. The properties of such skipping orbits can be handled in

a general way [51], but here we explicitly derive the needed relations for application to magnetic

focussing tip scan systems in Chapter (7).



Chapter 2

Ionization of Antihydrogen in Parallel
Fields

Of significant interest in the understanding of antimatter is the production of stable anti-

hydrogen at cold temperatures, so that its spectrum and fundamental properties can be observed and

compared to normal hydrogen [38] using precise laser spectroscopy [116]. However, to do so, hot

antiprotons and positrons must be cooled and allowed to bind in a matter-free environment.

In the last few years, slowing of the antimatter has allowed the production and observation

of antihydrogen at 4 K; this was first achieved by the ATHENA collaboration [32] by counting

antiparticle annihilations over a relatively large region. In contrast, the ATRAP group observed

the production of antihydrogen [29, 30] by allowing antiprotons to pass through plasma clouds of

positrons [26], forming bound pairs. This required a special nested Penning trap technique [28] that

allowed the hot positrons to cool to 4 K and form a single species plasma cloud in the Penning trap

[13, 84]. The cooled plasma cloud was allowed to interact with a number of trapped antiprotons,

and then a field was applied that would remove unbound antiprotons. A large ionizing field was then

applied, and the number of antiprotons counted. This count indicated the number of antihydrogen

atoms formed with extremely low background noise.

A schematic of the experimental setup is shown in Figure (2.1). The antihydrogen atoms

are formed by allowing antiprotons to pass back and forth through a plasma of positrons held in

place in the nested Penning trap. This formation process must be a three-body process [39, 42, 35]

in order to conserve both energy and momentum. Once formed, the bound system is neutral and will

drift within the center of the Penning trap at thermal velocities. These bound Rydberg atoms are

qualitatively different from those produced by photon excitations from the ground state [71, 72] and

studied theoretically [25, 18, 22] because they have a significantly higher angular momentum, and

13
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Figure 2.1: A schematic overview of the experimental setup used to observe antihydrogen
production.

will usually have a significant drift motion across the magnetic field lines, creating strong effects due

to electromotive forces. The atoms so produced may remain at an excited Rydberg state if unable to

de-excite by collisions, or they may indeed de-excite to the ground state by diffusive collision [35]

or by axial replacement collision [42].

A fraction of the anti-atoms will drift to the right in the figure, into a region of strong

axial electric field. The bound system will not respond to this ionizing field and will continue

drifting, but the internal motion will be modified. If the anti-atom is ionized, the antiproton will be

accelerated towards a detector at the end of the trap. Stable anti-atoms will continue drifting with

some transverse component of momentum, and will annihilate on the side walls of the detector with

a negligible probability of reaching the detector. In this manner the system registers only bound

atoms that were ionized by the axial field Ez .

This observation of antihydrogen at low temperatures in a Penning trap prompted work

on estimating the size of the atoms observed [113]. The ATRAP results depend significantly on

the final ionization field used, indicating that the ionization energy of the antihydrogen atom can be

measured. However, these anti-atoms are confined by the strong magnetic field of the Penning trap

(∼ 5 Tesla), and thus do not ionize like normal atoms.

In this Chapter we explore the ionization of antihydrogen in strong magnetic fields, in

particular how the size of the anti-atom relates to its ionization field. Once such a relationship is

established, the antiproton production signal as a function of ionization field can be used to deter-

mine the size of the anti-atoms formed in the experiment. To begin, we model the anti-atom by

assuming that the guiding center approximation holds; from this assumption we can derive a rela-

tion between the ionization energy and the smallest such circular guiding center atom that remains

stable. Next we consider the full antihydrogen system in the Penning trap, and parameterize the

Hamiltonian given known conserved quantum numbers, in particular the pseudomomentumK [23].
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This allows us to derive a more general expression for the position of the ionization saddle point.

We then determine the distribution of K as a function of the temperature, and use this to predict the

experimental distribution. Finally we numerically simulate the ionization process for anti-atoms in

different ionization fields, and determine the expected transverse size of the anti-atoms as a function

of ionizing field.

2.1 Circular Guiding Center Model

We consider a model where we assume that the guiding center approximation (see Ap-

pendix C) holds, and external effects of the magnetic field are assumed to be cylindrically sym-

metric; we will call such atoms “Circular Guiding Center atoms”, or GCA atoms. Such an atom

is depicted in Figure (2.2a) and in Figure (C.1), and described in Section (C.5) in action-angle

variables.

2.1.1 Effective 1D Model

Upon formation at a temperature T , the atom will have as a typical size the Thomson

radius [40]

b =
1
kT

, (2.1)

which at 4 K is b ≈ 4 µm. If the anti-atom is allowed to collide with other particles, the size

may become smaller. The thermal positron will have typical cyclotron velocity ve =
√

2kT
m which

implies a thermal cyclotron radius rc = c
eB

√
2mkT . As a weak criterion, the radius of the anti-

atoms ρ � rc for the guiding center approximation to hold. With the experimental temperature

T = 4 K and field B = 5.3 Tesla, this implies a cyclotron radius rc = 10 nm.

For a circular GCA atom, the guiding center assumption reduces the system to essentially

two coordinates, the magnetron radius ρm and the axial position z, and we can find a relation

between these values by using conservation of angular momentum and of energy. From Section

(C.5) the GCA in this context implies that the cyclotron action Jc = mωcr2c
2 is conserved. This

is the same as the canonical angular momentum of the cyclotron motion, since it is conjugate to

the cyclotron angle θc. Since the system is cylindrical, the total angular momentum, and hence

J = Jc + Jm is also conserved, hence so is Jm = mωmρ2m
2 . With two invariant momenta in a 3D

system, we can reduce the system to 1D. From equation (C.14), the magnetron frequency is

ωm =
α2e2

(z2 + ρ2
m)3/2

.
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Figure 2.2: A circular guiding center anti-atom in (a) is polarized by an applied axial ionizing field.
In (b) we approximate how the circular GCA atom is axially polarized and in (c) estimate the radius
ionzied at the field Ez . From [113].

Near the axial center of the atom, z ∼ 0 this implies

ωm ≈ e2

mωcρ3
m

. (2.2)

The stable atom will oscillate axially as well as engage in magnetron motion; if we approximate the

effective Lorentzian well, a Coulomb well at a finite displacement, as harmonic, the positron moves

with frequency

ωz =

√
e2

mρ3
m

=
√
ωcωm. (2.3)

Referring back to the Hamiltonian for the GCA atom, equation (C.11), if the atom were formed

with energy Ez,o at z = 0, then since each angular momentum is invariant, the problem reduces to a

1D problem axially, with available energy Ẽz = Ez,o − e2/ρm

Ẽz =
mv2

z

2
− e2√

z2 + ρ2
m

(2.4)

The system is effectively 1D under the GCA approximation; the cylindrical symmetry provided for

one invariant, while the GCA provided the other.
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2.1.2 Ionization

Now that we’ve reduced the system to 1D, we can ask what happens when an ionizing

axial electric field Ez is applied. The potential with the ionizing field reads

V (ρm; z) = − e2√
z2 + ρ2

m

− eEzz. (2.5)

where V is parameterized by ρm. If the applied field is weak enough, and the atom cool enough that

the axial well serves only to displace the local axial harmonic well, then we can solve for the new

center of the harmonic well. This shifted well is V ′ ≈ mω2
zz

2

2 − eEzz, with shifted minimum

z′ = Ezρ
3
m/e

which implies a polarizability α ≈ ρ3
m where the polarization ez′ = αEz . This is shown as the

dotted lines in Figure (2.2b). A more careful consideration of the shift in the potential well in

equation (2.4) yields the solid lines in Figure (2.2b). These are the solutions of the equation

Ez +
ez

(z2 + ρ2
m)3/2

= 0.

For small z � ρm this gives the previous expression for the new potential minimum.

A circular GCA atom can be bound only if there exists a local minimum in the potential.

This implies that, for circular GCA atom with a radius ρm that one needs an ionizing field

Ez =
2

ρ2
m

√
27

in order to remove a local minimum. Inverting, we have

ρm,max = a

(
4
27

)1/4 1√
Ez

(2.6)

where
(

4
27

)1/4 ≈ 0.62 and a is a units conversion factor, a = 1 for a.u., while in S.I. a =

3.975 µm
√

V/cm.

This expression relates the maximum transverse size for the circular GCA atom to the

ionizing field at T = 0; it is the top curve in Figure (2.2c). At finite temperatures an atom of size

ρm will ionize at weaker fields, hence the typical thermal atom will be smaller at the same field

strength. The reduced maximum ρm versus Ez are shown for finite axial energies in Figure (2.2c).

The positron energies will be thermal axially, and so one could predict a thermal distribution of

sizes at a given ionizing field using such a measure.
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2.2 Antihydrogen Hamiltonian

A neutral two-body system can not be separated in the presence of a magnetic field.

However, there is a conserved quantum number in the presence of a uniform magnetic field, the

pseudomomentum K [16, 5, 89, 23]. As the bound atom moves through the Penning trap, the pseu-

domomentum K will be conserved, along with the total energy E, assuming that the ionizing fields

are changed slowly.

2.2.1 Pseudomomentum

Consider the system in uniform fields with a positively charged particle at position ~r+ and

negatively charged at ~r−. Then the Hamiltonian reads, with uniform fields ~E and ~B = Bẑ, a central

potential V (r), and in the symmetric gauge ( ~A = ~B × ~r/2 or Aθ = rB/2),

H =
(~p+ + eB

2c ~r+ × ẑ)2

2m+
+

(~p− − eB
2c ~r− × ẑ)2

2m−
+ U(r)− e ~E · ~r (2.7)

where the relative coordinate is defined as ~r ≡ ~r+ − ~r−. This leads to equations of motion

~̇p+ = m+~̈r+ −
eB

2c
~̇r+ × ẑ = −~∇+U(r) + e ~E +

eB

2c
~̇r+ × ẑ

~̇p− = m−~̈r− +
eB

2c
~̇r− × ẑ = −~∇−U(r)− e ~E − eB

2c
~̇r− × ẑ. (2.8)

Unlike the electrostatic case, the transverse part of the center of mass motion doesn’t decouple;

adding the momenta, we have ~̇P = eB
2c ~̇r × ẑ, and

0 = M ~̈R− eB

c
~̇r × ẑ. (2.9)

This implies that neither the center-of-mass canonical ~p nor kinetic m~v momentum are conserved

in this system, and hence that we cannot seprate the center-of-mass coordinates from the relative

coordinates. We may define a momentum-like quantity, however, that is conserved in uniform fields

for this neutral system, the pseudomomentum ~̃K,

~̃K ≡ M ~̇R− eB

c
~r × ẑ

= ~P − eB

2c
~r × ẑ. (2.10)

The ~̃K here will soon be redefined to incorporate the transverse electric field as well.

With a conserved quantity ~̃K we can perform a pseudoseparation [23] of the relative

coordinates from the center-of-mass coordinates; in the full Hamiltonian, we may replace M ~̇R
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Figure 2.3: Slices of the pseudopotential V (x, y = 0, z = 0) at different values of the pseudomo-
mentum ~K. When K = 0, then V is cylindrically symmetric. As K is increased, the potential
develops another well at a distance ρo = cK

eB along the x-axis.

by ~̃K + eB
c ~r × ẑ and in the process remove the center-of-mass coordinates explicitly from the

Hamiltonian. Rearranging the kinetic energies in terms of the center-of-mass and relative momenta,

ET = H =
M ~̇R2

2
+

(~p+ eγB
2c ~r × ẑ)2

2µ
+ U(r)− e ~E · ~r

=
( ~̃K + eB

c ~r × ẑ)2

2M
+

(~p+ eγB
2c ~r × ẑ)2

2µ
+ U(r)− e ~E · ~r (2.11)

where we’ve defined the total mass M ≡ m+ + m−, the reduced mass, µ = m+m−/M , and the

scaling factor γ = (m− − m+)/(m+ + m−) (assuming antihydrogen here). For antihydrogen,

µ = 0.9995me and γ = 0.9989, while for positronium, µ = me/2 and γ = 0.

Thanks to the conserved pseudomomentum, this Hamiltonian is a function solely of the

relative coordinates, but is now parameterized by ~̃K. So we may reinterpret the Hamiltonian as

describing a single particle system with reduced mass µ, charge e, moving in an axial magnetic

field γB. The kinetic energy of the center of mass appears as an offset harmonic potential now, as

part of the pseudopotential V (~r); the total energy is unchanged, so we may interpret

ET = H = T (~̇r) + V (~r) (2.12)

where

T =
(~p+ eγB

2c ~r × ẑ)2

2µ

V =
( ~̃K + eB

c ~r × ẑ)2

2M
+ U(r)− e ~E · ~r. (2.13)
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Figure 2.4: Slice of the pseudopotential V (~r) through the y = 0 plane, showing both Coulomb
singularity and the giant dipole well. The giant dipole well is shallow enough that even a small
axial ionizing field Ez will wash it away.

The quadratic nature of the center-of-mass kinetic energy term in the pseudopotential

implies that we can refactor the transverse part of the dipole potential, and pull it into the definition

of the pseudomomentum. After some algebra, we can add a constant to the pseudomomentum,

~K ≡ ~̃K −M~vD = ~̇R− eB

c
~r × ẑ −M~vD (2.14)

where vD ≡ c ~E×ẑ
B ; this is equivalant to performing a Galilean transformation into a frame moving

at the drift velocity vD. The energy shift H ′ = H −∆E from this refactoring of the Hamiltonian is

essentially the energy cost of performing this transformation in the presence of ~B,

∆E = −(M~v2
D/2 + ~K · ~vD). (2.15)

After this refactoring, the pseudopotential is simplified

V =
( ~K + eB

c ~r × ẑ)2

2M
+ U(r)− eEzz. (2.16)

The advantage in subsuming the transverse dipole term into the pseudomomentum is that it removes

two parameters (Ex, Ey) from the problem, since a system at a given ( ~̃K⊥, ~E⊥) can always be

mapped to another system with ( ~K⊥, 0).
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Figure 2.5: Classical positron trajectories in the relative coordinates for an anti-atom with signif-
icant pseudomomentum ~K = 0.5ŷ and an axial ionizing field. The asymmetry in x is due to the
pseudomomentum, while that in z is due to the ionizing field. The first two plots are for a larger√
〈ρ〉2 ∼ 250 nm size anti-atom, while on the right the radius of the anti-atom is comparable to the

cycltoron radius rc.

Figure (2.3) shows slices of the pseudopotential in (x, 0, 0) for a pseudomomentum in ŷ.

The main effect of the pseudomomentum here is to add an offset harmonic potential, of frequency

ωp ≡
√

µ
M

eB
µc and some offset proportionate to K to the Coulomb well. In Figure (2.4) we plot

contours of the pseudopotential in (x, 0, z) with a significant pseudomomentum, showing the “giant

dipole” well at some distance from the Coulomb well. The well has finite depth with no axial field,

but is washed out by a small axial ionizing field.

It is often convenient to describe the effect of the pseudomomentum in terms of the center

of the resulting transverse harmomic well; defining

~ρo ≡
c

eB
~K × ẑ, (2.17)

the Hamiltonian reads (with ~ρ indicating a purely transverse coordinate)

H =
(~p+ eγB

2c ~r × ẑ)2

2µ
+

(eB)2

2Mc2
(~ρ− ~ρo)2 + U(r)− eEzz (2.18)

which is shifted in energy by ∆E = − P 2
z

2M − (M~v2
D/2+ ~K ·~vD) from the original total energy ET .

For a harmonic interaction, the motion of the system can be solved for exactly [23], but this isn’t

the case for a Coulomb bound system.

2.2.2 Trajectories on the Pseudopotential

In Figure (2.5) we depict an anti-atom in a strong magnetic field with an ionizing field at

two different radii. The left two plots are for an anti-atom that has been made quite asymmetrical
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Figure 2.6: Classical positron trajectories for the anti-atom at Ky = 0.8 superimposed on the
equipotentials of the pseduopotential on the z = 0 plane. The radii of the cylotron motion has been
increased for visibility. Except in regions where the guiding center approximation breaks down, the
guiding center follows equipotentials of the pseudopotential. From [113].

by the pseudomomentum and the axial ionizing field, but which remains guiding center-like: the

two adiabatic invariants, Jc and Jm (i.e. the angular momenta) are nearly conserved, even though

the system is highly non-cylindrical. The action of the pseudomomentum term is to pull the orbit

off-center from the Coulomb well; however the conservation of the cyclotron action, and the small

cyclotron radius, restricts the region of motion, and the positron remains in a region where the

potential is roughly the same magnitude, and hence the kinetic remains roughly the same. This is in

contrast to the panel on the right, where the GCA breaks down, since ρm ∼ rc.

One hallmark of the guiding center approximation is that when the motion is strongly

guiding center, the guiding center position tends strongly to follow equipotenial contours. This can

be most readily seen by considering the drift motion from equation (B.29),

~vD ≡
c ~E × ~B

B2
.

Since ~E = −∇V , then we can write

~vD ≡
c

B
ẑ ×∇V.

The motion of the guiding center will be perpendicular to the gradient of the pseudopotential in

the transverse plane. Since the gradient is perpendicular to the equipotentials, this means that the

guiding center follows equipotentials in the transverse plane.

This can also be seen by considering action angle coordinates. From Appendix (C), the
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Hamiltonian guiding center approximation can be written in 2D by

H = Jcωc + V (Q, θc, P, Jc).

The motion of canonical coordinate Q is

Q̇ =
∂H

∂P
=
∂V

∂P
.

while for the momentum P it is

Ṗ = −∂H
∂Q

=
∂V

∂Q
.

But Q ∝ Xgc and the canonical momentum to Q, P ∝ Ygc. Thus ~̇Rgc =
(
∂V
∂Ygc

,− ∂V
∂Xgc

)
=

∇~Rgc
× ẑ; the motion of the guiding center moves perpendicular to its local gradient, and hence

follows equipotentials.

In Figure (2.6) we show a variety of trajectories in the z = 0 plane of the system. The

GCA dictates that the guiding center follow equipotentials of V , which for most of the trajectories

in the figure is true. Nearer to the Coulomb well this breaks down, as it does additionally near the

saddle point region. Note that there is an entire set of states which exist solely in the giant dipole

well, a set of states which orbit the Coulomb well, and a number of states which interact with both

wells. In general, only those states near the Coulomb well will persist for any measurable length of

time in the actual experiment, since they ionize for fields as small as Ez ≈ 2 V/cm.

2.2.3 Hydrogenic Scaled Coordinates

We can simplify the expressions by first moving to atomic units, where we choose to

set µ = 1 instead of the electron mass. Then, writing the magnetic field strength in terms of the

cyclotron frequency ωc = eB/µc, the Hamiltonian reads

H =
1
2

(
~p+

γωc
2
~r × ẑ

)2
+
ηω2

c

2
(~ρ− ~ρo)2 −

1
r
− Ezz. (2.19)

where we’ve defined the parameter η ≡ µ/M . In these units, ωc has the same value as the magnetic

field B/c.

We can scale out the magnetic field by scaling [52]

~r = (γωc)−2/3~̃r

~p = (γωc)1/3~̃p

Lz = (γωc)−1/3L̃z

H = (γωc)2/3H̃

t = (γωc)−1t̃
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Figure 2.7: Slices of the pseudopotential V (~r) through the y = 0 plane, for regions around the
Coulomb well for varying pseudomomentum ~K = Kyŷ values. The saddle point for ~K⊥ = 0 is
unchanged from the ~B = 0 case, but as Ky increases, the saddle point is pulled away from the
z-axis toward the center of the giant dipole well ~ρo = ρox̂.

Ez = (γωc)4/3Ẽz (2.20)

so that the scaled equation reads

ε = H =
1
2

(
~p+

1
2
~r × ẑ

)2

+
k

2
(~ρ− ~ρo)2 −

1
r
− Ezz. (2.21)

where the dimensionless constant k = η/γ2 = µ/(M − µ) ≈ 5.4× 10−4.

Thus the new Hamiltonian has only three parameters, (ε, Ez, ρo), since the polar orienta-

tion of ρo is arbitrary.

Considering a specific set of parameters in scaled atomic units, we choose a magnetic

field B = 5.4T = 2.30× 10−5 in atomic units. Setting this as our B scale, then we have conversion

factors to scaled atomic units: Ez → 2.981 × 10−6Ez where Ez was in V/m, K → 35.187 K,

where K is in atomic units, x → 15.29x where x is in µm, or x → 8.0767 × 10−4x where x is in

atomic units, and ε→ 5.554× 104ε in eV.

For a strong magnetic field, the angular momentum is almost entirely tied up in the mag-

netic field, Lz = µ
2ωcγρ

2, or in scaled units Lz = ρ2

2 .

2.3 Ionization and Saddle Points

The pseudomomentum term of the pseudopotential restricts ionization to take place in the

axial direction. However, a non-zero pseudomomentum (or equivalently a transverse electric field)

will force the saddle point away from the z-axis.
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In zero magnetic field, the classical ionization saddle point is simple to calculate; the

saddle will occur by definition when ∂V
∂r = ∂V

∂z = 0. For axial Ez , this implies that

~̃rB=0 = 1/
√
Ez ẑ

ε̃B=0 = 2
√
Ez (2.22)

2.3.1 Ez = 0 Saddle

In the presence of a magnetic field, but no axial ionizing field, there may also be a saddle

between the Coulomb well and a “giant dipole” well. This saddle is visible in the top panel of Figure

(2.4), between the Coulomb well at the bottom, and the giant dipole well in center. This saddle will

lie on the z = 0 plane, and for a pseudomomentum ~K = Kŷ, will lie on the x-axis; this case was

shown in Figure (2.3).

This saddle will occur when the potential on the x-axis

V (x, 0, 0) =
1
2
k(x− xo)2 −

1
x

has a local maximum, so when 0 = k(x− xo) + 1
x2 or when

kx2(x− xo) + 1 = 0.

In order for this solution to be a local maximum, the second derivative of the potential must be

positive. Thus k − 2
x3 > 0. This implies that for a saddle to exist, that in scaled coordinates

xo > 3(4k)−1/3 ∼ 23.2, or that K > Kcrit where

Kcrit =
3e
c

(
MB

4

)1/3

.

The inflection point will exist at a distance xcrit =
(
2Mc2/B2

)1/3.

The saddle that joins the giant dipole and Coulomb wells may not lead to ionization, since

in the Ez = 0 case the entire system is bound. However, if a state can escape the nearby confines

of the Coulomb well through this saddle region, (for weaker magnetic fields by just following the

equipotential contours), then once away from the confines of the Coulomb well, it may be ionized

by stray fields.

2.3.2 General Saddle Analysis

For a hydrogen atom in a magnetic field, the saddle is similarly found. From the pseu-

dopotential V (~r), the saddle conditions imply,

0 =
∂V

∂~ρ
= k(~ρ− ~ρo) +

~ρ

r3
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Figure 2.8: Saddle point positions scaled by the B = 0 values, ro = 1/
√
Ez , versus scaled pa-

rameters ρ̃o and Ẽz . For B = 5.4T field, the conversion factors from scaled parameters are:
Ez = 3353Ẽz to V/cm, and x = 0.0655x̃ to µm.

0 =
∂V

∂z
=

z

r3
− Ez (2.23)

Without loss of generality, we can take ~ρ to lie in the same direction as ~ρo. We can further simplify

by scaling the lengths by the B = 0 saddle radius rB=0 = 1/
√
Ez . So we must solve

k̃(ρ̃− ρ̃o) +
ρ̃

r̃3
= 0

1− z̃

r̃3
= 0 (2.24)

where k̃ ≡ kE
−3/2
z and ρ̃o ≡

√
Ezρo. The scaled radius r̃ is found by solving the polynomial(

k̃r̃5 + r̃2
)2
−
(
1 + k̃r̃3

)2
+ k̃2ρ̃2

0r̃
4 = 0 (2.25)

from which the ρ and z variables follow,

ρ =
1√
Ez

(
k̃ρ̃o

k̃ + r̃−3

)
z =

1√
Ez

r̃3. (2.26)
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For k̃ � 1 (i.e. when the electric field scaled by B, Ez � k2/3 ∼= 7× 10−3), we can find

an approximate closed form solution for the saddle point,

r =
1√
Ez

(
1− (k̃ρ̃o)2

)−1/4

z = r

ρ =
k̃ρ̃o√
Ez

(
1− (k̃ρ̃o)2

)−3/4
; (2.27)

linearizing for small ρ̃o as well, z = r and ρ ∼= k̃ρ̃o√
Ez

(
1 + 3

4(k̃ρ̃o)2
)

.

In Figure (2.8) we explore the position of the general saddle points for a variety of axial

electric fields Ez and pseudomomenta, here as the offset ρo. In each case there is an abrupt knee

for the saddle point values for small ionizing field Ez . This occurs when the pseudomomentum is

strong enough to create a saddle of its own, ln(ρo) ∼ ln(23.2) ∼ 3.1.

2.3.3 K = 0 Saddle Analysis

At K = 0, which implies the center of the harmonic well in the pseudomomentum is at

ρo = 0, the pseudopotential is cylindrically symmetric. The canonical angular momentum for the

pseudoparticle about the z-axis,

Lz =
∣∣∣~r × (~v + ~A

)∣∣∣
= vθρ+

1
2
ρ2 (2.28)

is conserved (here ρ =
√
x2 + y2, and we have expressed the vector potential in the symmetric

gauge, ~A = ~B × ~r/2 so that Aθ = ρB/2). Furthermore, it is conserved in any frame of reference

rotating about the z-axis, and has the same value in any such frame.

If we choose to rotate about the z-axis at an angular velocity ω = −1/2, the Coriolis

forces from the rotation will just cancel the magnetic forces, effectively reducing the magnetic field

to an attractive harmonic potential; the rotating frame Hamiltonian is

HR =
p2
ρ + p2

z

2
+
L2
z

2ρ2
+

1 + 4k
8

ρ2 − 1
r
− Ezz. (2.29)

The total energy exceeds the energy in the old frame by the amount of work needed to spin up the

the new frame,

εR = εL − ωLz = εL +
Lz
2
. (2.30)

Since Lz is conserved we can treat the angular KE term as an additional term in the pseudopotential,

and reduce the problem to two degrees of freedom,

V (ρ, z) =
L2
z

2ρ2
+

1 + 4k
8

ρ2 − 1
r
− Ezz, (2.31)
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which is now parameterized by the angular momentum Lz .

In this formulation, the effect of the pseudomomentum term is to modify the magnetic

confining potential by an additionak 4k. In the antihydrogen case, this is a small change, and for

K = 0 it makes sense to ignore the coupling of the center-of-mass motion to the relative motion.

We can perform a saddle point analysis in (ρ, z) taking into account the conservation of

angular momentum, In this case, the saddle point is parameterized by Lz , so partials in Veff,R are

∂Veff,R

∂z
=

z

r3
− Ez = 0

∂Veff,R

∂ρ
=

ρ

r3
− L2

z

ρ3
+

1 + 4k
4

ρ = 0 (2.32)

so that

z = Ezr
3

ρ2 =
Lz√

1 + 4k + r−3
(2.33)

Combining r2 = ρ2 + z2, we get a twelfth order polynomial in r,

r4(E2
zr

4 − 1)2
(
1 + (1 + 4k)r3

)
− L2

z = 0. (2.34)

whose solutions provide positions (ρ, z) of the saddle points of the potential at a given Lz . Physi-

cally, these saddle points are in fact rings at a certain distance from the z-axis and z position where

the pseudoparticle can just make it over the potential hill without costing too much energy pushing

up the centrifugal barrier.

For guiding center atoms, the relative transverse position oscillates by a small amount

about the mean value ρ̄, which is nearly the initial radius; this is tantamount to stating that the

magnetic part of the angular momentum is much larger than the kinetic part. In this case, we can

take the radius of the saddle point to be ρ̄, and solve the cubic equation for z2,

E2
z (z

2 + ρ̄2)3 + z2 = 0. (2.35)

The sign of z is the sign of Ez . This is the same result we derived for the cicular GCA atoms in

Section (2.1).

2.4 Distribution of Pseudomomenta

In order to estimate the experimental distribution of pseudomomenta, we consider how

an initial population of thermal center-of-mass velocities ~̇R combined with a random distribution of

initial transverse positions ~ρ. The pseudomomentum is

~K = M ~̇R⊥ − eρ× ~B
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Figure 2.9: Distributions in K⊥ for a temperature T = 4.2 K and atom size r = b/4 = 1/4kT

using a thermal distribution for the center-of-mass veloicity ~̇R and shell (in red) or spherical (in
blue) distributions in atom sizes; the completely thermal (in black) distribution is where we’ve set
r = 0. Clearly the shell distribution creates the most skewed distribution in K⊥.

And thus we wish to calculate the distribution in K⊥ = | ~K⊥|. This can be written as

f(K⊥) =
∫ ∫

dVxdVy

∫ ∫
d2ρof(~V )f(~ρo)δ

[
K⊥ − |M~V − e~ρo × ~B|

]
(2.36)

where we take f(~V ) = f(Vx)f(Vy) to be a Maxwell-Boltzmann distribution in the center-of-mass

velocity at temperature T = 4 K, and f(~ρo) is the distribution in atom sizes.

The distribution in initial atom sizes, f(~ρo) is an unknown, probably complicated quantity

that depends on the collisional dynamics of atoms and particles in strong magnetic fields. Previous

work [42] indicates that if the anti-atoms have enough time so that collisions with unpaired positrons

may take place, then anti-atoms formed at large radii will gradually reduce in size. This process

however encounters a dynamics bottleneck at energies E = αkT , where α ∼ 4. This is due to

competition between the collisional dynamics, which tends to favor the bound system becoming

even more bound as it becomes deeper, with the shrinking cross section of the anti-atom. The

bottleneck binding energy E = αkT provides a useful energy scale, and hence the relevant length

scale is r = b/α, where b in the Thomson radius, equation (2.1). At α = 4 and T = 4 K, this length

scale r ∼ 1 µm.

How the atom sizes are populated, given this length scale, is not obvious. One model is

to assume that all the anti-atoms have collided and reduced in size down to the bottleneck size, at
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Figure 2.10: Distributions in K⊥ at T = 4 K and a shell distribution in anti-atom sizes, for various
sizes in terms of the Thomson radius b = 1/kT . The assumed approximate bottleneck radius,
r = b/4, implies that the anti-atoms almost all have K < 1.0 and can’t sustain a giant dipole bound
state. The completely thermal distribution is shown as a wide gray line.

which they remain, forming a shell distribution of radius r,

f(~ρo) =
1
2π
δ(r − |~ρo|)

Another model is that the anti-atoms have shrunk to radius r rapidly, but will slowly shrink the rest

of the way, forming a uniform disk-shaped distribution in the ~ρo plane up the radius r,

f(~ρo) =
1
πr2

Θ(r − |~ρo|).

A third model is that the anti-atoms have shrunk to radius r rapidly as in the previous case, but that

the distribution is spherical in space, with radius
√
~ρ2
o + z2 up the radius r,

f(~ρo, z) =
3

4πr3
Θ(r − |~ρo + zẑ|).

In Figure (2.9a) we plot three different distributions for experimentally relevant values,

T = 4 K, α = 4 and a combined mass M = me + mp. These were calculated numerically

by populating a large number of configurations in ~̇R and ~ρo , then determining the distribution of

these configurations in K⊥. The distribution with the K⊥ values closest to K⊥ = 0 (in black) is a

purely thermal distribution in center-of-mass velocities ~̇R, i.e. the case where the typical atom size

r = 0. For distributions that are more weighted in the atom sizes, the distribution in K⊥ moves
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Figure 2.11: Regions in the parameter space (xo, zo) which are bound in the K = 0 case, with
initial speed v = 0. Hence this represents the largest possible anti-atom at these fields Ez and K.
The colored region indicate a stable configuration. The blue contour indicates the saddle contour
assuming that the atom is a good GCA atom, while the red contour is the energy contour at the
saddle energy.

toward larger values. In Figure (2.9b) we plot the the density of atoms with K⊥. here we can we

how the shell distribution (in red) clearly weights towards a maximum that is at a finite value of

K⊥. Figure (2.9c) indicates that the distribution in the angle θ with respect to the magnetic field is

clearly weighted away from axial motion for non-thermal distributions. Since the detector is at one

axial end of the Penning trap, this indicates that non-thermal distributions will have a lower signal

at the detector for these distributions.

In Figure (2.10) we plot the distribution in K⊥ where the atom size distribution is taken

to be a shell at |~ρo| = r, for various atom sizes r; the r = 0.25 b curve is the same as the shell

curve in Figure (2.9a). Even using the most skewed distribution, that assumes that all the anti-atoms

are trapped at the energy bottleneck radius, r ≈ b/4, few of the anti-atoms produced are capable of

sustaining a giant dipole bound state, and almost all are below K = 1.0.
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Figure 2.12: Regions in the parameter space (xo, zo) which are bound, for a variety of K values up
to K = 1, with initial speed v = 0. The blue contours indicates the saddle contour assuming that
the atom is a good GCA atom, while the red contour is the energy contour at the saddle energy; the
black points are the saddle points.

2.5 Ionization Simulations

We have considered so far two models of the ionization of antihydrogen atoms in a strong

magnetic field. The first model assumed that the anti-atoms were cylindrically symmetric and that

the transverse motion of the positron was dominated by the effect of the magnetic field. The second

model considered the ionization saddle point of the system, as derived from the full Hamiltonian

including asymmetric effects due to the electromotive force as the anti-atoms move across magnetic

flux lines. However this model implicitly assumes that, for the global saddle points to be relevant,

the motion of the positron in the reduced system is nearly ergodic, and hence that the particle can

escape though the saddle point if it has sufficient energy. In addition, we saw that experimentally

relevant anti-atom configurations have a pseudomomentum K < 1. As we shalll see, for anti-atoms

that are experimentally relevant, both the guiding center and saddle point models are relevant, some-

times even within the same configuration. In this Section we will simulate the classical ionization

of anti-atoms in the center-of-mass system, by launching the positron in the effective potential at

varying energies and positions.
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2.5.1 Low Temperature Atoms

To begin we consider the simplest case, that of a cylindrically symmetric K = 0 anti-

atoms in the presence of ionizing field Ez = 20 and Ez = 60 V/cm. The method is as follows:

at each initial point on a grid, the particle is placed at position (xo, yo) with no initial speed, and

allowed to propagate over many thousands of cyclotron periods. Since there is no initial kinetic

energy, the results represent the largest expected atom size. If the positron remains within the

Coulomb well, it is marked as essentially bound, and the initial grid position indicated on the figure

by a colored square. While the state might not be bound, but have a very long dwell time, because

of the reasonably steep slope of the potential everywhere but at the saddle point, the error in atom

size is negligible. In addition, due to the ionizing axial fields, no state is truly bound; in the quantum

sense then, bound really means a long-lived metastable state.

From the results in Figure (2.11), the approximation of a circular guiding center atom is

a good one for a cold atom at K = 0, and only breaks down near the lip of the saddle region.

The outer contour, which assumes that the angular momentum tied up in the cyclotron motion is

conserved (or that Jc is strictly conserved) does in this case define the “size” and shape of the atom.

The circular GCA contour and the saddle energy contour represent the two models of ionization in

the Figure, and define the two limits of atom size.

In Figure (2.12) we consider the same type of simulations but withK varied up toK = 1.

The K = 0 case corresponds to Figure (2.11). As the system becomes more asymmetric, the stable

regions becomes depopulated away from the saddle point. However, on the side of the saddle point

on the x-axis, the guiding center atom approximation remains surprisingly good, even at K = 0.5,

which has a significantly asymmetric saddle energy contour. Even at K = 1.0, when the saddle

lies almost to the x-axis, states that have initial position near the saddle remain bound, because the

guiding center motion maintains a distorted tube-like motion well away from the Coulomb well (see

again Figure 2.5). Nearer to the Coulomb well, the guiding center approximation breaks down, and

the saddle energy contour, shown in red, demarcates the edge of the stable atom.

2.5.2 Thermal Atoms

In Figure (2.13) we consider the effect of an initial thermal speed for the particle, as

compared to a particle launched from rest at position (xo, zo). The panel on the left, with vo = 0

is the same as for Figure (2.11). When a particle is launched with very little initial velocity, we

are almost ensuring that the particle will behave as a good guiding center atom, since the cyclotron

radius is small. In the panel on the right, the particle is launched with a thermal speed v =
√

2kT/m

in the y-direction. Near the Coulomb well, this enhances the mixing of cyclotron and magnetron
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Figure 2.13: Regions in the parameter space (xo, zo) which are bound, for K = 0. The panel on
the left is for a particle with no initial speed, while on the right is for a thermal particle at 4 K. The
red contours are the potential contours at the saddle energy, and will be the strict edge of the bound
region if the motion were completly ergodic at vo = 0. The blue contours are the saddle boundary
with angular momentum conservation taken into account. The inner black contour on the right panel
is the saddle energy contour when the extra kinetic energy is subtracted. The figure highlights that
the guiding center approximation works well for larger radii and then rapidly breaks down at around
0.25µm. This breakdown radius holds well for a wide range of initial velocities.

angular momenta (and actions), producing a more ergodic trajectory. Because the additional near

invariant of the magnetron action Jm is not conserved, the particle can move in all three dimensions

nearly ergodically, and escape the system. In this region the correct atom boundary is the energy

contour at E = Esaddle − mv2o
2 .

Further from the Coulomb well, the guiding center motion is preserved despite the large

cyclotron radius. This transition occurs at about ρ ≈ 250 nm. This value of the GCA breakdown

is fairly large as compared to the rough approximation from Section (2.1) that the magnetron ra-

dius ρm � rc ≈ 10 nm. However it matches the value found in Figure (C.2) in Section (C) for

completely transverse motion.

We have for the most part considered anti-atoms in an extreme regime; setting the initial

speed v = 0 produces an atom at very low temperature, and leads to a prediction of a fairly large

region of stable configurations. If we instead consider the more realistic case of anti-atoms which

are formed via axial collisions with other particles in the trap, then we may assume that they have an
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Figure 2.14: Anti-atom sizes in an ionizing electric field F with a pseudomomentum K, including
axial thermal energy. Anti-atoms formed with no initial velocity are in lighter shades, and those
formed with an axial thermal energy kT are shown in darker shades. The edge of the stable region,
assuming a circular GC atom is shown as the dotted blue lines, while the potential contour for the
saddle energy is the dashed red line. The center of the axial well, deformed by the ionizing field, is
shown as the gray solid lines in the lower panels. At thermal axial energies, bound atoms take on
a narrow, pancake-shape at reasonable ionizing fields, much smaller than the configurations when
vz,o = 0.

axial thermal energy kT above the bottom of the axial well (since the axial and transverse motions

are strongly decoupled). In Figure (2.14) we consider atoms formed with axial energy kT in the

presence on an ionizing field.

In the top row of panels, we launch trajectories as before with no initial velocity, and

track whether the anti-atoms ionize classicalyl for various initial positions; this data is shown in the

lighter shades. Here we plot in the z = 0 plane, adiabatically advanced by the ionizing field; this

is the surface that intersects the bottom of the axial well for all (x, y), and will be the surface along

which the atom is widest. The surface is shown as a grey lines in the lower panels. For K = 0

it is circular, as would be suspected. The darker shades indicate regions where the electron have

been lanuched with not only at a transverse thermal speed, but at an axial energy −kT/2 below the
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Figure 2.15: Anti-atom size versus ionizing field Ez from simulation and analytic models. In all
cases, for the K values expected experimentally the results agree, and the simulated results for
various K values lie in between the curves predicted by the two models. From [113].

continuum. Because the axial well for large radii becomes fairly shallow, the v = 0 estimates for

the atom size overestimates the viable size of the thermal anti-atom. This is not due to any GCA

breakdown, just due to the finite axial well depth. As K is increased, the cross-section of the atom

is distorted by the K pseudopotential, but remains close to circular out to K = 1.

In the lower panels we plot the region where the positron does not ionize on the y = 0

plane, as in previous figures. However, the inclusion of axial thermal energy makes the effective

axial atomic size very different. Whereas in previous figures the axial extent of the anti-atom could

be quite large, when thermal axially, the atom is significantly narrower in the z-direction, and nar-

rows as it approaches the Coulomb well. When we consider positrons close to the Coulomb well,

we should not take this approximation too seriously. However, far from the well, where the guiding

center and axial motions are strongly decoupled, the axial well will appear to be harmonic at ther-

mal energies. It then will be populated according to equipartition of energy, with a portion ∼ kT

of the total energy. This available axial energy implies that the effective radius of the anti-atoms

is smaller when the GCA holds. However, when the Coulomb well couples transverse and axial

energies well enough, as in the K = 1 and the left-hand side of the K = 0.2, then there is no

discernible difference in atom-sizes ρ.

2.5.3 Atom Sizes

Our simulations of the ionization of experimentally relevant anti-atom configurations can

provide a measure of the typical radial size ρ of anti-atoms formed experimentally. In addition, the
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two models of ionization, assuming ergodic or guiding center behavior, can be used as limits on

the atom size as well. As we have seen, if the ionizing field is fairly weak, so that the axial well

persists for a radius ρ > 250 nm, then the anti-atom may be considered a guiding center system, and

the guiding center saddle approximation used. In the other extreme. If the ionizing field is strong,

such that at any stable radius ρ the Coulomb well mixes the radial and axial energies, then we may

assume that dynamically the positron can find the full three-dimenstional saddle point, and ionize

in a reasonably short amount of time. As we have seen, the true dynamics usually lies in between

these two cases.

This approach is summarized in Figure (2.15) for a system with no initial kinetic energy

v = 0. The generalization to thermal atoms is straightforward. The upper dotted line indicates

the radius at which the axial well vanishes, which is the maximum possible radius if the guiding

center motion holds, and radial motion negligible. The lower dashed line is the maximum radius

assuming that the particle can otherwise find the ioniziation saddle point region. In between lie the

typical simulated
√
〈ρ2
max〉maximum radii of the positron motion at varyingK values. This Figure

paints a consistent picture of the radial extent of cold anti-atoms as a function of ionizing field, and

provides the needed relation to predict the size of anti-atoms in the experiment.
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Mesoscopic Wavepackets

In this Chapter we describe the use of numerical quantum dynamics methods, known

as “wavepacket” propagation, to simulate the transmission of particles through a semiconductor

nanostructure in a two-dimensional electron gas (2DEG) or similar 2D system. These methods have

been employed extensively in the past, primarily in quantum chemistry and optics, but are well

suited to single particle 1-2D systems in mesoscopic physics as well.

We begin by outlining the basic theory of wavepacket propagation, and then focus on the

use of wavepackets to determine the energy resolved flux through a system, and hence the transmis-

sive properties of the system. Next we present an example simulation of a quantum dot simulation

as a small tutorial on the approach. We then consider the application of wavepacket approaches to

simulate tip scan experiments in 2DEG systems, as pioneered by the Westervelt group, including

examples of such tip-scan systems.

3.1 Basic Wavepacket Properties

3.1.1 Free Wavepackets

The Gaussian wavepacket in simple quadratic systems was worked out near the inception

of quantum theory itself, and worked out by Kennard [55] in 1927. The most common way to model

a localized wavefunction is the minimum uncertainty wavepacket with linear momentum, which is

a symmetric Gaussian wavepacket

〈~x|ψ〉 =
1

σ
√
π
ei
~ko·~r− (~r−~ro)2

2σ2 (3.1)

38
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where the expectation values of the position 〈~r〉 = ~ro and the fluctuation in position is ∆r = σ/
√

2.

In momentum space this is

〈~k|ψ〉 =
σ√
π
ei
~k·~ro−σ2(~k−~ko)2

2 (3.2)

where the mean values of momentum 〈~k〉 = ~ko while the fluctuation in momentum is ∆k = 1/
√

2σ.

Since ∆r∆k = 1
2 , this is a minimum uncertainty state. When we say “wavepacket” in general, this

is the form we mean.

This wavepacket has the property that upon propagation by some propagator

Û(t) = e−iĤt/~ (3.3)

that the expectation values of the motion obey [41]

∂

∂t
〈r〉 =

〈r〉
m

∂

∂t
〈k〉 = −1

~
〈∂V
∂r
〉 (3.4)

which can be calculated from the Schrödinger equation. The center of the wavepacket moves as

the classical value, as expected from Ehrenfest’s theorem. However the second equation indicates

that the change in momentum isn’t classical, since in general 〈∂V (r)
∂r 〉 6= ∂V (〈r〉)

∂〈r〉 . However, in many

cases the wavepacket does follow the classical motion of the particle reasonably closely.

In free space, even the the last holds, since V = 0. We can propagate the wavepacket

analytically in momentum space [11]

〈~k|ψ(t)〉 = 〈~k|e−iT̂
t
~ |ψo〉

= e−i
~2(k2

x+k2
y)

2m
t
~ 〈~k|ψo〉

=
σ√
π
e−iEt/~+i~k·~ro−σ2(~k−~ko)2

2 (3.5)

where E = ~2k2

2m . Since the change over time is in phase only , the expectation values of momentum

quantities remains unchanged (i.e. 〈~k(t)〉 = ~ko etc.) Transforming back to spatial coordinates, we

find

〈~r|ψ(t)〉 =
1

σ̃(t)
√
π
e−iEt/~ei

~ko·(~r−~ro)e
− 1

2σ̃(t)2
(~r−(~~kot/m+~ro))2

(3.6)

where the width of the wavepacket is changing over time as

σ̃(t) = σ
√

1 + it/tD (3.7)

and tD is the diffusing or spreading time

tD ≡ mσ2/~ (3.8)
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The expectation values of the position is now 〈~r〉 = ~ro + ~~kot/m = ~ro + ~vt, indicating the

wavepacket center moves with velocity ~v = ~~ko/m as expected; the wavepacket moves along a

classical straight line trajectory with velocity ~v. The expectation value of the wavepacket width is

∆r(t) = |σ̃(t)|/
√

2 = σ
√

1 + (t/tD)2. (3.9)

The uncertainty relation is now ∆r∆k = 1
2

√
1 + (t/tD)2 → t

2tD
, and is only minimum uncertainty

at t = 0.

We end by noting that the propagator may be transformed to position space as well [59];

explicitly this is

Û~r(t) = − im

2πt
ei

m
2~t

[(x−xo)2+(y−yo)2] (3.10)

3.1.2 Wavepackets in a Uniform Magnetic Field

In a magnetic field in free space the evolution of the wavepacket remains classical, but the

width oscillates. For any such quadratic Hamiltonian, that the semiclassical and quantum propaga-

tors are equivalent, and a Gaussian wavepacket remains Gaussian for all time [44]. Thus we can use

classical intuition to consider the wavepacket in a uniform magnetic field.

The wavepacket can be thought of as built up of many semiclassical trajectories with a

range of energies and momenta. In a uniform field, however, all the trajectories will return to their

starting point after a cyclotron period, T = 2π/ωc. Thus the wavepacket will recur completely

after a single cyclotron period. After a half a period, each trajectory will have its velocity reversed,

and thus 〈~v(T/2)〉 = −〈~vo〉. At this time the width of the wavepacket will have increased in

size perpendicular to the velocity, but remain the same parallel to the velocity. This oscillation in

wavepacket widths clearly will be periodic in the cyclotron period as well.

From [55], the equations of motion for the wavepacket can be written in terms of the

center of the wavepacket,

〈x〉 =
1 + cosωct

2
xo +

sinωct
2

yo +
sinωct
ωc

vx,o +
1− cosωct

ωc
vy,o

〈y〉 = −sinωct
2

xo +
1 + cosωct

2
yo −

1− cosωct
ωc

vx,o +
sinωct
ωc

vy,o (3.11)

which following from the classical equations of motion, and widths of the wavepacket

∆x =
1√
2

√
σ2 cos2 ωct+

2(1 + sinωct)2

(mσωc)2

∆y =
1√
2

√
σ2 cos2 ωct+

2(1 + sinωct)2

(mσωc)2
, (3.12)

where we’ve assumed that the wavepacket began as a circular wavepacket of width σ.
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3.2 Channel Wavepackets

Many mesoscopic systems have narrow incoming or outgoing leads with a single trans-

verse mode open. In addition, in moderate magnetic fields, the incoming states tend to be bunched

up against the wall of an incoming lead as an edge state. Useful for setting up such simulations is a

“channel wavepacket.” The idea is to create a quasi-1D wavepacket in the channel V (x), with some

distribution in the longitudinal momentum, f(ky), which at each ky occupies the lowest transverse

mode of the system. Here we assume that the channel is long enough that evanescent waves are not

present. We begin by considering a system in the Landau gauge, separated so that the magnetic field

creates an effective transverse potential that modifies the channel potential [21],

Ĥ =
1

2m
(
p̂2
x + (p̂y − eBx)2

)
+ V (x) (3.13)

and separating ψ(x, y) = eikyyφky(x), we have an effective 1D Hamiltonian

Ĥx =
~2k2

y

2m
+

p̂2
x

2m
+ Ṽ (ky, x) (3.14)

where the effective transverse potential Ṽ (ky, x) is momentum dependent,

Ṽ (ky, x) = V (x) +
mω2

c

2
(x− xk)2 (3.15)

with displacement

xk =
~k
eB

.

The apparent effect of the magnetic field is to provide a momentum dependent force, as usual. In this

way, we solve for the transverse modes φky(x) and transverse energies Ex(ky), now parameterized

by ky. In the absence of a magnetic field, these values are fixed and independent of momentum.

Given the separated transverse solutions, we know that the longitudinal solutions have

free particle form, ∝ eikyy. So we may construct a channel wavepacket with energy distribution

f(E)

ψ =
1
N

∫ ∞

0
dkyφky(x)e

ikyyf1/2[E(ky)] (3.16)

where E(ky) = Ex(ky) + ~2k2
y

2m .

In the absence of a magnetic field, it is straightforward to build a Gaussian channel

wavepacket

ψ =
1
N
φo(x)e

ikyy− (y−yo)2

2σ2
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In the presence of a magnetic field, we need to build a wavepacket by hand by summing up over

many longitudinal momenta,

ψ =
1
N
∑
ky

φky(x)e
ikyyf1/2[E(ky)] (3.17)

as above. In each case, it is simplest numerically to normalize such a wavefunction on the grid,

using N =
∑

i,j |ψij |2.

3.3 Numerics

3.3.1 Wavepackets On the Grid

To begin we place the initial wavepacket 〈~x|ψo〉 on the grid. To do so for an analytic form

in position space of the wavepacket (i.e. Gaussian), we evaluate the analytic form of the wavepacket

on each grid point,

ψ̃i,j = ψo(xi, yj)

and then normalize it

ψi,j = ψ̃i,j

∑
i,j

|ψ̃i,j |2
−1

so that the wavefunction on the grid is normalized to the grid,

1 =
∑
i,j

|ψi,j |2.

If the initial state is defined in momentum space 〈~k|φo〉, then we can prepare it in momen-

tum space

φ̃i,j = φo(kx,i, ky,j)

and then take the FFT of it,

ψ̃i,j = F−1
x F−1

y φ̃i,j

where we represent the Fourier transform from position space to momentum space by the operator

F . Then we normalize in position space as before. We note that on a small grid, this approach may

produce a wavepacket that has significant amplitude throughout the position grid; in this case it is

better to use an analytic position-space approximation for the initial state instead if possible.



Chapter 3: Mesoscopic Wavepackets 43

3.3.2 Numerical Propagation

To propagate wavepackets numerically ,we exploit the fact the the kinetic energy operator

T̂ = p̂2

2m is diagonal in a momentum basis while the potential operator V̂ is diagonal in a position

basis. This allows us to use the “split-operator” method, by approximating

Û(δt) = e−i(T̂+V̂ )δt/~ ≈ e−iV̂ δt/~e−iT̂ δt/~, (3.18)

which is the quantum equivalent to Euler’s method of propagation. To improve convergence, we

can switch to a Leap-Frog approach,

Û(δt) ≈ e−iV̂ δt/2~e−iT̂ δt/~ e−iV̂ δt/2~. (3.19)

If before propagation, we “prepare” the initial state, ψ̃o = eiV̂ δt/2~ψo and correct the final state

ψ(t) = e−iV̂ δt/2~ψ̃(t), then we can use the Euler propagator from equation 3.18 instead, reducing

the number of operations while increasing the accuracy of the propagation. Note that ψ now is not

quite the physical ψ at each time step, but instead would need to be corrected as in the final step;

however, the error is using the slightly unphysical ψ is very small, and the computational savings

usually worthwhile in ignoring the discrepancy.

If an operator Â is diagonal in some basis, so is eÂ in that basis. Thus we may express the

propagator factors as diagonal in the momentum and position bases. The work then comes down

to changing bases from position to momentum. If we discretize the wavefunction on a grid, then

we can make use of the Fast Fourier Transform (FFT) to change between momentum and position

bases efficiently. We again will represent the Fourier transform from position space to momentum

space by the operator F . Then the numerical propagation of the wavepacket is

ψ(t) ≈ e−iV̂ δt/2~
[
F−1e−iT̂ δt/~Fe−iV̂ δt/~

]N (
eiV̂ δt/2~ψo

)
(3.20)

whereN = T/δt, the total number of steps. Each multiplication is done as a vector operation, since

the operators are diagonal in each basis, and the basis transformation from position to momentum

and back is performed by FFT. The basic process is quite efficient numerically.

3.3.3 Numerical Propagation in a Uniform Magnetic Field

In a uniform magnetic field, the propagator cannot be segmented into T and V parts alone.

However, in a uniform field the Hamiltonian will be separable into terms that are diagonal in the

mixed basis sets (x, y), (kx, y) and (x, ky). In the symmetric gauge (for example) the Hamiltonian

may be written as

Ĥ =
1

2m
[
(p̂x +mωcy/2)2 + (p̂y −mωcx/2)2

]
+ V (x)
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=
[
p̂2
x

2m
+
ωc
2
p̂xy

]
+

[
p̂2
y

2m
− ωc

2
p̂yx

]
+
[
mω2

cρ
2

2
+ V (x, y)

]
(3.21)

where ρ =
√
x2 + y2. This last form helps to identify how we want to split the Hamiltonian.

Defining the operators

T̂kx,y ≡ p̂2
x

2m
+
ωc
2
p̂xy

T̂x,ky ≡
p̂2
y

2m
− ωc

2
p̂yx

V̂B ≡ mω2
cρ

2

2
+ V (x, y) (3.22)

we note that these are diagonal in either the position basis, or in a mixed position and momentum

bases. Defining the partial Fourier operators, Fx and Fy which only transform one of the variables

to momentum space, the numerical propagation looks like

ψ(t) ≈ e−iδt/~V̂B/2
[
F−1
y e−iδt/~T̂x,kyFyF−1

x e−iδt/~T̂kx,yFxe−iδt/~V̂B

]N (
eiδt/~V̂B/2ψo

)
. (3.23)

Again the bulk of the work is done in FFT numerics, which are quite fast. Propagating in a magnetic

field takes about∼ 1.7 the time asB = 0 propagation, since the 1D FFT transforms are a little faster

than the full 2D transforms.

A significant advantage of the split operator approach is that it is inherently symplectic

and unitary in nature. While other methods approximate the kinetic energy operator in terms of

off-diagonal matrix elements, in transforming via FFT to the correct basis, we avoid any errors in

the propagation due to taking numerical derivatives. The evolution operators e−iT̂ δt/~ and e−iV̂ δt/~

are unitary, and as such the probability on the grid is conserved throughout the propagation. This

invariance has significant advantages in the same way that symplectic evolution for classical systems

has the advantage of being an area-preserving map. On the grid, the evolution process represents a

Hamiltonian discrete map, and thus is exact “on the grid” (space and time grid). The error comes

from the time discretization of the evolution operators, due to the finite time step and finite grid.

Decreasing the time step is of linear cost, and in practice adequate convergence can be achieved

with a reasonably large time step; in fact the limit on the time step size tends to come instead from

limiting the reflection from any absorbing regions, discussed below.

The main disadvantage of the approach is that to take advantage of the FFT, the grid needs

to be of fixed spacing, and due to the periodic nature of the FFT, any amplitude that leaves the grid

on one side enters on the other. While this can usually be handled by creating “walls” at the edges or

with absorbing boundary conditions, the same problem is true in momentum space. This creates the

odd behavior that significantly hard walls or magnetic fields can move the wavepacket in momentum
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space off of the k-space grid. This results in the amplitude wrapping around to negative momenta.

Thus the particle can reverse direction without a potential present in a completely unphysical way.

Since the maximum k value is

kmax =
π

∆x
by increasing the number of points on the grid for the same spatial system size, one can increase

the k grid size. However, this scales as N4, and means that the grid must have a minimum size to

accommodate reasonable momenta, and that in strong magnetic fields or billiard systems the grid

spacing must be small enough that the grid size may become prohibitively large.

3.3.4 Absorbing Boundaries

In order to avoid the problems that the periodicity of the FFT present, we need to remove

amplitude from the system when it leaves the system, or else it will wrap around and enter from

the opposite side. To do so, we introduce a complex absorbing potential (CAP) W (~r) that lies only

outside of the interaction region. As an example (though a very useful one) we choose a harmonic

potential that ramps up for positive x > xS ,

Wx ≡ Θ(x− xS)α(x− xs)2. (3.24)

We add this potential on the negative imaginary axis to the Hamiltonian

ˆ̃H = Ĥ − iW. (3.25)

When propagating the wavepacket, the propagator in position space acquires an additional factor,

Û ′(δt) ≈ e−Wδt/~e−iV̂ δt/~e−iT̂ δt/~. (3.26)

Thus the effect of this complex absorbing potential is to attenuate the amplitude of the wavefunction

in the absorbing region. This additional term is clearly non-unitary, since the new Hamiltonian is

non-Hermitian.

While the connection with complex absorbing potentials in clear, in general we will treat

the attenuation factor as an additional, non-physical numerical process. The attenuation operator

for a semi-harmonic CAP at x = xS is explicitly

Â = e−αδt/~Θ(x−xS)(x−xs)2 (3.27)

and is diagonal in the position basis. The propagation method is to propagate as normal, and then

attenuate at the end of each propagation cycle,

ψ(t) ≈ e−iV̂ δt/2~
[
Â F−1e−iT̂ δt/~Fe−iV̂ δt/~

]N (
eiV̂ δt/2~ψo

)
. (3.28)
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After each attenuation, it makes sense to compute the lost probability

∆P (t) = |(1− Â)ψ(t)|2. (3.29)

This measures the rate of loss into the absorbing region, and can be integrated over time,

Plost =
N=T/δt∑

n

∆P (tn), (3.30)

to calculate the total probability lost into the absorbing region.

In general one would want a number of complex absorbing regions in order to discriminate

probability loss into different regions, hence the attenuation step would be

ψ̃ = Â1Â2....Âmψ(t), (3.31)

where by applying each separately we can keep track of the probability loss in each absorbing

region. In this case, we would measure a number of probability loss values Ploss,n.

Since every other operator acting on the wavefunction is unitary, and the wavefunction

initially has unit probability, then probability is conserved to machine precision. In other words,

1 =
∑
i,j

|ψi,j |2 +
∑
n

Ploss,n (3.32)

holds exactly at each time step, by construction. This is a real advantage of the split-operator

method, since the probabilities Ploss,j can be used to determine aggregate scattering coefficients.

Numerical Dephasing

As a related technique, one can simulate dephasing by exponentially removing amplitude

from the system. The attenuation operator can be modified by adding an overall imaginary constant

potential, such that we have a trivial attenuation operator

Âo = e−δt/tφ , (3.33)

where tφ is the dephasing time. If one knows the incoherent scattering coefficients of a system, then

one can build a mixed coherent/incoherent simulation of the system by attenuating globally in this

fashion, and then accounting for particle conservation incoherently in the scattering coefficients.

3.4 Flux Measurements

To measure the scattering coefficients in the system, we need to measure the flux or equiv-

alent through surfaces. Because we are often dealing with magnetic fields, we will derive the flux
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operator from first principles; we will adapt the approach from [53, 9] but generalize it. The occu-

pation of some region can be characterized by some function ΘS , where ΘS = 1 if the particle is

in the region, i.e. beyond some surface S, and 0 elsewhere. Then the change in occupancy of the

region follows from the Heisenberg equation

d

dt
ΘS =

i

~
[Ĥ,ΘS ]. (3.34)

The time derivative of the occupancy of some region is the total flux into the region, so the flux

operator across some surface S may be written as

Φ̂S ≡
i

~
[Ĥ,ΘS ]. (3.35)

We choose the obvious choice for the function ΘS = Θ(~r − ~rS), the step function, or Heaviside

function, and ~rS is some parametric function that traces the surface boundary. Then we have that

the flux operator is

Φ̂S =
i

~
[Ĥ,ΘS ] =

im

2~
[v̂2,Θ(~r − ~rS)]

since ΘS is a function of position alone. The momentum operator is

p̂ = i~∇

while the velocity operator is

v̂ =
1
m

(i~∇− q ~A/c)

with ~A the vector potential. The momentum operator and the function ΘS have the commutator

relation

[p̂,Θ(~r − ~rS)] = i~∇Θ(~r − ~rS) = i~n̂δ(~r − ~rS)

where n̂ is the outgoing normal to the surface. From this one can easily show that the commutator

for the flux operator becomes

[v̂2,Θ(~r − ~rS)] =
~
im

[~v⊥δ(~r − ~rS) + δ(~r − ~rS)~v⊥] (3.36)

and hence the flux operator is

Φ̂S =
1
2

[
~̂v⊥δ(~r − ~rS) + δ(~r − ~rS)~̂v⊥

]
(3.37)

where ~̂v⊥ = n̂ · ~̂v is the velocity operator normal to the surface S.

We can use this definition of the flux operator to track the flux across some surface in our

system. In the following, we assume that there is just one relevant incoming or outgoing mode, or

that the experimentally relevant quantity is a sum over these modes. Hence we don’t take care to

track any indices on these modes. It would be straightforward to extend the following to include

projections over modes of the “leads” of the continuum regions.
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3.4.1 Flux Surface Measurements

In general it is easier on a grid to define flux surfaces that align with the grid directions.

To calculate ~v on a (for example) flux surface at y = yj , we must compute both ∂ψ
∂y and ψ on the

surface. Numerically, it is better to use a fourth order or higher numerical derivative. Taking the

grid spacing to be (∆x,∆y), then if we take our surface at the center at index j, then the derivative

at fourth order is

dψi,j
dy

≈ 1
12∆y

[8(ψi,j+1 − ψi,j−1)− (ψi,j+2 − ψi,j+2)] (3.38)

so that the velocity across the surface is

vi,j(t) ≈
1

mψi,j

[
i~
dψi,j
dy

− ηqBzxiψi,j

]
(3.39)

where in the symmetric gauge η = 1/2, in the Landau gauge in the y-direction, η = 1, and in the

x-direction η = 0. The charge current density across the surface is hence

ji,j(t) =
q

∆x
vi,j(t)|ψi,j(t)|2 (3.40)

and the total probability flux is

Φy=yj (t) =
∑
i

vi,j(t)|ψi,j(t)|2. (3.41)

3.4.2 Energy-Resolved Flux

While we can calculate the flux over time as the particle propagates, the energy resolved

flux, needed to calculate scattering coefficients in energy, requires the entire history of the amplitude

on the surface. Thus we must track both the amplitude ψi,j(t) and the velocity vi,j(t)ψi,j(t) on the

surface. Once that’s done, we calculate the Fourier transforms

ψi,j(E) =
∫ T

0
eiEt/~ψi,j(t)dt

and (using the shorthand that v̂ψ → vψ )

vψi,j(E) =
∫ T

0
eiEt/~vi,j(t)ψi,j(t)dt,

The energy resolved flux is hence

Φ(E)y=yj =
∑
i

ψ∗i,j(E)vψi,j(E). (3.42)
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If we take the inverse Fourier transform of this, we get the time correlation function of

flux across the surface,

Φy=yj (τ) =
1
2π

∫ ∞

0
e−iEτ/~Φy=yj (E)dE. (3.43)

We also note that by the Fourier power relations that

PS,total =
∫ T

o
ΦS(t)dt =

∫ Emax

o
ΦS(E)dE (3.44)

since the total probability through the surface must be the same in either representation. This pro-

vides a useful check of convergence and of the numerics.

3.4.3 Flux Measurement By Absorbing Boundaries

The tracking of amplitude on a flux surface in the preceding fashion is very convenient

since the data that needs to be kept to resolve the flux in energy is minimal. However, a drawback

to the method is that it uses numerical derivatives to calculate flux. For quickly changing, or more

relevantly, recurring flux, this can lead to significant numerical instabilities, and can even lead to

negative probability measurements.

When such a problem can’t be surmounted by changing the grid spacing, one may need

to resort to a different, more accurate but much more compute and memory intensive approach.

Following Jäckle and Meyer [53, 9], the absorbing region can be used to measure energy resolved

flux instead of an explicit flux surface. The edge of the absorbing region becomes the ad-hoc flux

surface in this case. We consider the absorbing region as an additional complex potential W such

that
ˆ̃H = Ĥ − iW.

We demand thatW vanishes outside the interaction region; in analogy with the flux operator deriva-

tion, we may define (for instance)

Wx ≡ Θ(x− xS)α(x− xs)2 (3.45)

for an absorbing region at that positive x edge of the interaction region. We assume that the system

has been tuned so that the complex absorbing potential (CAP) −iW is non-reflecting. Then if the

CAP is outside the interaction region, we can write the flux through the surface at xS as

Φ̂S = i[Ĥ,ΘS ]

= i[ ˆ̃H,ΘS ]

= 2W + i( ˆ̃H† − E)ΘS − iΘS( ˆ̃H − E). (3.46)
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Figure 3.1: The lateral quantum dot stadium potential used as an example. CAPs WT and WR start
at the green lines, and the light blue lines are the flux surfaces. The initial wavepacket starts at the
bottom and travels toward the QPC where one mode transmits into the stadium dot.

By inserting in the wavefunction for the wavepacket and assuming that the wavepacket was localized

at time t = 0 one can show that [53, 9] the transmission coefficient into the absorbing region is

Tµ =
4π
f(E)

Re
∫ ∞

0
gµ(τ)e−iEτ/~dτ, (3.47)

where g(τ) is correlation function in the absorbing region indexed by µ,

gµ(τ) ≡
∫ ∞

0
〈ψ(t+ τ)|Wµ|ψ(t)〉, (3.48)

and f(E) is the energy distribution of the initial state. Thus the coefficient normalizes the outgoing

transmission by the energy distribution of the initial state. If we are dealing with ratios between

transmission coefficients, then we can ignore the normalizing factor. This is useful for calculating

the change in transmission with and without a structure in place, as in Chapter (4).

3.5 Wavepacket Simulations

In this Section, we consider a typical mesoscopic application of a wavepacket code. The

system to be measured is a two-terminal system comprised of a stadium-shaped quantum dot cou-

pled to the leads by QPCs each with a single open mode at the energy of interest. The system is
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depicted in Figure (3.1) in the right panel, and is reminiscent of an experiment by Marcus et.al.

[74]. Here the system has Nx = 256 and Ny = 512 grid points, and with ∆t = 2000 (a.u.) is run

forNt = 4000 time steps. To the system we add a perpendicular magnetic fieldBz = 50 milliTesla,

and we take the electron mass as that in GaAs, m = 0.067.

In performing scattering simulations, one must define what the is difference between the

system without the scatterer, and with the scatterer. In nuclear or atomic systems, or more gen-

erally in open systems, the system without the scatterer is usually taken to be a free system. In

mesoscopic systems, when analyzed using Green function techniques and finite size leads [21],

the non-scattering system is taken to be empty leads, but of a finite width. To do the same with

wavepackets would take some effort, as each mode would need a wavepacket to be run. When a

single-mode or tunneling QPC is involved however, this effort is unnecessary: only one mode of the

QPC is available, and as long as the wavepacket can populate that mode, then a single wavepacket

is adequate. Furthermore, when the QPC is single moded, and the conductance plateau wider than

the range of energies we are interested in, then we can utilize the QPC as the “lead”; the density of

states g(E) is flat and the transmission T = 1 when on the first plateau.

Thus we will take our non-scattering system to be a single QPC on the first plateau, with

known conductance G = 2e2/h. This system is created by removing any mechanism for reflecting

beyond this single QPC. In our example system, this setup is shown in the left panel of Figure (3.1).

In Chapter (4) we accomplish this by removing any structure beyond the QPC. In Chapter (7) we

can turn off the magnetic field to eliminate reflection.

Incident Flux and the Non-Scattering System

In this example simulation, we consider the system with and without the dot in place, but

with the incoming QPC in place. A wavepacket with width σ = 88 nm, corresponding to a energy

width with temperature of kT = 10 K is launched at an angle toward the incoming QPC. The flux

through the QPC is measured up to a time tinc = 3.5 × 105 (a.u.), after which the wavepacket

has entered the system; this incident time is identified by eye, or by plotting the probability in the

system as a function of time, as in Figure (3.2A). In addition, we can read that the total probability

to enter the system is Pinc = 0.00218, which is exact “on the grid.” This value can be used to check

the accuracy of flux surface measurements. The time resolved flux across the incident flux surface

is shown in Figure (3.2C) for both cases; the integral of this plot over time is
∫

Φi(t)dt = 0.00210,

indicating a small 4% total error in the flux surface measurement (as is to be expected with a fairly

coarse grid).

The energy resolved incident flux is shown in Figure (3.2B) for the non-scattering and
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Figure 3.2: Incident flux of the wavepacket over time or energy. (A) is the probability left in the
system over time; the plateau indicates that the wavepacket has entered, but has not yet left the
interaction region, and sets the tinc ≈ 3.5×105 (a.u.). (B) shows the energy distribution of incident
flux. Since the wavepacket itself has a non-uniform energy distribution, the first plateau at E = 11
meV is multiplied by the distribution. (C) shows the incident flux through the initial QPC as a
function of time.

scattering case, as calculated by the flux surface approach, and as calculated in the non-scattering

case by the absorbing boundary approach. All three cases show the plateau structure of the QPC,

here with first plateau atE ≈ 11 meV, multiplied by the energy distribution of the initial wavepacket.

Both flux surface measurements are almost exactly the same, but the absorbing boundary measure-

ment differs by a small amount. The error in the flux surface measure is due to the numerical

derivative taken at the flux surface, and will decrease (somewhat) with an increase in the fineness of

the grid.

The Scattering System

Now that we have a handle on the incident flux and the “non-scattering” quantities to

which we compare the scattered results, we can propagate the wavepacket into the full system. For
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Figure 3.3: States of the wavepacket in the stadium dot over time. By the end, the states within the
dot are fairly chaotic in appearance.

short times the flux measurements will be nearly the same (as we have seen already) because the

electron has yet to “see” the changes in the potential further away from the initial position. In Figure

(3.3) we plot a series of snapshots of the real part of the electron wavefunction over time. The initial

wavepacket in the first frame collides with the source QPC in the second, and bounces within the

dot in a fairly classical fashion to begin, but after a time settles down to a more chaotic appearance

in the dot.

In Figure (3.4) we plot the transmission coefficient for the dot, with respect to the source
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Figure 3.4: Transmission coefficient through the dot, as compared to the case with only the incident
QPC, calculated by (A) flux surface measurement and (B) absorbing boundaries (CAP) approaches.
In both cases the spectrum is resolved and agrees over this range of energies, but there is a normal-
ization issues in both cases, of the same magnitude. This normalization error is due to the fact that
the dot will retain amplitude for long times beyond those that are numerically measurable with this
approach.

QPC alone, as calculated by flux surface measurements (A) or absorbing potential (B) approaches.

In the flux surface case,

Tflux(E) =
ΦT (E)
ΦI(E)

,

where we scale the transmitted flux by the incident flux through the source QPC. Since the incident

flux in the scattering case is the same as the transmitted flux in the non-scattering (i.e. open) case,

either can be used here. In the absorbing potential approach,

TCAP (E) =
ΦT (E)
Φo,T (E)

,

where Φo,T (E) is the transmitted flux, as calculated by CAP, with the open dot. In both cases there

is a normalization issue, since T (E) ≤ 1 for all energies. However, this normalization issue is

present in both cases. It is most likely due to the fact that the closed leaky dot will retain amplitude

out to long times, which cannot be pragmatically measured numerically.

We have three choices to resolve this issue. We can push the numerics to try to converge

the spectrum in the region of interest. We can add in dephasing to reduce the amplitude in the dot,

which will artificially widen the peaks somewhat, and cause the correlation function g(τ) in the

absorbing boundary or the flux φT (t) to converge more rapidly, throwing off the normalization in a
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more controlled fashion. Lastly, we can assume that the normalization error is slowly changing in

E, and ignore it. The latter approach is the approach of choice when the most important signal is

not the absolute spectrum itself, but the spectral structure, particularly when considering the system

over a range of parameters such as B as in Chapter (4) or tip position, as in the next Section or

Chapter (7).

The normalization error in T (E) is rarely an issue in very open systems with short dwell

times, but when long dwell times and sharp resonances are important, the truncation of the dynamics

of the system in time becomes an issue in the energy spectrum. The systematic resolution of this

convergence is still, to our knowledge, an open problem.

3.6 Tip Scan Simulations

To simulate a tip scanning experiment, we use the approach of the last Section, but add

a localized potential that approximates the SPM tip, and parametrically move it around for each

run. This will be very CPU intensive, and thus we may need to compromise on the grid size and

the accuracy of the spectrum, since in such a simulation it is not the spectrum T (E) that we are

interested in, but spatial patterns T (x, y) at finite temperature. One may simulate finite temperature

using a thermal wavepacket to automatically thermally average the results [50], or the flux can be

energy resolved as in previous Sections, and then thermally average explicitly.

One advantage of the tip scan approach is that the placement of the tip will minimally

effect the flux through the source QPC or similar structure; thus any error in determining the incident

flux into the system is a systematic error that is uniform across T (x, y), and thus will not effect the

spatial pattern appreciably. In general the signal in the spatial pattern will also be much larger than

the error in the reflectance measurement as well. The upshot is that, to within an overall error across

the entire scan, the signal of spatial variation in the transmission is clean and robust.

In Figures (3.5) and (3.6) we present some results of tip scan simulations, using flux

surface measurements to determine the conductance. Since these are both two-terminal systems, we

use the reflectance R to measure the conductance through the system. This has the advantage that

the amplitude beyond the QPC in the open system does not need to be carefully measured as it is

absorbed, since we can use the reflectance R back through the source QPC instead.

Figure (3.5) depicts the results of a tip scan simulation in a Young’s double-slit system,

as conceived of by the Westervelt group at Harvard. The position coordinate is the tip position. The

coherent point source is a single moded QPC, and two other QPCs form the double slit. While the

classic interference pattern is visible as one scans in the x-direction, longitudinal back-scattering

fringes are visible as well, with spacing λF /2 (see Chapter 6).
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Figure 3.5: A tip scan simulation of a Young’s double-slit experiment in a 2DEG system. The
Lorentzian tip is 2σ = 160 nm wide and at center Vo = 4EF (i.e. η = 4 from Chapter 5), but
resolves fringes ∼ 30 nm = λF /2 in size.

Figure (3.6) shows a two-terminal system in which a circular gate of radius 500 nm has

been placed at a distance of 1800 nm from the source QPC, and energized in order to provide a large

back-scattering amplitude. In (A) we show a simulation version of the potential, overlaid by a low

resolution tip scan simulationsR(x, y); there has been included a small strong scatterer to the left of

the circular gate as well. The caustics shed by the large scatterer are visible as hyperbola-like struc-

tures beyond the gate (see Chapter 5 for similar structures). In (B) we show the experimental layout

of the experiment, along with some data showing ellipse shaped fringe structures. See Chapter (6)

for more such experimental results. In (C) and (D) we present a higher resolution simulation of the

tip scan R(x, y); three patterns are visible here: circular fringes due to back-scattering, elliptical

fringes due to trajectories which reflect off the circular gate, and more complex structures due to

trajectories that scatter from the strong impurity on the left. See Chapter (6) for a semiclassical

theory that can be used to understand the patterns.
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Figure 3.6: (A) A tip scan simulation of a system with a large circular scatterer and a small impurity.
The tip scan is inset. (B) the equivalent experimental system and elliptical fringes. (C) close up of
the simulated fringe structure. (D) 3D rendering of the simulation. At least three types of fringes
are evident. The tip parameters were equivalent to Figure (3.5).



Chapter 4

Spectroscopy of Scarred States in a
Large Quantum Dot

Inspired by some experimental results found in a study done by Dominik Zumbuhl in

the Marcus group at Harvard, we study the dynamics of an electron in a large, leaky quantum dot

[58, 57]. A lateral quantum dot device was fabricated that coupled a small spectrometer (in fact a

small quantum dot) to a larger quantum dot, which was energized in such a way as to make a leaky,

Fabry-Perot -like cavity in two dimensions. By “leaky”, we mean that the large dot has junctions to

the leads that are open to many transverse modes, so that the an electron can enter or leave the large

dot with relative ease. The small quantum dot acts as a device that could measure the local density

of states LDOS(E,B) in the large dot at the tunnel junction. The small dot is a single electron dot,

and can contain at most a single electron at any given time. Hence the small dot possesses a single

narrow resonance at a specific energy ER with a narrow line shape; this means that this small dot

conducts appreciable current only over a narrow range of energies about ER, and hence acts as a

spectrometer. This feature of the small dot allows the experiment to run at large bias, and allows

the current and hence the transmission through the system to be measured up to 1 meV below the

Fermi sea, and hence to resolve the transmission of the system without the need to convolve over

the Fermi function. While such devices had been created before [56] and used to measure the local

density of states LDOS(E,B), this was performed in a vertical quantum dot, and did not possess

any large scale interference structure.

The small and large dots were connected in series as a two-terminal device, with the

tunnel junction between the two at the center, and the current through system was measured. The

experimentally measured currents revealed bands of strong interference oscillations in energy versus

perpendicular magnetic field, implying that the device was probing the effects of periodic orbits

58
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within the large quantum dot, and that as the energy or magnetic field was modified, the phase

accumulated along the orbit changed rapidly, creating oscillations in the current.

In a toy model sense, the phase accumulated around the orbit due to the normal dynamics

of the particle has a contribution from the energy

φE = kL =
√

2mEL/~,

where L is the length of the orbit, and from the flux enclosed by the orbit

φB = qAB/~

where the area enclosedA has a directionality consistent with the “right-hand rule”. The total phase

is hence

φ =
√

2mEL/~ + qAB/~ (4.1)

where we’ve ignored any topological (i.e. Maslov) phase. The oscillations in interference bands

should lie along lines of constant phase, and hence should have slope

dE

dB
= − L

2qA

√
2m
E
. (4.2)

The rate of change of the phase as we vary the energy is

dφ

dE
=
mL

~2k
(4.3)

thus if we linearize about a given energy, the oscillation will cycle with an energy spacing

∆E =
2π~2k

mL
=

h2

mλL
. (4.4)

As a function of magnetic field, the rate of change of the phase is simpler:

dφ

dB
=
qA

~
(4.5)

with linearized spacing

∆B =
h

qA
. (4.6)

The semiclassical assumption, that the fastest varying parameter is the phase, holds well in this

system, and so locally we can predict the slope without knowing how the area or length varies. For

small magnetic field, we can immediately predict that the slope of the lines will become horizontal,

and that the spacing of the oscillations will be due to the variation in energy alone.

In this Chapter, we begin by describing the device, and then derive a simple model of

resonant tunneling through the spectrometer which highlights its role as a probe of the local density
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of states LDOS(E,B). We then use a billiard model of the large quantum dot to predict the structure

of the interference bands with some success. Failures in the billiard model prompt us to consider

wavepacket simulations in a more realistic potential, which produces striking agreement with ex-

periment. Finally we consider the classical dynamics of the system and search for periodic orbits in

order to gain a deeper intuition of the features of the data and the system.

4.1 Experimental Setup and Results

The device used in the experiment is shown in Figure (4.1). The device consists of two lat-

eral quantum dots produced in a 2DEG at the junction of between a GaAs/AlGaAs heterostructure.

The gates applied to the surface of the GaAs chip are energized so as to create a confined region

of the order of the Fermi wavelength. The material and large quantum dot portion of the device

has been described in [117]. In particular, the 2DEG was located 105 nm below the surface, the

bulk electron density was measured to be n ∼ 1011cm−2, and the mobility was µ ∼ 105cm2/Vs,

implying a mean free path l ∼ 1.5 µm, and implying ballistic transport in the large dot; the electron

effective mass is m = 0.067me in this material. The current from the large dot through the small

dot was measured in series; the two open quantum points in the far end of the large quantum dot

were held at variety of open transverse modes, and the leads from the QPCs tied together, implying

a two-terminal measurement of the series resistance of the small and large dots. A perpendicular

magnetic field was applied to the system, and swept in strength from −1 to 1 Tesla.

In the experiment, the energy resolution of the measurement, whether limited by temper-

ature or by the line width of the spectrometer, is fine enough to resolve most spectral structure in the

large dot (i.e. kT ∼ Γ . ∆). The large dot, with area A ∼ 1 µm2, will hence contain about 2000

electrons at any given time, and the level spacing in the large dot, ∆ = 2π~2

mA ∼ 7 µeV. The temper-

ature of the experiment was mostly 45 mK, and since 1 kT = 86.2 µ eV, we have kT = 3.9 µeV.

The tunneling rate was measured to be Γ = γLγR
γL+γR

∼= 1 µeV. Assuming the tunneling rates on each

side are about the same, this implies that each has rate γ ∼= 2 µeV, which is the half-width of the

energy measurement. The energy resolution due to the dot is hence ∼= 4 µeV. At the Fermi energy

the resolution is kT ∼ 4µeV due to temperature effects, while below the Fermi level the energy res-

olution 4µeV, now limited by the resolution Γ of the small dot. In either case the energy resolution

is somewhat finer than the level spacing ∆ in the large dot, implying that the small dot can resolve

individual energy levels of the large dot, if it were closed and the levels quantized. Since the large

dot is usually leaky and open ion the experiment, the spectrometer can be thought of as resolving

most of the resonances in the large cavity of the dot.

In Figure (4.1a), we show a micrograph of the device, and in (b) depict the relative posi-
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Figure 4.1: The lateral quantum dot device used in the experment. (a) shows a micrograph of the
device, with the small quantum dot on the right; the scale bar is 1 micron. (b) shows a trace map
of the device, with the location of the spectrometer indicated by a red circle. The dashed cyan line
shows the approximate location of the edge of the classical allowed region of the tunnel barrier.
In (c) we see a DFT simulation of the dot taken from realistic voltages on the traces, and real
dimensions and parameters of the heterostructure; here the small dot is opened up instead of closed.

tions of the spectrometer dot, shown as a red circle, the quantum point contacts between the large

dot and the leads, shown in green, and the classical turning point of the tunnel junction between the

small dot and the large dot. In (c) we show a DFT simulation [95] of the effective single-particle

potential of the large dot based on realistic parameters of the device and gate voltages. Note the

asymmetrical shape of the dot, particularly near the tunnel junction, and how the classical turning

point near the tunnel junction becomes concave then rapidly convex. It is also apparent that the

edges of the dot lie at least 100 nm inward from the location of the gates, but apart from the rapid

change transition near the edges, the dot is fairly flat. Here the device has been simulated with the

small dot completely open, which is not how it operates in the actual experiment.

A diagram of the energy levels is shown in Figure (4.2), showing the relative energies of

the Fermi edges in the incoming and outgoing leads, as well as the energy levels of the large dot and

the single spectrometer energy level of the small single electron dot. The current through the device

at finite bias is plotted in Figure (4.3) for two different runs. The bias voltage is 1 meV across both

dots, and the Fermi energy of the incoming lead is 7.1 meV. Since almost all the voltage drop will be
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Figure 4.2: Energy diagram for flow through the two-terminal device. On the left is the Fermi sea
of the incoming lead with Fermi energy EF,inc = 7.1 meV and temperature kT . On the right is the
outgoing lead, at bias Vbias = 1 meV below the incoming lead. In the center are the many energy
levels of the large dot, and the single energy level of the spectrometer dot, at energy ER with width
Γ. When ER is between the Fermi edges of each lead, the current that flows is due to electrons with
energy within Γ of the spectrometer energy.

across the spectrometer, the Fermi energy within the large quantum dot is also 7.1 meV. Comparing

the data to the schematic in Figure (4.2), we can read the data as follows: at the upper edge of the

data where there is finite current we are looking at the edge of the Fermi sea of the incoming lead.

As the spectrometer energy is lowered, the incoming states will be filled while the outgoing states

are empty, and the distribution difference, fi(E)− fo(E) = 1 for most of the figure. At the bottom

edge of the current data, where the current drops to near zero, we are now seeing the edge of the

Fermi sea of the outgoing lead; beyond that states are occupied in both leads, and we measure no

net current through the device. This is also clearly visible in Figure (4.4a,c).

In a typical, non-Fabry-Perot-like device one would expect to see universal conductance

fluctuations between the two Fermi edges; this type of experiment has been done before [56] and

saw just that. The inclusion of the large quantum dot could create strong resonances in the cavity,

and the sign of these resonances would be strong oscillations in the signal, as is seen. Around

B = 0, there is an oscillation in the current as the energy of the spectrometer is changed, covering

∼ 4 cycles in 1 meV; this implies a path length L ∼ 3200 nm, approximately twice the length of
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Figure 4.3: Two sets of experimental currents, plotting versus magnetic field and spectrometer
energy; the y-axis is a voltage of a particular gate, and hence isn’t particularly relevant. What
matters is that the current spans 1 meV vertically before dropping to near zero. The Fermi surface
of the incoming lead is at the top edge of the data, and the Fermi surface of the drain at the bottom;
the bias was 1 meV. The interference bands are visible in both sets of data for various regions of
magnetic field.

the dot, and thus is consistent with the hypothesis that the oscillations are due to certain resonant

trajectories in the large dot. Near B = 0, the bands have a small but finite slope, implying that the

relevant trajectory has a finite but small area.

Turning to the strong interference bands around 100 milliTesla, we refer to Figure (4.4),

which shows the lower data set for smaller magnetic fields in 3D, and slices through the data for

the region with the strongest interference bands. In (a) the data is shown in 3D, highlighting the

strong interference bands around 100 milliTesla. In (c) we plot a slice of the current data at B = 70

milliTesla, indicating the peak spacings, and the Fermi edges. There are ∼ 5 oscillations over the

course of 1 meV, implying a path length 1.25 times longer than at B = 0, or L = 4000 nm. In (b)

we plot a slice of the data at E = 7.0 meV, just below the Fermi sea of the incoming lead; the peak

spacings are indicated as red dashed lines. The spacing in magnetic field of the bands is ∆B ∼ 9

milliTesla, and given that the bands have negative slope in the (B,E) parameter plane, this implies
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Figure 4.4: In (a) we plot the experimental current in 3D, showing the the Fermi edges of the
data, the interference bands, and the dropoff in amplitude as the energy drops below the Fermi
energy. In (b) we plot a slice of the current at an energy of 7.0 meV, just below the Fermi energy.
The oscillations are clear and marked with red dotted lines, with a typical spacing around B = 70
milliTesla of ∆B ∼ 9 milliTesla. In (c) we plot a slice of the current at the fieldB = 100 milliTesla.
The oscillations are still pronounced but less obvious, with a typical spacing of ∆E ∼ 0.17 meV.
In addition, we mark the edges of the Fermi sea of the source and drain in green.

that the area enclosed is A ∼ 0.5 µm2. These values are consistent with a diamond shaped orbit

that encloses a little under half of the area of the large quantum dot, which is ∼ 1 µm2.

In addition to being consistent with semiclassical considerations, these bands are quite

robust. Opening the QPCs of the large dot from one to many transverse modes has negligible effect

on the interference bands, and they persist at temperatures up to 1 K, where most of the small scale

signal has been washed out.
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4.2 Model Of Resonant Tunnelling

In the experimental results, the most interesting aspects are the existence and nature of the

interference bands in magnetic field and spectrometer energy. These bands result from the dynamics

in the large dot, which may be thought of as a resonant cavity. The bands are due to the coupling

between the resonant states of this cavity and the single state of the spectroscope, or “probe” dot,

via the tunnel junction. We expect that at small to moderate magnetic fields, and over a small range

of energies, the state in the probe dot, and the states in the lead on the other side of the probe dot,

will not vary strongly, so that the coupling between the probe dot and the lead will vary slowly with

energy and magnetic field. Since we are mostly interested in the signal due the resonant states in

the large dot, we may justifiably focus on the contribution to tunneling due to the dynamics of the

large dot.

Normally resonant tunneling theory starts by assuming the Hamiltonian may be separated

into transverse and longitudinal parts, and that the tunneling process, which takes place longitu-

dinally, does not mix these states. For the process of tunnelling through a lateral single electron

quantum dot, this assumption does not hold, since the tunnel junction strongly mixes modes. How-

ever, since there is a single available mode in the probe dot, the tunneling into the dot from any

mode can be combined into a single incoming and outgoing transmission amplitude

t̄ =
∑
m

tm→o, (4.7)

and we may continue to use the formalism. Here we have ignored any level splitting due to spin;

we assume in this model that the spin degeneracy will simply double the final transmission. For

simplicity, we also assume that at any given parameter, there is a single dominant tunneling mode

in the leads and cavity, or that the basis states may be changed to provide a single dominant mode

(in the case of a tunnel junction on a half-plane, the dominant mode would be the equivalent of a

“p”-wave in the leads [8]).

The tunneling through the resonant dot may be treated in terms of the transmission into

and out of the small quantum dot (depicted schematically in Figure (4.5)). The tunneling process is

nearly completely coherent, and so the combined transmission amplitude should be written as

t =
t1t2

1− r′1r2
=

t1t2

1− eiθ
√
R1R2

, (4.8)

where t and r are the transmission and reflection amplitudes of each tunnel junction, and θ is the

phase accumulated for one round trip in the small quantum dot. In standard fashion [21], one can

define an attempt frequency ν ≡ 1
~
dE
dθ

∣∣∣
E=ER

at the resonant energy, which is the rate at which

the electron attempts to tunnel. (If the tunnel barriers were treated as delta function barriers, this
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Figure 4.5: Schematic layout of the resonant quantum dot, where the tunneling rates are assumed
equal in the incoming and outgoing tunnel junctions when the resonant cavity is removed.

would be equal to v/2w, the speed divided by twice the dot size). We then define the escape

rate, Γ ≡ νT , the rate at which the electron tunnels out of the dot into a given lead; a Lorentzian

approximation about the resonant energy for the transmission T = |t|2 through the entire barrier

yields the expression

T (E) ∼=
Γ1Γ2

∆E2 +
(

Γ1+Γ2
2

)2 (4.9)

after noting that T/R� 1. Here ∆E ≡ E − ER, the energy difference from the resonant energy.

If we remove the opposing walls of the large dot, walls which make it operate as a leaky

resonant cavity, then the tunneling through the spectrometer dot is fairly symmetrical. For simplic-

ity, we set the transmission coefficients of each cavity to be T̄ , and the escape rates of each tunnel

junction to be Γ = νT̄ , and arrive at the simplified result for the “bare” transmission,

To(E) =
Γ2

∆E2 + Γ2
. (4.10)

The current

I =
2e
h

∫ µ

E
T (E)f(E)dE (4.11)

is, at low temperatures and on resonance,

Io =
2e
~

Γ
2
. (4.12)
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If instead we include the effects of the leaky resonant cavity of the large dot, the trans-

mission in to that cavity, T2, will be strongly affected by the change in the density of states and in

the states themselves. To parameterize this effect, we define the ratio between the transmission with

and without the large cavity present, η(E,B) ≡ T2(E,B)/T̄ , which will include all the effects of

the altered states in the resonant cavity. Inserting that into the equation for the total transmission,

and noting that the attempt frequency ν will not be affected by the change in external states, we

have the altered transmission

T (E) =
ηΓ2

∆E2 + Γ2
(

η
1+η

)2 . (4.13)

Since the resonance is taken to be very sharp, then the variation in η over the resonance will be

small, and we can take η(E,B) = η(ER, B) instead. Integrating over energy, we get the modified

current,

I =
2e
~

ηΓ
1 + η

=
2η

1 + η
Io. (4.14)

Thus in order to understand the change in the current through the spectrometer due to the walls on

the large dot, I/Io, we need to understand the parameter η(ER, B) alone.

As for the transmission coefficients of the tunnel barriers, we can calculate the overlap

matrix elements between the resonant state Φo and some external state of the lead or cavity, ψ,

using the Bardeen tunneling formula [7] for each tunnel junction [83]. This is appropriate when the

expected reflection amplitude for a tunnelling particle from the leads is small. The overlap matrix

element is

〈Φo|ψ〉 =
~2

2m

∫
S

Φo∇ψ∗ − ψ∗∇ΦodS (4.15)

from the Bardeen tunneling formula. If we take the surface of integration to be in the classically

allowed region of the cavity or leads, then the expression may be recast in terms of Φo and the

derivative of ψ [78]

〈Φo|ψ〉 =
~2

m

∫
S

Φo∇ψ∗dS. (4.16)

From Fermi’s Golden Rule, the transition rate is W = 2π
~
∑

states |〈Φo|ψm〉|2δ(ER − E) so that,

for a single state m

Wo→m =
2π~3

m2

∣∣∣∣∫
S

Φo∇ψ∗mdS
∣∣∣∣2 , (4.17)

and the total transition rate is the sum of the transition rates into each state.

The transfer Hamiltonian formalism can be compared to the scattering formalism [21] to

yield the transmission through the tunnel junctions to a state ψm

To→m = (2π)2|〈Φo|ψm〉|2 =
(2π)2~4

m2

∣∣∣∣∫
S

Φo∇ψ∗mdS
∣∣∣∣2 . (4.18)
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Note that this, with the earlier expression for W , implies that W = ~
(2π)3

T . Here we recognize

that, when the surface is taken in the classically allowed region beyond the tunnel junction, that

∇ψ ∼ ik⊥ψ, and hence the matrix element is proportional to the momentum times the overlap

of the wavefunctions on the surface S. Since the resonant state of the small dot, Φo, will change

little with energy and B, the dominant dependence of the transmission will be on the perpendicular

momentum and the LDOS on the surface S. Only those states which have significant amplitude

to cross the surface S will contribute to the transmission. Furthermore, when the cavity walls

are activated, the eigenstate of the spectrometer Φo will change negligibly; hence the parametric

function η will depend solely on the change in the LDOS near the tunnel junction due to adding the

cavity walls. In this way the spectrometer acts as a direct probe of the LDOS of the large quantum

dot at the tunnel junction.

In terms of the Green function within the large cavity, G(r, r′;E), the transmission can

be expressed as [78]

T = − 1
π

(
2π~2

m

)2

=
∫
S
dxdx′Φo(x)Φ∗

o(x
′)

∂2

∂x∂x′
G(x, yS , x′, yS ;E), (4.19)

where the yS is the position of the surface S. Semiclassically, the Green function is the sum over

classical trajectories [45, 12]

Gsc(r, r′;E) =
2π

(2πi~)3/2
∑
j

Aje
iSj
~ −

iπµj
2 (4.20)

where Aj is the classical amplitude of the jth orbit. The second derivative of Gsc near the turning

point may be found by considering the contribution from each direct trajectory, coupled to the

accompanying trajectory which was reflected by the tunnel barrier; the resulting expression [78] is

∂2Gsc
∂x∂x′

= 4i
2π

(2πi~)3/2
∑
j

kyk
′
yAje

iSj
~ −

iπµj
2 . (4.21)

Thus the term for each trajectory is multiplied by 4i times the initial and final momentum at the

tunnel mouth, as expected. The semiclassical transmission reads

Tsc = 4
(2π)3/2~5/2

πm2
<
∫
S
dxdx′Φo(x)Φ∗

o(x
′)

∑
j from x→x′

kyk
′
yAje

iSj
~ −

iπµj
2

+iπ/4, (4.22)

where we sum across each trajectory from x to x′ on the surface S at the tunnel junction. This ex-

pression could be directly used to accurately calculate the transmission through the tunnel junction.

For simplicity and clarity, we can approximate the tunnel barrier as a delta function, and

hence write Φo = ae−Klδ(x − xo), where a represents an effective width of Φo across the tunnel

barrier, and e−Kl is a typical factor for the evanescence of the resonant state into the tunneling
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region, with l a typical distance into the tunneling region, and K =
√

2m(U − E)/~. Then the

integration across the mouth of the tunnel barrier is trivial, and we have the transmission through

the tunnel barrier

T =

(
4
(2π)3/2~5/2

πm2
a2e−2Kl

)∑
j

kyk
′
yAj cos [Sj/~− πµj/2 + π/4] , (4.23)

where the sum is over closed orbits. For a magnetic billiard, it is often the case that the shortest

closed orbits are also the periodic orbits, and so this type of equation is directly applicable. From

this expression, it is clear that the most quickly varying factor in the transmission is due to the

semiclassical phase accumulated along the trajectory, and that when this phase varies by 2π, the

transmission due to a particular orbit will oscillate from a maximum to zero and back. The relevance

of the orbit comes primarily from the component of the momentum perpendicular to the tunnel

barrier, but also depends on the classical amplitude A.

This derivation is convenient, but not necessarily correct, since taking the tunnel barrier

width to zero does not correctly take the semiclassical limit; in particular the expression for the

amplitude is suffering. However, it does highlight the central role of the phase and perpendicular

momentum in to the tunnel junction region. A more correct, although significantly more compli-

cated, treatment is available [78]. In addition, being a semiclassical derivation for finite length

periodic orbits, this expression is only for the oscillatory part of the transmission; the Weyl term

would come from summing up over infinitely small trajectories.

4.3 Magnetic Billiard

A simple and analytically accessible model of the quantum dot is that of a rectangular

billiard in the presence of a perpendicular magnetic field. The trajectories in this system are relevant

to those in the quantum dot, as long as the trajectories don’t come near the corners of the dot where

there are open quantum point contacts. The rectangular magnetic billiard model will prove to be a

reasonably accurate tool to model the dynamics in the cavity. Because of symmetry considerations,

the dominant (i.e. shortest) closed orbits that touch the center of the magnetic billiard will also be

periodic orbits; this implies that examining the lowest order periodic orbits of the magnetic billiard

will provide the bulk of the insight.

4.3.1 Motion in the Magnetic Billiard

In the magnetic billiard, because motion between the walls is free and the walls are hard,

speed and kinetic energy are conserved quantities. Since the motion within the billiard is free motion
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Figure 4.6: Poincaré section of the magnetic billiard for a field value that produces a stable periodic
orbit surrounded by a large integrable island. Also visible on the section for the side walls is a line
of parabolic states due to football shaped orbits which spans the width of the billiard. The trajectory
shown is one on the outer part of the integrable island.

within a uniform magnetic field, we can define the dynamics of the entire system by the dynamics

on the walls alone; the reasonable choice is hence to use Birkhoff coordinates for this system. Since

speed is a conserved quantity (i.e. kinetic momentum, and not canonical momentum), we can scale

out the speed of the particle (mv actually), and hence the energy. Furthermore, the ratio between

the magnetic field strength B and the velocity v determines the cyclotron radius, so we may just as

easily measure distance in units of the cyclotron radius

rc =
v

ωc
=

mv

|q|Bc
=
√

2mE
|q|Bc

. (4.24)

If we do so, then the number of free parameters of the system has dropped to just two, the dimensions

of the rectangular billiard in units of rc. It must be noted that values that depend on the transit from

one wall to another, in particular the time of flight and the action, do not reduce to two parameters,

and depend on a third parameter (energy, magnetic field or speed). However, the length and area

enclosed by an orbit do scale with only two parameters, since they scale as length only.

4.3.2 Discrete Map

In cyclotron radius scaled units, the system is described on the walls by a discrete map

in the phase space variables (p, q, n), the position and momentum along a wall, as well as the wall



Chapter 4: Spectroscopy of Scarred States in a Large Quantum Dot 71

Figure 4.7: Plot of the percentage of phase space that is integrable as a function of the scaled billiard
size (read B) as compared to the experimental data.

number; this wall number index is needed if we allow for non-square rectangular billiards. The full

discrete map can be thought of as a conditional map involving individual maps, each of which maps

from a state on the present wall to a state on ∆n = 0...3 walls around the billiard. In scaled units,

the maps are

M0 =
(
q + 2

√
1− p2, p

)
M1 =

(√
1−

[√
1− p2 − (Lx − q)

]2
− p,

√
1− p2 − [Lx − q]

)
M2 =

(
Lx − (q +

√
1− p2 −

√
1− (p+ Lx)2 ), −p− Ly

)
M3 =

(
Lx + p+

√
1−

[
q +

√
1− p2

]2
, −q −

√
1− p2

)
(4.25)

where the map is iterated as (qi+1, pi+1) = M∆n(qi, pi). HereLx is the length of the present billiard

wall, and Ly is the length of the next billiard wall. The full map M applies the physically relevant

map from these.

A Poincaré surface of section for a field value with a large integrable island is shown in

Figure (4.6). At the center of the large island is a diamond shaped periodic orbit, which strikes
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the center of each wall; the other islands, two on the upper and lower walls and three on the side

walls, are due to less symmetrical orbits that do not strike the center of the upper wall. Along the

side walls are also a set of parabolic orbits with marginal stability, which resemble a set of football

shaped orbits spanning the width of the billiard; these are visible in the Poincaré section of the side

walls as a horizontal strip of orbits. With any small perturbation this strip of orbits will turn into a

set of small integrable islands and unstable separatrices strung together along this line like beads on

a string.

This large integrable island will play a strong role in the tunneling current, since not only

does it have a strong presence at the tunnel junction, but the momentum along the wall is small.

This implies that the momentum into the wall is large. Because the orbits are fairly close together

here, we also expect a significant classical amplitude.

One useful measure that may be pertinent to the experiment is how large these integrable

islands in the Poincaré sections are, since if a particle is trapped on one of the islands it will continue

to attempt to tunnel far more frequently than if the orbit were chaotic. To produce such a measure,

it is straightforward to launch a single trajectory of the map in a known chaotic location of phase

space, and then track the particle’s trajectory for many thousands of iterations. We then discretize

phase space into a grid, and count the number of times the trajectory enters a given grid cell. If the

grid cell lies fully on the integrable island, then an initially chaotic trajectory will never sample any

point in that grid cell. We then count the number of unoccupied grid cells, and obtain a measure of

the integrable phase space.

In Figure (4.7) we consider the fraction of phase space that lies on a integrable island, as

a function of the field, for a 4/3 rectangular billiard. For a variety of field values we also show the

Poincaré section of the shorter wall and the dominant periodic orbit at the center of the integrable

island. This is compared to the experimental data as well. The strong correlation between island

size and interference band strength is convincing for magnetic fields of 50-130 milliTesla, which

correspond to the diamond shaped periodic orbit at the center of the integrable island. This corre-

lation fails below 50 milliTesla, because the islands persist well below 50 milliTesla, but the signal

does not experimentally.

In Figure (4.8), we consider the Poincaré section at a higher field value, where the domi-

nant periodic orbit has attained a holly-leaf shape, bouncing twice on the side walls. Although this

is the dominant island at this field strength, the size of the island is greatly reduced from that at

lower fields.
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Figure 4.8: Poincaré section of the magnetic billiard for a stronger field value, showing a stable
holly-leaf shaped orbit.

4.3.3 Pitchfork Bifurcation

We also note that in the region between Lx/rc = 1.5 and 1.9, the integrable phase space

volume drops to zero; this is due to a pitchfork bifurcation [69] that occurs for fields values just

below this region. This is depicted in Figure (4.9), and in phase space in Figure (4.10) by a series

of Poincaré sections around this process. The initial periodic orbit at lower fields splits into two

asymmetrical periodic orbits, which leave the center of the side walls, and a third still symmetrical,

but now unstable periodic orbit. This bifurcation occurs just before the field value when the trajec-

tory strikes perpendicular to the wall, and hence when p = 0; beyond that field value the symmetric

periodic orbit ceases to exist. The asymmetrical periodic orbit pair still exist beyond this value by

adding a twist at one end. With increasing field even these orbits cease to exist.

The same process happens in reverse at higher fields; a stable symmetric periodic orbit

exists for higher fields by twisting with each wall bounce. As the magnetic field is reduced, the

symmetric trajectory strikes perpendicular to the side walls, and then ceases to exist. However

asymmetrical orbits may exist for smaller fields, where the orbits twists at just one of the walls.

The phase space portrait of these bifurcations is shown in Figure (4.10), with the periodic orbits

indicated by small dots, red for stable and blue for unstable. The magnetic field values are relevant

when the dot is scaled to the size of the experimental quantum dot cavity.
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Figure 4.9: The pitchfork bifurcation of the diamond shaped orbit with increasing magnetic field.
On the left is a stable periodic orbit at low field. As the field is increased, the angle with respect
to the lower wall approaches 90◦, at which point the symmetric orbit ceases to exist, and only
asymmetric orbits remain. At higher fields even these are no longer present. Coming down from
larger field values, a reverse bifurcation takes place.

4.3.4 Soft Wall Discrete Map

Since an actual quantum dot is not a true hard-walled billiard, of interest is the dynamics

of a billiard with soft walls. We can model this as a discrete map by composing the hard wall discrete

map with another map which changes the position of the particle along the wall as if the particle

had entered a half harmonic wall. For simplicity we ignore the magnetic field in the harmonic wall,

assuming that the effect of the restoring force of the wall is much stronger than the field.

Motion in a harmonic potential can be scaled so that it is independent of energy; if we

consider the angle of the harmonic motion, then given the momentum, the angle rotated by is ηt =

2 cos−1 p, where η = ω/ωc is the scaled frequency of the harmonic potential comprising the soft

wall. The particle will always emerge with the same momentum p along the wall, and will have

covered a distance ∆q = pt after emerging from the wall. If the particle moves beyond the edge

of the billiard while in the wall, we assume that it must bounce off the next wall and return with

opposite momentum. Hence our soft wall map looks like

Msoft(q, p) = (q′′, p′′)

q′ = q +
2
η

cos−1 p
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Figure 4.10: Poincaré section of the magnetic billiard at varying field values, showing the bifurca-
tion process.

q′′ =


q′ if 0 < q′ < L

−q′ if q′ < 0

L− q′ if q′ > L

p′′ =

p′ if 0 < q′ < L

−p′ if q′ < 0 or q′ > L
(4.26)

warts and all. One can show that this is an area-preserving map as in the hardwall case. In this

map, the parameter η plays the role of an inverse time, and
√
η as a wall hardness , so that as η is

increased, the wall seems harder and the particle spends less time in the wall. As η →∞, the hard

wall case is recovered.

We show the dynamics of the map in Figure (4.11) at a field value that is the same as

that in Figure (4.6), and which exhibits a very large integrable island. The soft wall map has an

equivalently large island at this field, but also exhibits a pitchfork bifurcation for smaller fields. In

addition, there is an inaccessible region of phase space, shown in the lower left corner of the first

Poincaré section, due to the map; this region of phase space is shadowed throughout phase space as

well, leaving a fractal of inaccessible phase space.

In Figure (4.12), we compare the integrable phase space volume of the soft wall map with

the hard wall map, for a reasonably hard wall. In general the effect of the soft wall is to enhance
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Figure 4.11: Poincaré section of the soft magnetic billiard for a field value that produces a stable
periodic orbit surrounded by a large integrable island. The soft walls allow for a bifurcation at
smaller field values than for the hardwall case.

the integrability of the system, and to remove the sharp drops in integrable volume due to the abrupt

dropout of imporant stable periodic orbits. The data must be taken only qualitatively, however, due

to the effect of the classical disallowed region and its shadow throughout phase space, as mentioned

earlier. The relative classically allowed phase space will be smaller for the soft walled map, and

hence the integrable percentage will appear larger relatively. In addition the sharp peaks are most

likely due to the particles being injected into shadows of the classically disallowed region in a

normally chaotic region of phase space.

4.3.5 Bumpy Wall Discrete Map

Besides soft walls, it is also relevant to examine the effect of bumpy walls on the dynamics

of the particle in the billiard. This can be accomplished by adding an extra, position dependent

but non-stochastic momentum kick with each wall bounce. We define a momentum kick function

∆p(q) with some relevant randomly assigned distribution of momentum kicks; often one wants to

scale this function so that the distribution of kicks δp =
√
〈∆p2〉 has some experimentally relevant

value. The bumpy map looks like

Mbumpy = (q, p+ ∆p(q)) , (4.27)
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Figure 4.12: The percentage of phase space that is on a stable integrable island, when the walls
are made soft. The effect is apparent but small, distorting and shrinking the integrable islands. As
expected, a stronger average kick will distort phase space more than a weaker kick.

and is applied after the wall bounce maps M∆n. The bumpy wall map can be shown to be an

area-preserving map, and hence relevant to a physical Hamiltonian. The momentum kick is with

respect to the momentum along the wall only, and hence we assume an appropriate change in the

perpendicular momentum so that energy is conserved. It is conceivable that for incoming momenta

that are glancing and hence have momentum p close to the total momentum, that this map may

change the energy of the particle. However, if we avoid the edges of the Poincaré section we can

avoid this case.

In Figure (4.13) we plot the integrable phase space volume versus the field strength for

the typical 4/3 rectangular billiard, for a bumpy wall map with varying average kick stengths. Most

relevant about these results is that even for a 10% momentum kick, the integrable islands persist

and remain of good size, indicating that even in a bumpy rectangular quantum dot, that integrable

islands are present and contribute.

4.3.6 Periodic Billiard Orbits

At this point, we have a good idea of the dominant periodic orbits, but we need to know

their properties at various field strengths in order to anticipate the tunneling current due to them.

Most of these values can be determined by simple geometric considerations, and we record them

here. We consider a rectangular box of size (Lx, Ly) = 2rc(λx, λy); we will work in these scaled

box lengths. The main three periodic orbits that intersect the top of the box are the football, dia-
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Figure 4.13: The percentage of phase space that is on a stable integrable island, when the walls are
made bumpy. The effect is apparent but small, distorting and shrinking the integrable islands. As
expected, a stronger average kick will distort phase space more than a weaker kick.

mond, and holly-leaf orbits; we will only consider the basic symmetrical version of each here for the

simplicity of the analytic expressions. These main orbits are depicted in Figure (4.14); for concrete-

ness we take the magnetic field to be in the −ẑ direction (and hence B < 0), so that the cyclotron

motion of a negatively charged particle will be clockwise.

In each case, we can safely assume that the orbit’s length will increase monotonically

with increasing field magnitude. The area of the orbit will not be as simple; while we can assume

that it will change monotonically, the sign of the change is not trivial, and it may change sign as

field magnitude increases. However, due to symmetry, we know that if the field strength B or the

particle charge q changes, the sign of the area A will change as well; if we change both B and q,

the dynamics will remain unchanged, and A will remain the same sign. Thus the quantity qBA will

remain invariant with change of B direction or charge, as is the case with kL. Its derivative in B

will become odd, however, with a change in B, implying that the slope of the interference bands

will be odd in the magnetic field B, as is seen experimentally (see Figure 4.3).

From the following expressions for the length and enclosed area of the periodic orbits, the
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Figure 4.14: Main symmetrical periodic orbits of the magnetic billiard. Here we use a scaled billiard
size (2λx, 2λy).

unscaled action and phase follow as

φ(E,B) =
S

~
=

√
2mELrc/~ + qBAr2c/~

=
2mE
~qB

(L+A) (4.28)

since rc = ~k
qB . The time of flight depends only on the length, so that

T =
mL

|qB|
=

L

ωc
. (4.29)

The monodromy matrix of the orbits is invariant of scaling,

M =

(
∂q′

∂qo
∂q′

∂po

∂p′

∂qo
∂p′

∂po

)
(4.30)

and hence the eigenvalues λ and 1/λ of the scaled system can be used to determine the stability

and Lyapunov exponents of the unscaled orbits. The classical density in the time domain is the

determinant of this matrix, D(qo, q′, t) = |M |, and hence is also invariant to scaling.

Football Orbit

This orbit bounces back and forth from the center of the top to the bottom wall; it is shown

in Figure (4.14a). For small field it is almost a straight line back and forth. The angle with respect

to vertical is

θ = − sin−1(λy) (4.31)
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so that the initial momentum along the wall is p = sin(θ), and will always be negative. The area

and length are

L = 4 sin−1 λy,

A = −2
[
sin−1(λy)− λy

√
1− λ2

y

]
. (4.32)

We note that since the particle always traverses the path in a clockwise fashion, that A < 0, and

that the flux AB ≥ 0 for this orbit. The requirements that θ have a real solution implies that the

orbit exists when the distance to the far wall is not too large, i.e. when λy < 1; in addition, the orbit

exists only when the particle doesn’t touch the side walls, or when λx + λy > 1.

The monodromy matrix in general for the relevant map has a zero off-diagonal value,
∂p′

∂qo
= 0, and as such the eigenvalues of the matrix are λ1,2 = 1, indicating that all existing football

periodic orbits are direct parabolic, neither stable or unstable. Any change in the initial or final

position of the football orbit on the upper or lower walls will not effect the initial of final momenta,

as long as the orbit doesn’t touch the side walls.

Diamond Orbit

This orbit bounces once on the center of each wall, curving in a clockwise fashion, as

shown in Figure (4.14b). For small field it is almost a rhombus. The angle with respect to vertical is

θ = cos−1
√
λ2
x + λ2

y − tan−1(λy/λx) (4.33)

with initial momentum along the wall p = sin(θ). For low fields θ > 0, while for high fields, θ < 0.

The minimum angle occurs when the paths are straight lines, hence the size of the box → 0 and

only the second term remains, thus θmin = tan−1(λy/λx). The maximum angle, at the highest

field, will occur when the paths from wall center to wall center are half circles, which is an angle

θmax = θmin+π/2 = − tan−1(λx/λy). The minimum area is Amin = 2λxλy while the minimum

length is Lmin = 4
√
λ2
x + λ2

y. The maximum length is easily found by remembering that each wall

to wall path is a circle of diameter
√
λ2
x + λ2

y, so Lmax = 2π
√
λ2
x + λ2

y.

The area and length in general are

L = 8 sin−1
√
λ2
x + λ2

y,

A =
λxλy

2
− 4 sin−1

√
λ2
x + λ2

y +
√

(λ2
x + λ2

y)(1− λ2
x − λ2

y). (4.34)

For small fields the area is positive, unlike the football case, but may turn negative for large fields.

The monodromy matrix for this orbit is quite complicated, but can be found analytically;

we only consider it when evaluated at the periodic orbit. We will choose to express it in terms of
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the angle of bounce on the lower and upper walls, θ1, and on the side walls, θ2. Noting that θ2 can

be found by rotating the billiard by π/2,

θ2 = cos−1
√
λ2
x + λ2

y − tan−1 λx
λy
. (4.35)

The monodromy matrix

M =

(
m11 m12

m21 m22

)
has elements

m11 = csc2 θ1 csc2 θ2
(
cos2 θ1(9 cos2 θ2 − 1) + sin2 θ2 − 2 sin 2θ1 sin 2θ2

)
m12 = −

(
cos 2θ1 + cos 2θ2 + 6 cos2(θ1 + θ2)

)
cot θ1 csc2 θ1 csc2 θ2

m21 = 4 cot θ2(1− 2 cot θ1 cot θ2)

m22 = m11. (4.36)

Taking the eigenvalues, we get a pair of solutions λ = a± 2
√
b, with

a = −8 cot θ1 cot θ2 + csc2 θ1 + cot2 θ1(9 cot2 θ2 − csc2 θ2)

b = cos(θ1 + θ2) (cos(θ1 − θ2) + 3 cos(θ1 + θ2))
2 cot θ1 cot θ2 csc3 θ1 csc2 θ2. (4.37)

In particular, we note that b → 0 when either θ1 or θ2 → π/2, when the orbit strikes one of the

walls perpendicularly. When this happens, the orbit becomes parabolic in stability, and a further

change in angle will change the stability of the orbit, marked by a change in eigenvalues from real

to complex. This confirms the process of bifurcation seen in earlier sections, and depicted in Figure

(4.9).

Holly-Leaf Orbit

This orbit bounces once on the center of the lower and upper walls, curving in a clockwise

fashion, and twice on each side wall, as shown in Figure (4.14c). The orbit does not exist for small

or large fields, only existing when λ ∼ 2− 3. The angle with respect to vertical along the side walls

must be found numerically by solving the equation

(λx + sin θ2)2 = 1− (2 cos θ2 − λy)2. (4.38)

The angle from the vertical on the upper and lower walls follows,

θ1 = sign(2 cos θ2 − λy) cos−1(sin θ2 + λx). (4.39)

The area and length are then

L = 4π − 8θ2 − 4θ1
A = 4λxλy − 2π + 8θ2 + 4 sin θ2 cos θ2 + 4θ1. (4.40)
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Figure 4.15: Tunnelling current factor ξ(E,B) for each main periodic orbit type, over a range of
energies and field values. In the last frame the contributions to the current are added from each orbit
type. The billiard is scaled to a size very close to that of the large dot.

4.3.7 Billiard Interference Bands

Knowing the properties of these main periodic orbits as the magnetic field and energy are

adjusted, we can determine the phase around the orbit and part of their weighting factors. For the

sake of qualitative comparison, we will ignore Maslov indicies and take the classical amplitude to

be uniform over the range of the orbit’s existence. We define a function

ξ(E,B) ≡ C E cos2 θo cos(S(E,B)/~), (4.41)

where C is some constant. This function contains the main factors, due to the dynamics of the

billiard, that contribute to the simplified model of the oscillatory part of the tunneling current, equa-

tion (4.23). Thus ξ(E,B) serves as an useful qualitative measure of the tunneling current. These

main factors include the orbit phase and the momentum into the tunnel junction; we assume that the

classical amplitude is slowly varying for these orbits, and approximate it as unity. The other quickly
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Figure 4.16: Tunnelling current factor ξ(E,B) for each main periodic orbit type. For clarity, the
contributions from each orbit are included only in a limited range of B values. The experimental
current data is shown just above, but upside down in order to aid in comparison. For low fields the
football shaped orbit has the correct ∆E spacing, but has the wrong band slope, while the diamond
orbit reproduces the slopes quite well. The holly-leaf orbit is a reasonable match for bands at high
B.

varying quantity in the tunneling current is due to the evanescent amplitude of the resonant states of

the small dot, which we ignore here.

In Figure (4.15) we plot this function over a range of magnetic field values and energies

for each of the main periodic orbits, and for the sum of these contributions. For the football shaped

orbit, the oscillations have positive slope, tending to flat for small magnetic field. The diamond

shaped orbits have mostly positive area, and hence negative slope, but flattening out and becoming

positive in slope for large field values. The holly-leaf shaped orbit has small negative area, leading

to mainly horizontal interference oscillations. The obvious candidate for the strong interference

band around B = 100 milliTesla is the diamond shaped orbit, while for the interference pattern

near B = 0 the football and diamond orbit are relevant. Interference bands further out in magnetic

field are likely due to holly-leaf orbits and orbits with a higher number of bounces.
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In Figure (4.16) we compare the billiard bands to the experimental data; these orbital

bands have been somewhat clipped in B range to highlight the similarities. For low fields the

football shaped orbit has a close ∆E spacing, but has the wrong slope to the oscillations, implying

that the sign of A is wrong; that the real orbits have positive area instead. Referring back to Figure

(4.3) however, there is evidence that there are oscillations with both positive and negative slope

near B = 0; this could indicate a bifurcation of a direct orbit, due to the soft walls of the real dot,

with one branch having positive area and the other negative area. A hard walled billiard couldn’t

reproduce such behavior.

The diamond shaped orbit matches the slope and spacing quite well for a billiard result.

In addition, the gentle flattening of the slope of these experimental oscillations around B ∼ 125

milliTesla is reproduced by the billiard, indicating a significant reduction in orbit area around this

value of B. As we have shown, this change in slope is neighbored by a change in stability as well.

For higher fields the holly-leaf orbit and its siblings provide a possible explanation for the various

isolated sets of interference bands, particularly the bands in the region B ∼ 250 milliTesla. The

discrepancy in the location of the bands in B can be attributed to the more complex dynamics of the

realistic, odd-shaped and soft-walled large dot.

We can understand intuitively why the diamond shaped orbit of the billiard would match

better than other orbits. For low fields, the forces on the particle due to the magnetic field are

small compared to the forces due to the soft walls when near the walls, but at higher fields the

curvature of the trajectory due to the magnetic field is dominant. However, at high enough fields,

the particle will reflect off the walls more often, and will “learn” that the billiard is odd-shaped

and non-rectangular. The diamond shaped orbit is a mix of both cases; the magnetic field is strong

enough that the curvature is mostly due to B, but the particle only samples the wall at four points,

and thus, to lowest order, the dot appears rectangular. By matching the billiard to the dimensions of

the dot, as sampled by the particle, the billiard model proves quite useful.

The main drawback of the billiard model in explaining the slopes and signal strength of the

bands is that it fails to correctly predict the dropout of the diamond orbit below 50 millliTesla, as well

the existence and placement of higher field bands. As we noted, these characteristics of the system

are due to the non-rectangular, soft-walled nature of the quantum dot. As such, understanding the

system further requires a more accurate dot. This we address in the rest of the Chapter.

4.4 Wavepacket Simulation

While the billiard model matches surprisingly well the qualitative aspects of the data, as

well as the shape of interference bands, it fails to capture some of the more interesting aspects of
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Figure 4.17: The simulated effective potential of the large quantum dot, and a wavepacket propa-
gating into and through the large quantum dot.

the system, such as the dropoff of the interference bands with lowering magnetic field at around

50 milliTesla. One approach to improving on the billiard model might be to derive a more exact

semiclassical treatment [78], and using a more realistic billiard system to attempt to understand

the finer details of the system using semiclassical numerics. The drawback to this is that accurate

semiclassics is usually difficult technically. Instead we choose to perform a full quantum simulation

of the system.

To more accurately simulate the system in question, we employ a density-functional the-

ory (DFT) numerical code [95] to get a more accurate effective potential of the large dot; the results

were depicted in Figure (4.1c), and are shown in Figure (4.17a), with the potential contours super-

imposed on the gate pattern. The red contour is the contour at the Fermi energy, the classical turning

point. Note that the effective walls of the system are upwards of 200 nm further in from the gates

themselves in most places. The outgoing QPCs are simulated with gate voltages that allow for ∼ 5

open transverse modes. In addition, the small quantum dot has been completely opened up, and in
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this case acts as only a tunnel junction to the leads; on the right, the remains of the small dot have

been removed to avoid unphysical resonances in the results.

We can justify removing the small dot from the system as follows: while the small dot acts

as a spectrometer in the actual device, this is necessary only because the current cannot be resolved

in energy experimentally. Numerically, however we can measure the wavefunction amplitude in the

system, and resolve the flux through the system in the energy domain without needing to include

a spectrometer element. We have argued that the main signal in the current is due to the LDOS

at the classical turning point at the tunnel junction with the large dot, and thus by determining

η = T/To for the tunnel junction between the small and large dots, we can use equation (4.13)

with the experimentally measured tunneling rate Γ, or equation (4.14) with the experimental current

with the large dot removed, to simulate the tunneling current in the real system. We note that this

argument implicitly assumes that the tunneling process with or without the small dot will show

nearly the same ratio T/To; explicitly, we assume that by changing the tunneling wavefunction Φo

from that of the small dot to that of a lead, the ratio T/To will not change appreciably, and hence

that this ratio is dominated by the dynamics in the large dot. This is along the same lines as the

arguments made in Section (4.2).

Following the approach of Chapter (3), and as depicted in Figure (4.17b), a wavepacket is

introduced with a mean velocity at the Fermi velocity and heading toward the tunnel junction with

the large dot. The energy spread of the wavepacket is equivalent to a temperature of 20 K or 1.7

eV, much larger than the region of interest energetically. It propagates down and into the tunnel

junction, and some portion of it transmits through the tunnel junction; the wavefunction through a

flux surface at the tunnel junction, |ψ(t)〉 is tracked. To begin we remove the far end of the cavity

of the large dot, and allow the wavefunction to propagate away into the leads, with no chance of

reflection; the electron wavefunction in the absorbing region, marked as WT in Figure (4.17b), is

tracked in time, and later used to resolve the flux into this region in energy, Φ(E). We mark the

time after which there is no flux moving through the tunnel junction, tinc, after which we consider

the particle “incident.” Because there is no reflection from the modified cavity, the measured flux

is the incident flux, ΦI of the cavity. We define the unperturbed system as the system without the

cavity in place, where all the flux that tunnels into the large dot ends up in the outgoing leads. This

is in keeping with the goal of determining the change of transmission of the system by including

the cavity, with the same tunneling junction in place, T/To, and is consistent with the approach in

Chapter (3).

Having measured the incident flux ΦI , we again interpose the cavity, and run the same

simulation. After the incident time tinc we track the wavefunction that is reflected back through

the tunnel barrier into the absorbing region, marked WR, and determine the reflected flux ΦR.
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The propagation of the wavefunction, rattling around in quasiclassical paths, is depicted as Ψ(t) in

Figure (4.17b). Because the cavity is resonant, the particle’s amplitude may take a good deal of

time to leave and be absorbed in the absorbing regions. The reflected amplitude converges more

quickly than the transmitted, because it is significantly smaller in amplitude, and so we measure it.

Since the system is a two terminal system, and the flux measurement process employed accurately

measures the total probability, then we know that

ΦI(E) = ΦT (E) + ΦR(E)

will hold well. Thus we may measure the transmission

T̃ (E) = 1− ΦR(E)
ΦI(E)

(4.42)

with good accuracy.

Note that we do not immediately identify 1 − ΦR(E)
ΦI(E) with T here. Since we took as the

incident flux ΦI that flux which had already entered the cavity through the tunnel junction, we are

not measuring the transmission from the small dot into the leads by this simulation. Instead we are

measuring the transmission of the cavity itself. The incident flux ΦI as defined here is proportional

to the cavity-less transmission of the tunnel barrier, To, while the transmitted flux ΦT is in the same

way proportional to the transmission of the barrier with both dots in place, T . By the assumption

that the dynamics of the large cavity has little affect on the small dot, we can identify the simulated

transmission as

T̃ ≡ ΦT (E)
ΦI(E)

=
T

To
= η. (4.43)

As a side note, the resonant nature of the system demands a particular numerical approach.

Because the electron rattles about in the large dot for a significant time, the measurement of flux

across a flux surface becomes numerically unstable. The approach of tracking the entire history of

the wavefunction in the absorbing regions can be shown to preserve exactly the total probability

on the grid, and hence is necessary to overcome the numerical instability. The price paid is that

the entire history of the amplitude must be stored and processed at the end of the run, using many

times more memory and CPU time than the flux surface approach. The specifics on the numerics

are discussed in Chapter (3).

In Figure (4.18) we show the results of a set of wavepacket simulations at the top, followed

by the experimental data and the billiard results at the bottom. Wavepackets were propagated over a

range of magnetic field values, and each resolved in energy to produce the plot. The resemblance to

the experimental data is striking; all the features of the billiard model are captured, but the quantum

simulations also capture the dropout of the main interference bands atB ∼ 50 milliTesla and beyond
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Figure 4.18: The simulation of the experiment taken at the Fermi energy, compared to the actual
experimental data, with no fitting parameters. Oscillations as predicited by the toy billiard model
are shown at the bottom for comparison. The discrepancy of 20% in the spacing of the bands in
magnetic field can be attributed to the DFT simulation not correctly predicting the effective area of
the large dot.

B ∼ 150 milliTesla. In addition, the interference oscillations near B = 0 have the correct spacing

and slope. Higher field bands at around B ∼ 250 milliTesla also agree in theory and experiment.

There is a discrepancy in the simulation results, in that the bands don’t wash out as much

as the experimental data, but this is easily attributed to the fact that there is no dephasing or disorder

in the quantum simulations, or experimental noise. In addition, the spacing ∆B of the main inter-

ference bands is off by 20% from the experimental value, while the energy spacing is much closer,

about 7% off. This can be attributed to the fact the the experimental device was cooled with positive

voltage applied to the gates, which created a negative imprint of the gate pattern on the donor layer

in the sample, effectively bringing the gates “closer” to the 2DEG. This should have made the ef-
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fective screening length of the gates shorter experimentally than in the simulation, and hence made

the billiard appear flatter and a little larger in area. Such a circumstance is consistent with the band

spacing error: a slightly larger dot should affect the area of orbits more than their length, and hence

the spacing ∆B more than ∆E.

Having found a good match to the experimental data, we are still left asking about the

actual classical picture of the process; quantum simulations are powerful, but do not always provide

clear intuition. With that in mind we turn to classical periodic orbits and the search for scarred

states.

4.5 Classical Periodic Orbits

Here we change gears completely and run trajectories in the realistic effective potential

simulated by DFT in order to gain intuition about the periodic orbits involved. One important aspect

of the tunnelling current is that an orbit must penetrate well into the tunnel junction in order to have

significant tunneling amplitude; the question remains as to whether the system can support such

orbits, and what their stability might be. Once a periodic orbit is found, we can track its evolution

as the magnetic field or energy is changed. Orbits that exist with significant density and penetrate

into the tunnel junction over a range of magnetic field values are good candidates for the source of

the interference bands.

The process of searching for periodic orbits is as follows: a Poincaré surface of section

is chosen as the line y = b near the mouth of the tunnel junction in the effective potential, and

particles of energy E are launched in random directions from classically accessible points along

this line, each with some initial phase (xo, px,o). When a particle returns to the Poincaré surface, it

continues through the surface, and when it passes through the second time, the returning phase is

recorded, (x, p). We may define a distance in phase space

ε =

√(
x− xo
Lx

)2

+
(
px − px,o√

2mE

)2

as a scaled measure of the distance of the new phase point from the original. We can then use a

robust root finding algorithm [61] to minimize this distance, and hence find a periodic orbit. One

potential problem with this approach is that it does not allow for periodic orbits which pass through

the Poincaré surface twice or more at different points. However, given the influence of dephasing

and impurity scattering in a real sample, our interest is focussed on the shortest and simplest orbits,

and hence we can live with the problem.

Once an orbit has been found, it is rerun for the same initial condition, but the monodromy
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matrix at each time step is integrated as well, to determine the full monodromy matrix for the peri-

odic orbit; this is done using a method from [12] and developed by [6], but adapted for a magnetic

field. Once the monodromy matrix is calculated, quantities like the stability, Lyapunov exponents,

and classical amplitude may be calculated as well from its matrix elements. In addition, the ac-

tion of the orbit, as well as its length and area, may be directly calculated from the ~r(t) and ~p(t)

trajectory values. The action is simply the sum

S =
∑
i

px,i + px,i−1

2
(xi − xi−1) +

py,i + py,i−1

2
(yi − yi−1),

and the length is just L =
∑√

(xi − xi−1)2 + (yi − yi−1)2, and the area may be calculated by

adding up all the areas of triangles from the origin to the one point and to the next, with directionality

included, which follows from the cross product:

A =
1
2

∑
i

xi−1yi − xiyi−1.

In Figure (4.19) we show a series of periodic orbits at a variety of magnetic fields, all

launched in the realistic potential at the Fermi energy 7.1 meV. The orbits were filtered for short

length and relevance to tunneling into the small dot; these are a representative set. For small fields,

there are two distinct short orbits, one that has small area, and one with larger negative area. The

orbit with small area starts out tracing over its path, then evolves a twist, as shown in the figure.

The other main orbit at these fields is likely responsible for the finite slope of the oscillations in the

experimental data near B = 0.

At higher fields an oddly shaped diamond orbit forms, and atB ∼ 110 milliTesla develops

a twist near the far wall, then near 125 milliTesla develops a second twist. This orbit persists up to

about 150 milliTesla. At higher B fields variants of the holly-leaf orbit are evident.

In Figure (4.20) we present the series of found periodic orbits for the large quantum dot

system. The orbits have been filtered by length and by how far they penetrate into the tunnel junction

region; only those orbits under 5µm in length and that penetrate well into the tunnel junction are

shown. Each orbit is a dot, with the stability of the orbit indicated by color: red dots mean stable

orbits, blue dots mean completely unstable (hyperbolic) orbits, and green dots indicate that the orbit

has both stable and unstable directions (loxodromic). The area and Lyapunov exponent is plotted

for the orbits.

The most striking feature of the data is that the periodic orbits tend to form trend lines

as the field B is changed, with uniform or slowly varying parameters such as area or Lyapunov

exponent (length as well, but since most orbits show little variation in length, we exclude that data

here). These trend lines tend to take abrupt jumps in the parameters, often signaled by a change
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Figure 4.19: Periodic orbits of the large quantum dot from B = 0 up to 250 milliTesla, at energy
E = 7.1 meV.

in stability. This likely indicates processes such as bifurcations taking place as the parameter B is

changed. In addition, the trend lines sometimes trail off to nothing, indicating that the orbit has

changed so that it does not penetrate as deeply into the tunnel junction region.

Also striking is the region B = 10 − 50 milliTesla where no orbits of reasonable short

length penetrate into the tunnel junction region. This coincides closely with the experimental data

and the quantum simulations. While periodic orbits obviously exist for these field values, because

of the particular shape of the large dot, no simple periodic orbits penetrate deeply into the tunnel

region, and furthermore don’t form clear trend lines like orbits at higher field values. Since the

spectrometer acts as a measure of the LDOS in the tunnel junction region, the signal from these

orbits is exponentially reduced, and interference bands are not seen.

We wish to point out one additional feature of the results, which occurs at the dashed red

line: at this field value B ∼ 125 milliTesla, the diamond shaped periodic orbit abruptly changes
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Figure 4.20: Periodic orbit areas and Lyapunov exponents for the realistic quantum dot potential.
Each dot is a periodic orbit; the orbits have been filtered to show only those that penetrate deeply
into the tunnel junction region. The color of each dot indicates the stability: red dots mean stable
orbits, blue dots mean completely unstable (hyperbolic) orbits, and green dots indicate that the
orbit has both stable and unstable eigenvalues of the monodromy matrix (loxodromic). Of note
is the absence of orbits in the gray region below 50 milliTesla, and the abrupt change in area and
Lyapunov exponent at B ∼ 125 milliTesla.

area and stability, which occurs because one of the “arms” of the orbit adds a twist. This transition

is shown in Figure (4.21), as is the evolution of the shape of the “diamond” orbit. The twist process

is analogous to the billiard system. As the change occurs, the Lyapunov exponent drops rapidly,

perhaps momentarily becoming stable, and then returns to being loxodromic, and then tending to

hyperbolic in stability as B is increased. The twisting of the loop is accompanied by a very rapid

change in area; the plot indicates that the trendline in orbit area actually turns back on itself and

becomes double valued at this field.

This abrupt change in the the area of the orbit will be signaled in the current I(E,B) by

a change in the spacing ∆B of the inteference oscillations. Referring back to the experimental and

quantum simulation data (Figures (4.18) and (4.3)), there is indeed such a change in ∆B at this
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Figure 4.21: Periodic orbit areas and shapes for the main interference band, showing the evolution
of the orbit shape. The color of the dots is explained in the text and in Figure (4.20).

value of magnetic field, appearing as a “knee” in the interference bands. As the area of the orbit

becomes smaller, the increase in magnetic field needed to increase the flux by one quantum goes up,

and the spacing increases; this increased spacing is seen in both experiment and quantum theory. In

addition, the billiard shows a similar trend, not as an abrupt knee, but as a smooth levelling off and

even change in slope of the oscillations.

These results suggest that we now understand the main features of the experimental data,

and can safely interpret the features not only in terms of toy billiard orbits on the gross scale, but

also in terms of realistic periodic orbits on the finer scale. Since these orbits are predominantly

unstable, any quasiclassical resonant states that resemble these orbits are scarred states [47, 54]. So

we go on to look for scars in the quantum dot.

4.6 Cavity Eigenstates

We begin our search for scarred states by solving for states in a clean regularly shaped

billiard instead. After reporting some interesting numerical results, we will turn to the search for

scarred states in the realistic quantum dot potential used earlier in the chapter.
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4.6.1 Approach

We solve the time-independent Schrödinger equation,

Ĥψ = Eψ (4.44)

using finite differences on a fine grid. For a grid at points ~ri,j and grid spacings ∆x,∆y, the finite

difference matrix in 2D reads, for zero magnetic field,

mi,j,i′,j′ = − ~2

2m

[
∆x−2(δi,i′−1 + δi,i′+1 − 2δi,i′)δj,j′+

∆y−2(δj,j′−1 + δj,j′+1 − 2δj,j′)δi,i′ +
]

+V (~ri,j)δi,i′δj,j′ , (4.45)

where δa,b is the Kronecker Delta. For a magnetic field, the matrix elements between points in space

must also include the difference in phase due to the vector potential [21]. The nearest neighbor

matrix elements must include the extra factor eiq
~A·(~ri,j−~ri′,j′ ) in order to include magnetic field.

Writing this in shorthand as ai,j,i′,j′ = eiq
~A(~ri,j)·(~ri,j−~ri′,j′ ), we have matrix elements

mi,j,i′,j′ = − ~2

2m

[
∆x−2(ai,j,i′−1,jδi,i′−1 + ai,j,i′+1,jδi,i′+1 − 2δi,i′)δj,j′+

∆y−2(ai,j,i,j′−1δj,j′−1 + ai,j,i,j′+1δj,j′+1 − 2δj,j′)δi,i′ +
]

+V (~ri,j)δi,i′δj,j′ . (4.46)

For constant magnetic field, the factor in the symmetric gauge can be simplified to e±iaBxi∆y or

e∓iaByi∆x, depending on which matrix elements it is.

4.6.2 Idealized-System Eigenstates

With the numerics in hand, we solve for the eigenstates of a very regular system at mod-

erate and strong magnetic fields. In Figure (4.22) we depict eigenstates of a regular soft-walled

rectangular dot at a field strength on the order of 100 milliTesla; both the field and the idealized

quantum dot are comparable to the experimental system; in addition, for quasiclassical states we

overlay the associated periodic orbits from the billiard system. Classically the system has a large

stable island surrounding these types of periodic orbits, and quantum mechanically these quasiclas-

sical states stand out. The symmetry of the system forces all states to have even or odd parity.

Some states are fairly evenly spread over the classically allowed region, while others follow closely

classical periodic orbits.
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Figure 4.22: Eigenstates of a regular closed quantum dot in a perpendicular magnetic field. The
states have energy near 6.5 meV, and the closed rectangular dot is 900 by 1200 nm in size, slightly
larger than the real dot. In the upper row we have eigenstates for a field of B = 160 milliTesla,
while the field is 225 milliTesla in the lower row. Shown along with the clearly quasiclassical states
are states at nearby energies which show little quasiclassical qualities.

The obvious classical nature of these orbits, which tend to show up with a frequency of

1 in 10 - 20 states for these parameters, will be quickly washed away when symmetry is broken

and the system pushed far from integrability, for example by a bumpy background or by distorting

the perimeter of the system. These quasiclassical states become far less frequent, but are often still

visible in the simulations.

In Figure (4.23) we show eigenstates for a comparable sized quantum dot with a regular

soft-walled rectangular shape in a 1 and 5 Tesla field. In the top row we show typical bouncing

ball-like eigenstates for the clean smooth system at 1 Tesla. At times these states can appear very

classical in nature. In the middle and lower rows a weak background bumpiness has been added to

the potential of the dot. As in the clean case there are edge states present that ring the boundary

and show a bouncing ball-like spatial pattern. However, the symmetry breaking of the bumpy case

also allows for solutions that are localized in space, often with most of the amplitude on rings of
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Figure 4.23: Eigenstates of a regular closed quantum dot in a strong perpendicular magnetic field
of 1 and 5 Tesla. In the upper row the system is clean, while in the two lower rows a weak bumpy
background has been added to the potential. This has the effect of breaking symmetry and allowing
for localized “bulk” states.

the size of the cyclotron motion. As the field increases to 5 Tesla; these localized bulk states may

remain somewhat dispersed in the bulk, or can be very localized, almost down the magnetic length

aH ≡
√

~/mωc [21].

4.6.3 Cavity Eigenstates

Having tested the method we turn to searching for scarred eigenstates in the realistic

potential. As we know the periodic orbits in the billiard are much more likely to be stable than in

the real potential, and the integrable islands non-existent, so the quasiclassical states will in turn be
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Figure 4.24: Eigenstates of a realistic closed quantum dot in a perpendicular magnetic field, plotted
within a 3D rendering of the large dot potential. The first two have had the corresponding periodic
orbit added for comparison. The state at 6 milliTesla is on the cusp of being stable, and may in
fact be stable, but the other two states are unstable. The states at 85 and 115 milliTesla are the
resonant states that contribute to the strong interference bands structure in the data. The state at 254
milliTesla would produce a stripe of bands at the higher field.

rare. For the system in question, which is about 40 wavelengths across, the frequency of scar-like

orbits was about 1 in 200 for some field values, but 1 in 20 for others. The typical level spacing for

the dot is 7µeV. Although the quantum dot is open and leaky, we have chosen to close the dot to

find the states, and assume that the closed dot eigenstates and energies will be close to the open dot

solutions for strong resonances. An alternative approach could be to use something like R-matrix

theory or complex-scaling [77] to handle the non-Dirichlet boundary conditions of a leaky dot.

In Figure (4.24) we plot the found scarred states in three-dimensions within the potential

surface of the large dot; the surface plotting of the scarred states aids in visualizing them, since

they can be faint at times. In reality the first state at B = 6 milliTesla may in fact be stable,

but is on the cusp either way. The next two states are classically unstable; these are the states

that contribute to the strong interference bands in the experimental current. The last orbit will



98 Chapter 4: Spectroscopy of Scarred States in a Large Quantum Dot

participate in creating stripes of banding at higher fields in the experimental current, such as seen

around B = 260 milliTesla in Figure (4.3).

4.7 Conclusions

In this Chapter we have analyzed the results of an experiment with a small spectroscopic

single-electron quantum dot coupled to a large leaky quantum dot which acted as a Fabry-Perot

cavity. We have formulated an approach to the system that focusses on the small scale structure in

the system, and found that factors due to the dynamics of the large dot will dominate the tunneling

current when significant resonant states are present, and that the interference bands seen in the

experimental signal are consistent with the kinds of periodic orbits the large dot could support.

Using a toy billiard model, we find that the characteristics of the major interference bands are

reasonably well matched by the predictions of the billiard model, but that the billiard model failed

when particulars of the dynamics due to the dot shape came into play.

Using a realistic effective potential model of the large dot, quantum dynamics simulations

reproduced with striking accuracy the patterns seen in the experimental data. This prompted a

study of the periodic orbits of the realistic system. The strength of the signal of the bands is due

to particular orbits that are structurally robust to changes in magnetic field, and that the loss in

signal is not due to a change in stability of the orbits. Instead it is due to a reduced coupling to

the spectrometer states because of the manner in which the periodic orbits reflect from the wall of

the large dot near the tunnel junction. In addition, this study revealed that the orbits are for the

most part unstable in character, and that rapid changes in the stability of the orbits can be seen

as kinks or knees in the oscillations within the interference bands. Solving for eigenstates of the

Schrödinger equation revealed scarred states matching the classical periodic orbits, indicating that

the interference bands are due to these states, and that the device is in a sense “imaging” these

scarred resonant states of the large dot.



Chapter 5

Tip Scattering Theory

In this Chapter we consider how an electron scatters from a localized radially symmetric

potential in two-dimensions, a potential of the kind that might be generated in a two-dimensional

electron gas (2DEG) when an SPM tip is introduced. This is of interest for the purposes of under-

standing SPM tip-scan experiments, of the kind done by the Westervelt group at Harvard [103, 101,

100, 102, 67], and in particular for understanding the next generation of these experiments.

In the past, SPM tip imaging experiments were almost always performed using a single

source QPC and a tip that backscattered the electron. In this configuration, the particular shape

of the potential due to the SPM tip is not important, as long as it can reverse or “backscatter”

an electron trajectory back into the source. With the source and the target colocated, almost any

trajectory that, when striking the tip, doesn’t retrace its path, will not return to the source, and hence

will not change the conductance through the system. In this sense, the target sees only the “glint”

from the tip potential, and is insensitive to the actual shape of the effective potential (beyond that it

can backscatter, and hence has a central value Vo > EF ).

When the source and target QPCs are at different locations, when the system is in the

presence of a perpendicular magnetic field, or when large reflective structures in the system allow

for alternate, non-backscattered paths, then the particulars of the tip potential become important. In

this Chapter we consider classical tip scattering theory for such a tip in two dimensions, and apply

it for two representative tip shapes. We then examine the caustic structure shed by the scattering

process, and how such a tip can be approximated as a lens. Next we consider a quantum approach

to tip scattering, and calculate tip scattering profiles in the far field, using partial wave expansion

and a variable phase method.
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Figure 5.1: Classical scattering schematic, with an incoming particle of impact parameter b being
scattered by a central potential V (r) into some outgoing angle θ(b). Symmetry dictates that the
outgoing trajectory lies a distance b from a central ray for large distance from the potential.

5.1 Classical Tip Scattering

In the backscattering imaging approach, the particular shape of the tip potential is not

important, as long as the tip is capable of backscattering the electron. However, in the deflection

case, where backscattering is not the main mechanism, the tip potential becomes important. In this

section we’ll study the tip potential, and in particular model the tip potential as a lens.

5.1.1 Classical Scattering

Consider a continuum of trajectory “rays” of the same speed in direction x̂ impinging on

a local potential bump or valley. We will assume that the potential hill is circularly symmetric, and

monotonically increasing to a finite peak. Taking the origin at the center of the potential bump,

we can use the fact that angular momentum is conserved to cast the problem as a one-dimensional

problem. Following Landau and Lifschitz [62], the Hamiltonian in the absence of a magnetic field

is

E = H =
mṙ2

2
+

L2

2mr2
+ V (r) (5.1)

where V (r) is the tip potential. If a particle of speed v approaches with an impact parameter b,

then L = mbv. Writing the potential as V (r) = EηV(r), where V(0) = 1 is the unit normalized

potential, then η is the fraction of the tip height to the total energy. We can use the fact that L =

mr2 dφdt to express the scattering angle as

∆φ =
∫

L

mr2
dt
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=
∫

Ldr

mr2
√
E − V (r)− L2

2mr2

. (5.2)

Here we take the convention that θ may be negative, in which case the particle crosses the x-axis;

this will occur only for attractive potentials. The scattering process is depicted in Figure (5.1).

Considering only the half of the trajectory from r = ∞ to the closest approach rmin, we can write

the expression for the scattering angle as

θ = π − 2b
∫ ∞

rmin

dr

r2
√

1− ηV(r)− b2

r2

. (5.3)

The radius of closest approach is the radius at which the radial speed ṙ = 0; hence rmin is the

(positive) root of the energy balance equation (after some manipulation)

1− ηV(rmin)−
b2

r2min
= 0. (5.4)

Note that this is the expression under the square root in the denominator of the equation for the

scattering angle.

In the case of no potential, then rmin = b, and it can be shown that the scattering angle

is exactly zero. In the case of Rutherford scattering, with a Coulomb potential V (r) = ±α/r, then

rmin =
√
b2 + r2o ± ro, where the relevant length scale for the Coulomb system is ro ≡ α/2E, and

the scattering angle may be found analytically to be θ = ±2 sin−1 ro√
b2+r2o

.

For the case of a Gaussian or Lorentzian potential bump, there is no exact analytic solu-

tion. In Figure (5.2) we analyze numerically the scattering off of a such a SPM tip-like potential.

Writing the potentials as

VGaussian(r) = Eη e−r
2/2σ2

VLorentzian(r) = Eη
σ2

r2 + σ2
(5.5)

we can scale by the typical size of the potential σ in each case, and η = 1 serves as the border

between the backscattering and the purely deflecting cases. The point in parameter space η =

1, b = 0 is singular, as can be seen in plots (b) and (e); dynamically, the particle comes to rest at the

top of the hill for these values, and since any tiny deviation will lead to a wide range of scattering

angles, this point in parameter space is very unstable. This boundary is important for the scattering

angle, because, as can be seen in (c) and (f) of the Figure, when η < 1 then direct trajectories with

small impact parameter will forward scatter, while those trajectories will back scatter for η > 1.

Hence only for η < 1 does the scattering profile have a maximum in scattering angle.
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Figure 5.2: Classical scattering results for a Gaussian (a-c) and Lorentzian (d-f) potential bump.
(a) and (d) plot the radius of nearest approach rmin versus impact parameter b for various central
potential heights, while (b) and (e) plot rmin as a function of tip height. Plots (c) and (f) show
the scattering angle as a function of impact parameter for a variety of potential heights. For both
potential types, the scattering angle is monotonically decreasing when backscattering occurs (η >
1), but has a maximum peak when η < 1 .

5.1.2 Small Angle Scattering

For a small perturbation, with impact parameter large enough that the trajectory of the

particle is only slightly perturbed, one can approximate the particle path by the unperturbed trajec-

tory, and calculate the resulting impulse on the particle as it passes by the scatterer. The momentum

imparted to the particle perpendicular to the original path is p⊥ = mv sin(θ) ∼= θ
√

2mE for small

angles. Thus we can use the force on the particle, perpendicular to the original path, to calculate

approximately the scattering angle; the resulting expression is ( [62] )

θsc ∼= −bη
∫ ∞

b

dV(r)
dr

dr√
r2 − b2

(5.6)

For a Gaussian potential (5.5), the integral evaluates to

θg,sc ∼=
√
π

2
bη

σ
e−b

2/2σ2
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which has a single maximum when b = σ. For a Lorentzian potential hill (5.5), the integral evaluates

to

θl,sc ∼=
πηbσ2

2(b2 + σ2)3/2

which has a single maximum when b = σ/
√

2.

5.1.3 Caustics

The existence of a maximum in the expression for the scattering angle implies that there

will be a caustic formed near that maximum angle. The existence of such a caustic far from the

scattering center implies that the scatterer will cast relatively high density rays off in some direc-

tion. Thus knowing the far-field nature of these caustics will be important for the interpretation of

conductance data for samples with an introduced SPM tip.

For a heuristic derivation of the caustics, we consider a uniform sheet of trajectories each

with the same energy moving in the x̂ direction to impinge on the scatterer. Here the impact pa-

rameter b directly corresponds to the initial value yo. Taking the derivative of the final, far-field

momentum py = mv sin(θ) with respect to the initial position,

dpy
dy

=
d

dy
mv sin(θ)

= mv
d

db
sin(θ)

= mv cos(θ)
dθ

db
. (5.7)

Since we expect a caustic when θ = ±π/2 or when dθ
db = 0. This “back of the envelope” derivation

does succeed in identifying some caustics, but not all, and fails completely when the tip is near to

strongly backscattering.

To rigorously derive the caustics, we ask at what points in space do neighboring trajecto-

ries cross, so at what points does ~x(b)− ~x(b+ δb) = 0? For a given trajectory parameterized by b,

we consider the line which the far-field outgoing trajectory follows. From Figure (5.1) we see that

the outgoing trajectory is a line that appears to have originated at a point on the x-axis

λ(b) ∼= −b csc(θ(b)) (5.8)

from the origin. Defining the distance from the origin as r, the asymptotic outgoing position of the

particle, parameterized by (b, r) is

x(b, r) = r cos(θ(b))− b csc(θ(b))

y(b, r) = r sin(θ(b)). (5.9)
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Figure 5.3: Classical caustics for a Lorentzian potential bump. Three types of caustics are possible:
in red are backscattering caustics for which η > 1, in green are caustics for which 0 < η < 1, and
in blue are the caustics for which η < 0.

For the trajectories to cross at this point, then we need to solve

δx(b, r) = 0 =
dx

db
δb+

dx

dr
δr

δy(b, r) = 0 =
dy

db
δb+

dy

dr
δr (5.10)

for some relationship between r and b. After some algebra, we find the relation

[b cot(θ(b))− r]
dθ

db
= 1, (5.11)

solutions of which, parameterized by b, can be used to determine the positions of the caustics.

Representative caustics for the Lorentzian case are plotted in Figure (5.3). Depending on

the value of η, a caustic will be one of three types. For attractive potentials η < 0, the caustics form

a “V” centered on the x-axis, with a cusp which acts like a focus lying on the x-axis. This is known

as a “swallowtail” caustic [4]. These caustics are plotted in blue in the figure. The caustic is formed

by trajectories with θsc near the maximum, and hence for which the transverse momentum imparted

∆py is a maximum.

The caustics in the upper half-plane for both the Gaussian and Lorentzian case are plotted

in Figure (5.4), for a range of η values. For a non-backscattering repulsive case 0 < η < 1 (plotted

in green), the caustics will lie solely on the outgoing side of the scattering center. These caustics
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Figure 5.4: Classical caustics for a Gaussian (a) and Lorentzian (b) potential bump. Three types
of caustics are clear in both cases: in red are backscattering caustics for which η > 1, in green are
caustics for which 0 < η < 1, and in red are the caustics for which η < 0.

are known as “open swallowtail” caustics. Each has two branches, with different asymptotic forms,

which converge to a cusp at a distance that increases with decreasing potential strength, on either

side of the x-axis. The outer branch of the caustic is equivalent to the caustic in the attractive case,

and is caused by trajectories of near maximum scattering angle. The inner branch is caused by

trajectories of larger impact parameter, in the region of small-angle scattering.

In the backscattering case η > 1 (plotted in red), the particle will backscatter for b = 0,

implying that the the caustic will lie on the incident side of the potential, and curve parabola-like

around the scatterer. This caustic is caused by the manifold sheet folding back onto itself, the

“crease” starting from the classical turning point where b = 0; logically, this is called a “fold” caus-

tic. In the asymptotic region, this caustic is also caused by the crossing of small-angle scattering

trajectories. Because the Lorentzian potential drops off more slowly in radius than the Gaussian po-

tential, these caustics in the small-angle regime change position more slowly with impact parameter,

extending over the range of the plot twice as far as in the Gaussian case. In contrast, the caustics

due to maximum scattering angle are wider in the Gaussian case, because the Gaussian potential is
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Figure 5.5: Classical caustics shed by a repulsive (a) or attractive (b) Lorentzian potential bump
(η = ±0.2), superimposed on a numerical simulation of a trajectory manifold flowing over the scat-
terer. The analytic caustic solution are plotted in red on the manifold image, while the asymptotic
approximations are in green.

less “pointed”, and hence scatters with smaller angles, than the equivalent Lorentzian potential.

Next let us consider the asymptotic forms of the caustics. We begin by considering the

case where θ ≤ 0, which is the case when the potential is attractive, η < 0, or the case θ 6' 0

which is relevant in the outer branch of the 0 < η < 1 caustic. Then in either of these cases,

r − b cot(θ(b)) → ∞. In order to satisfy equation (5.11),
(
dθ
db

)−1 → ∞ as well, so we have the

condition

dθ(bc)
db

= 0 (5.12)

for a caustic to exist. This type of caustic is formed by the trajectories which scatter with the

maximum angle. Note that in the backscattering case, there is no maximum angle, since all angles

are classically scattered. We anticipate that there will be no such caustic in the backscattering

case. In Figure (5.5), the solution is plotted in green, superimposed on numerical simulations of the

classical flow in the system. The approximation is quite accurate until one gets close to the scatterer.

Taking the center of the tip as the origin, and denoting by b̃ the impact parameter which produces
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the maximum scattering angle θ̃ ≡ θ(b̃), then the equation for this caustic in position space is

y = tan θ̃ (x+ b̃ csc θ̃), (5.13)

a line with slope tan θ̃ crossing the axis at the point −b̃ csc θ̃.

The preceeding approximation fails if the scattering angle θ → 0 as b → ∞, which is

the case for some of the caustics in the repulsive case. Thus we must consider caustics formed at

small scattering angles. In the former case, the caustic was formed by trajectories with b ∼ σ,

because the caustic was the result of highly deflected trajectories. In this case, the caustic is formed

by trajectories out on the tail of the potential, when b � σ. The expression will be sensitive to the

functional form of the potential for large b, and we must proceed on a case-by-case basis.

For an algebraic dropoff in Ṽ (b), we may assume a form θ(b) ≈ ab−p where p > 0. For

small angle scattering, we approximate cot θ ∼= 1/θ, so that the relation for the caustics, equation

(5.11), simplifies to

r =
p+ 1
ap

bp+1. (5.14)

Since y ≈ rθ for small angle scattering, we may substitute in expressions for r and θ to determine

that for large r, y ∼= b. Similarly, since r =
√

(x+ b csc θ)2 + y2 and y grows only as r1/(p+1),

then for large r,

y =
[
ap

p+ 1
(x+ b csc θ)

] 1
1+p

. (5.15)

Thus for an algebraic dropoff in potential, the caustic asymptotically follows a curve of form y ∝
p+1
√
x.

In the case of a Lorentzian, we can use the small angle scattering approximation, where

θ ≈ b−2. In this case a = πησ2/2 and p = 2. Thus we expect an asymptotic form y ∝ 3
√
x for the

position of the caustics, in particular

y =
[
ap

p+ 1
(x+ b csc θ)

] 1
1+p

. (5.16)

5.1.4 Classical Point Sources

In the case of mesoscopic systems, it is often useful to speak in terms of trajectories

emanating from a point source, instead of a sheet of trajectories all with the same momentum. It

is a simple matter to incorporate this case formally into the expressions for classical scattering by

noting that the impact parameter for a point source at distance R is b = R sinφ, where φ in the

incoming angle. Then we can reparameterize all the equations in terms of b(φ), and note that the

outgoing scattering angle θsc(b) is now with respect to the incoming angle φ, so that we replace θ

by θ′ = θsc + φ in all the relevant expressions.
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For the most part this makes the equations more unwieldy, so the best bet is to keep the

parameterization in terms of b, and instead work in a coordinate system that is rotated by φ for each

separate trajectory launched at angle φ. Thus, we have as the equations for the caustics the same

equation formally as before,

[b cot θsc(b)− r]
dθsc
db

= 1. (5.17)

When we want to map this back into real positions, we need to use θ′ instead,

x(b, r) = r cos(θ′)− b csc(θ′)

y(b, r) = r sin(θ′) (5.18)

where θ′ = θsc(b) + sin−1(b/R).

The linear caustics far from the scattering center occur with impact parameter bc and

scattering angle θ̃sc, where d
dbθsc(bc) = 0. With a point source, these linear caustics will occur

at an angle φ(b̃) further out from the x-axis, or at θ̃ = θ̃sc(b̃) + sin−1(b̃/R). The difficultly in

representation is avoided by first solving for the unrotated system, then identifying the crucial values

of the impact parameter, and using these values to determine the caustics in real space.

5.1.5 Lens Approximation

We have seen how the caustics, for the non-backscattering case η < 1, have an outgoing

asymptotic behavior that is linear in at least one of the arms. For η < 0 this is the only outgoing

caustic, while for η positive but small, this linear caustic will be the dominant one in terms of flux

(as η → 1 this will change).

In a situation where this linear outgoing caustic is of prime importance, we can justifiably

approximate the tip as a lens. The definition of a focal point of a perfect lens is the point at which

all the rays from infinity converge. The outgoing rays then follow linear paths that (seemingly)

originate from the focus. In our case of an imperfect lens, the focus will be defined as the point from

which the caustics seemingly originate, having impinged on the lens from infinity. As depicted in

Figure (5.5), the caustics do appear to originate from a seeming focal point on the x-axis; since the

caustics carry a large portion of the flux, such a definition of the focus makes sense. From equation

(5.13), the focus appears to lie on the x axis at the point

f = −b̃ csc θ̃ (5.19)

where θ̃ is the maximum angle of scattering, and b̃ is the impact parameter that scatters maximally,

according to the scattering relation θsc(b).
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Figure 5.6: A system of convex “lenses” produced by applying a positive (attractive) tip voltage.
The Lorentzian tip potentials are set to η = −0.2, are 2σ = 100 nm in size, and are spaced at two
focal lengths λ apart. A sheet of trajectories is propagated in a clean (a) and bumpy (b) background.
The bumpy background is a random Gaussian distribution with correlation length lcorr = 40 nm
and rms bump height

√
〈V 2〉 = 0.05EF . In (a), we can see that the caustics from the first lens

are focussed to infinity by the second lens. In (b), the lens system helps to contain the diffusive
branching from the random background potential.

In Figure (5.6a) we depict a system of attractive (η < 0) “lens” tips, where the distance

between the tips is two focal lengths. In this configuration with perfect lenses, incoming parallel

rays will end up as outgoing parallel rays, but reflected about the y-axis. In the case of imperfect

tip “lenses”, the outgoing rays are not homogenous in space as would be the case for perfect lenses;

however the linear caustics created by the first tip are “corrected” by the second tip, and run parallel

beyond the lens system. Meanwhile, second order caustics are created with different slopes and

focal lengths.

5.1.6 Tip Scattering with Random Background Potential

In Figure (5.6b) we show the same tip “lensing” system, but with a bumpy background

included. In this case the collimating properties of the convex lens system helps to contain some

of the diffusion due to small angle scattering, and appears to contain the branching flux somewhat,
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Figure 5.7: A classical simulation of flow in a QPC to QPC geometry, with the target QPC directly
facing the injector. In (a) we plot the classical transmission as a function of tip position; values for
large y are essentially the no-tip values. The solid green line is the transmission for a clean sample,
while the dashed blue line is with disorder. The dotted line indicates the position of the tip in (b)
- (d). The peaks in the plot indicate the passage of a caustic across the target QPC. In (b), a sheet
of trajectories is shown in a system without disorder; the deflecting tip, indicated by the circle, acts
like a diverging mirror, shedding caustics off at some angle. Here the tip shadows the target QPC,
lowering the classical transmission. In (c) we see the same trajectory sheet, but with background
disorder in the sample, and in (d) we see the same instance, but with the diverging tip in place.
Here the tip is centered at a position with little flow, but gently deflects a branch into the QPC,
dramatically changing the transmission, and hence conductance, of the sample. Here EF = 20
meV, the tip is Gaussian with peak height Vo = 0.2EF , and width 2σ = 100 nm.

keeping it nearer the center axis. One could imagine using an array of attractive potentials, acting

as convex lenses, to redirect and contain branching flow.

In the presence of a bumpy background potential, the tip can influence classical electron

flow in more interesting ways [2]. In Figure (5.7) we depict another manner in which a tip can redi-

rect and “focus” classical electron flux. In the absence of a bumpy background, a weakly repulsive

tip will obscure a target QPC when placed between it and the source (Figure 5.7b), thus lowering

the transmission (Figure 5.7a). As the tip is scanned in position, the caustics can sweep across the

target QPC, causing a maximum in the transmission greater than if the tip weren’t present. In this

sense the repulsive tip, by creating caustics, “focusses” the flux into the target QPC.



Chapter 5: Tip Scattering Theory 111

Alternatively, if a bumpy background is present, so that the electron flow is branched

(Figure 5.7c), the weakly repulsive tip can either knock a branch out of the target QPC, or assist by

deflecting a branch into it (Figure 5.7d). The accompanying change in the transmission through the

system may be dramatic.

5.2 Quantum Tip Scattering

In this section we consider the full quantum scattering of an electron off a tip potential,

under the single particle approximation in a 2DEG (see [65] or [1] for two-dimensional scattering

theory). We write the time independent Schrödinger equation as

(∇2 + k2)ψ =
2mV (~r)

~2
ψ ≡ ηk2V(~r)ψ (5.20)

with the quantum number k being equal to the free particle wavenumber

k =
√

2mEF /~ = 2π/λ,

and ηV = V/EF is the normalized potential. Written in this form, the retarded free particle Green

function is

Go(k; ~xo, ~x) =
1
4i
H+

0 (k|~x− ~xo|) (5.21)

In the far field, |~x− ~xo| � λ, this simplifies to

Go(k; ~xo, ~x) ∼= −
√

i

8π
eik|~x−~xo|√
k|~x− ~xo|

(5.22)

The Lippman-Schwinger equation reads in operator notation

ψk = φk + Ĝo [ηk2V] ψk (5.23)

where φk is the unscattered incident plane wave incident with direction ~k = kx̂. Written out

explicitly, this is

ψk(~r) =
eikx

(2π)2
− ηk2

√
i

8πk

∫
d2r′

eik|~r−~r
′|√

|~r − ~r′|
V(~r′)ψk(~r′). (5.24)

In the far field and for a central potential, we may rewrite this as

ψk(~r) =
eikx

(2π)2
− ηk2

√
i

8πk
eikr√
r

∫
e−ikr

′ cos θ′V(r′)ψk(~r′)r′dr′dθ′ (5.25)
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where we take the origin at the center of the scattering potential. Writing in the usual way the full

wavefunction as a sum of scattered and unscattered parts,

ψk(~r) = φk + fk(θ)
eikr√
r

(5.26)

we can identify the expression for the scattering amplitude in two dimensions,

fk(θ) = −ηk2

√
i

8πk

∫
e−ikr

′ cos θ′V(r′)ψk(~r′)r′dr′dθ′ (5.27)

.

5.2.1 First Born Approximation

For a perturbative tip, we assume that we may replace the full wavefunction on the right-

hand side in the above ψk(~r′) by the unperturbed wavefunction φk. This is tantamount to truncating

a series expansion in the Lippman-Schwinger equation to a single ψ = φ + δψ and assuming that

|δψ| � |φ| when integrated over the potential region. Such an approximation is known as a Born

approximation [63], and is valid under the conditions

η � (kσ)−2 (5.28)

or when

η � (kσ)−1 (5.29)

where σ is the extent of the potential in space. The former demands that the potential be small

compared to the wavelength of the particle, while the latter demands that the action imparted to the

particle on scattering be significantly smaller than ~.

When either condition holds, we may replace ψ by φ under the integral, and simplify the

math greatly; with a central potential, the scattering amplitude simplifies to

fk(θ) = −2πηk2

√
i

8πk

∫ ∞

0
Jo[2kr′ sin(θ/2)]V(r′)r′dr′ (5.30)

where θ is the scattering angle with respect to the x-axis.

For a Gaussian potential as we’ve considered before, the scattering amplitude may be

integrated directly, with result

fk(θ) = −η
√
iπ

2k
(kσ)2e−(kσ)2(1−cos θ) (5.31)

with total cross section

Σ(k) =
π2η2

k
(kσ)4e−2(kσ)2I0[2(kσ)2] (5.32)
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Figure 5.8: Scattering amplitude in the Born approximation off a localized “tip” potential modeled
as a Lorentzian (blue) or a Gaussian (red). Solid lines are at a Fermi energy of 13.7 meV, while
the dashed lines are at one half this energy. For the Lorentzian, the scattering amplitude is singular
in the forward direction due to the Bessel function K0. The tip width is 100 nm, and tip height
η = 0.2, so that kσ ≈ 6.2.

where I0 is the modified Bessel function of the first kind [3], In(x) = e−iπn/2Jn(xeiπ/2). For small

argument, I0(x) → 1, so for low energy or small tip Σ(k) → σπ2η2(kσ)3. For large argument,

I0(x) → ex/
√

2πx, so asymptotically for large kσ we have Σ ∝ σ(kσ)2.

For a Lorentzian the scattering amplitude evaluates to

fk(θ) = −η
√
iπ

2k
(kσ)2K0[2kσ sin(θ/2)] (5.33)

where K0(x) is a modified Bessel function of the second kind [3], Kn(x) = π
2 i
n+1H

(1)
n (ix).

For reference, for an exponential tip V = EF ηe
−r/a, the scattering amplitude evaluates

to

fk(θ) = −η
√
iπ

2k
(kσ)2

[1 + 2(kσ)2(1− cos θ)]3/2
(5.34)

while the cross section evaluates to

Σ(k) =
π2η2

k
(kσ)4

1 + 4(kσ)2 + 6(kσ)4

[1 + 4(kσ)2]5/2
. (5.35)

We note that in all of these cases, the total cross section scales as k2 for large k, while for

small energy scattering, the total cross section scales as k3.

Figure (5.8) depicts the scattering amplitude in the Born approximation for a Lorentzian

and Gaussian tip. In both cases, at these values the Born approximation predicts that scattering will

be strongly focussed in the forward direction. In fact, in the Lorentzian case, there is an integrable

singularity at θ = 0 due to the modified Bessel function of the second kind K0. In both cases the
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cross section increases monotonically with momentum k at the same potential size, which is evident

from the figure.

It must be noted that usually the Born approximation is not valid for typical mesoscopic tip

scattering experiments, unless the tip potential is quite weak. Typically σ ≈ 50 nm and λF ≈ 40 nm,

so that kσ ≈ 16. Hence the tip potential needs to be less than 5% of the Fermi energi for the Born

approximation to hold with tip scattering. On the other hand, for impurity scattering, σ is usually

orders of magnitude smaller, and hence the Born approximation is almost always appropriate, with

the scattering usually being s-wave in nature.

5.2.2 Partial Wave Analysis

In the partial wave approach, we expand the wavefunction in an angular basis, and solve

for the system separately at each azimuthal quantum number m. In this section we follow Lapidus

[65]. In two dimensions, the angular basis is simply a Fourier series in angle, so we choose an

orthonormal basis Θm(θ) = cos(mθ)/
√
π. We write out a general solution to the system at a given

energy ~2k2/2m as a sum of separated solutions

ψk(~r) =
∑
m

Rm(r)Θm(θ) (5.36)

and for each term solve the Schrödinger equation for the radial functions Rm(r),

1
r

d

dr

(
r
dRm
dr

)
+
(
k2 − m2

r2

)
Rm =

2mV (r)
.

~2Rm (5.37)

In the absence of a nearby potential, this has a linear combination of Bessel functions Jm(kr) and

Nm(kr) as the general solution (in the absence of any potential, the Nm(kr) part must be removed

in order for the wavefunction to be finite at r = 0). Hence far from the scatterer, we may write the

radial partial wave solution

Rm(r) = am(k)Jm(kr) + bm(k)Nm(kr)
∼=

Am(k)√
kr

cos (kr − π(m+ 1/2)/2 + δm(k)) (5.38)

where we’ve used the asymptotic expansion of the Bessel functions [3] to recast the amplitudes in

terms of a phase shift δm(k) and an overall amplitude Am(k). Using the expansion of a plane wave

in terms of Bessel function and angular eigenfunctions,

eikx =
∞∑

m=−∞
i|m|eimθJ|m|(kr) (5.39)
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one can eliminate the Am (see [65]), with partial scattering amplitudes

fm(θ) =

√
1

2πik

(
e2iδm − 1

)
eimθ (5.40)

where these sum to the total scattering amplitude f(θ) =
∑

m fm(θ). Each partial amplitude

contributes a partial cross section (here with units of length, not area) of

Σ0(k) =
4
k

sin2 δ0(k)

Σm(k) =
8
k

sin2 δm(k) (5.41)

and total cross section Σ(k) =
∑

m Σm(k).

Thus the difficulty in solving a scattering system comes down to calculating the phase

shifts δm(k) for a given potential. For a system where the potential is stated in terms of boundary

conditions, such as a hard wall sphere system, calculating the phase shifts boils down to fulfilling

the boundary conditions. However for smooth potentials, another approach is needed, such as the

variable phase approach.

5.2.3 Variable Phase Equation

To solve for the phase shifts δn(k), one can artificially turn a problem with smooth poten-

tials into a boundary condition problem by truncating the potential at some radius ρ. This approach

is called the Variable Phase Method (see [15] for a complete treatment). Heuristically (see [98]),

the method involves matching the inside wavefunction and its derivative at the radius ρ where the

potential has been truncated. This allows the wavefunction inside the potential to be expressed in

terms of the external free wavefunction, which may be written down in terms of Bessel fucntions

and the phase shift δm. In combination with the Schrödinger equation, this leads to a differential

equation for the phase shift as a function of the truncation radius, the “variable phase equation” (see

[15] for a full derivation in 3D and [86] for the equation for a 2D system),

δ′n(ρ) = −πm
~2
ρV (ρ) [Jn(kρ) cos δn(ρ)−Nn(kρ) sin δn(ρ)]

2 (5.42)

where the large ρ � σ solution corresponds to the desired phase shift. The boundary condition

δn(ρ = 0) = 0 fixes the final phase shift. Numerically, this form of the boundary condition is not

useful; more useful is the small ρ expression

δn(ρ) ∼= −π mk2n

22n(n!)2~2

∫ ρ

0
V (ρ′)ρ′2n+1

dρ′ (5.43)

valid for ρ� λ.
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Figure 5.9: Scattering amplitudes of a Lorentzian tip at a variety of tip heights with respect to
the Fermi energy, calculated using a partial wave expansion and variable phase method. In this
calculation, EF = 13.7 meV, so the Fermi wavelength λF = 40 nm. The relative tip height η varies
from 0.1 to 5.0 EF ; the tip is 2σ = 100 nm wide. In all cases, the scattering is very forward, but at
stronger tip strengths lobes in the scattering, attributed to the linear caustics, are visible.

Using this expression as an initial condition, and an ordinary ODE solver, one can cal-

culate the phase shifts in a fairly straightforward fashion. For a potential with long tails, such as a

Lorentzian, convergence can be accelerated by multiplying the potential by a weakly decaying ex-

ponential, which would have physical significance in that it approximates Thomas-Fermi screening

in a 2DEG.

5.2.4 Far-Field Tip Scattering Amplitudes

Putting all this machinery of scattering theory in 2D to work, we can calculate various

scattering amplitudes of the local tip potentials relevant to the experimental data in Chapter (7). In

Figure (5.9) we show the quantum scattering amplitudes |f(θ)| for a variety of Gaussian potential

heights with respect to the Fermi energy EF . The tip width is 2σ = 100 nm, which is 2.5 λF ;

thus the scattering is close to being semiclassical and far from s-wave in character. In all cases the

scattering is very forward in the far-field. This far-field result doesn’t capture the existence of the

shadow behind the tip that is seen in the classical results, and presumably in the near-field quantum

case. Thus the far-field case is not completely adequate. As we have seen, in the case of a repulsive

local potential, the shadow region tends to widen as x1/3 for the Lorentzian, and logarithmically

for the Gaussian, and hence in the far-field is not visible. In addition, the caustic structure in the

far-field does show up in the quantum scattering results in Figure (5.9), particularly for higher tips.

As such it provides a reasonably useful measure of the scattering amplitude in the semi-near field.

We use the results for η = 0.6 in the semiclassical analysis of Chapter (7).



Chapter 6

General SPM Tip Scan Fringe Theory

Over the past few years, interesting results have been achieved by introducing a scanning

probe microscope (SPM) tip above the surface of a semiconductor heterostructure which supports

a two-dimensional electron gas (2DEG). As the SPM tip is moved around above the sample, an

image of the underlying electron flow is produced [103, 101, 100, 102, 67]. These experiments are

in addition able to resolve the coherent nature of the flow, with interference fringes present in the

images, running perpendicular to the flow direction and spaced a distance d = λF /2.

In general, these experiments were two-terminal systems, with a quantum point contact

(QPC) [111, 27, 10] in a low number of modes between source and drain contacts in the system. The

QPC acts as a near point source of electron flow when open to a single transverse mode. As flow

propagates through the system, it is backscattered by impurities in the system, or by the tip itself,

when the central height of the tip potential η = V (0)/EF > 1.0. The combination of amplitude

backscattered to the source QPC by the tip, A′ = a(~r)eiφ(~r), plus a background amplitude Ao due

to scattering from impurities for other fixed reflecting structures, will add coherently back at the

source QPC. Semiclassically, the phase acquired along a path to a tip at a distance r from the source

QPC is kr, so that in a region around a tip position ro, the amplitude backscattered to the source

QPC is

A ≈ Ao + a(ro)ei2k(ro+δr).

The probability to return back to the source QPC is

|A|2 ≈ |Ao|2 + 2|Ao||a(ro)| cos(2kδr + φo).

As the tip is moved back and forth the backscattering probability varies sinusoidally with a spacing

d = 2π/2k = λF /2. The flux transmitted back through the QPC, and hence the reflectance R, will

also show such a variation with tip position. Since the system is a two-terminal system, then the

117
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transmission T = 1− R will also vary in this fashion, and hence the conductance of the system as

a whole.

This approach to imaging flow in 2DEGs has been shown to be quite robust and useful for

probing the electron flow. However it does require a specialized configuration. The system needs

to be a two-terminal system, the SPM tip must backscatter the flow, and only small perpendicular

magnetic fields can be used, since the backscattered flow is assumed to follow the same, or nearly

the same path back to the source QPC.

In this Chapter we consider the fringing effect of an SPM tip in a more general context,

building on the tip scattering theory from Chapter (5). This will include the possibility of a source

and target QPC that are not colocated, of scattering into all angles, not just backscattering, and of

fringing in a moderate perpendicular magnetic field. We begin by considering how the phase is

changed as a scattering SPM tip is moved. This will lead us to a general fringe equation for the

fringe structures resolved when a tip which scatters into any angle beats against a fixed background

amplitude. We’ll then consider various basic geometric cases and the fringe structures expected

in these basic cases. Next we derive an expression for tip position offset for fringes observed

at a certain position. Then we will consider experimental results that reveal deflection (i.e. non-

backscattering) fringes, and compare with theory. Finally, in the next Chapter we use these results to

address experiment fringes seen in a tip imaging system in the magnetic focussing [110] geometry.

6.1 General Fringing Theory

Here we consider the relation between the semiclassical action and the fringing structure.

To begin, we consider the phase φ accumulated along a trajectory which originates at the source

and propagates to the target QPC. This phase is taken to be locally a function φ(x, y) on the param-

eter field (x, y), where the coordinates (x, y) are some parameters, not necessarily the tip position.

Ignoring Maslov phases, the phase is continuous on the plane, and we can linearize the phase ex-

pression in a region of interest. Along some direction θ of interest, we may linearize in the variable

r, so that the phase variation

δφ =
∣∣∣∣dφ(x(r, θ), y(r, θ))

dr

∣∣∣∣
(x,y)

δr.

For one cycle δφ = 2π, so that the distance needed to complete one phase cycle, ∆r, is

∆r = 2π
∣∣∣∣dφdr

∣∣∣∣−1

(x,y)

.

We will take ∆r to be the shortest spacing, so that the direction θ points parallel or antiparallel to

the gradient of φ, along some direction n̂(x, y).
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Figure 6.1: (a) A QPC to QPC trajectory which scatters from a tip (this is a real trajectory). This can
be partitioned into two segments, and the action of each considered separately. (b) Approximating
the scattering as being from a point tip, which lies a small distance from the real tip center.

If we consider the phase from one trajectory contribution, which beats against some back-

ground amplitude aeiφo , we may write the amplitude at the target

A = aeiφo + beiφ(~r)

then the oscillatory part in the probability |A|2 ∝ cos(φo − φ(~r)). Hence, when beating against

a constant background, ∆r is the fringe spacing. The direction of the fringes follows from the

gradient of the phase, such that

θ(x, y) = tan−1

(
−dφ/dy
dφ/dx

)
.

When the fringes (or some component of them) are due to the interference between two

trajectories whose cumulative phases both depend on tip position, then the ∆r defined above is

not the fringe spacing. Instead, we must consider the variation in the phase from both trajectories,

which will not necessarily be collinear. Linearizing

2π = ∆r|∇φ1 −∇φ2|

= ∆r
∣∣∣∣ 2π
∆r1

n̂1 −
2π
∆r2

n̂2

∣∣∣∣ (6.1)

so that the fringe spacing is

∆r =
∣∣∣∣ n̂1

∆r1
− n̂2

∆r2

∣∣∣∣−1

, (6.2)
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where ∆r1 and ∆r2 are the individual fringe spacings. The fringes are not uniquely defined by the

gradients of the phases, and thus the mapping of fringe pattern to phase gradient will be ambiguous.

Semiclassically, the phase accumulated on the path from the source, at qo, to the target

QPC, at q′, is proportional to the action accumulated along this path,

φ =
S(qo, q′;E)

~
;

here we will use “q” to represent (x, y). So to determine fringing, we need to know the gradient of

the action in tip position, ∇~rtipS. To do so, we partition a trajectory into two segments: one from

the source QPC to a point q near the tip, with action S1(qo, q;E), and one from the tip to the target

QPC, with action S2(q, q′;E). This is depicted in Figure (6.1a). The total action accumulated along

a transmitted path which strikes the tip is parameterized by q near the tip position,

S(qo, q′;E) = S1(qo, q;E) + S2(q, q′;E).

We choose the point q to be the position of nearest approach to the tip center. The difference

δq = q − qtip may be on the order of the λ; however, away from a caustic the derivative in this

value will be small, since this point of nearest approach depends on the incoming and outgoing

momenta, which won’t change dramatically. This q will “follow” the tip in the region where the

scattering takes place. So while the discrepancy in action due to difference δq may be of order h, the

discrepancy in the gradient of the action with tip position ∂S
∂qtip

−∂S
∂q = ∂S

∂qtip

(
1− ∂qtip

∂q

)
= ∂S

∂qtip
∂δq
∂q ,

will usually be small, as long as
∣∣∣∂δq∂q ∣∣∣� 1.

This slow change in the difference δq justifies a point tip approximation: we take the size

of the tip to shrink to a point centered on the intersection of the incoming and outgoing trajectories,

q′tip (see Figure (6.1b) ). Note that q′tip lies between the tip position qtip itself, and the real point of

nearest approach q, improving the approximation.

Following this approximation, we replace q by q′tip in the expression for the actions, and

take the gradient; from now on we’ll drop the prime, and take qtip to mean the (shifted) tip position.

The gradient reads
∂S

∂xtip
=
∂S1(qo, qtip;E)

∂xtip
+
∂S2(qtip, q′;E)

∂xtip

and similar for y. Now that we’ve set the endpoints of the trajectory segments to the tip position,

we can greatly simplify this using the properties of the action S(qo, q;E),

∂S(qo, q;E)
∂qo

= −po
∂S(qo, q;E)

∂q
= p. (6.3)
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Thus the gradient of S in the tip position is

∇~rtipS = ~p1 − ~p2. (6.4)

Furthermore, because the contribution to the canonical momentum from the vector potential is po-

sition dependent only, this contribution cancels, so that

∇~rtipS = m(~v1 − ~v2) = −2~k sin(θsc/2)n̂ (6.5)

where θsc is the scattering angle, and n̂ is the unit vector that bisects the angle θ (see Figure 6.1b).

Given the gradient of the action with tip position, the gradient in phase is trivial. It follows

that the fringe spacing is

∆r =
λ

2

∣∣∣∣csc θsc2
∣∣∣∣ (6.6)

while the fringes run perpendicular to the unit vector n̂, which lies at an angle

∆φfringe =
π − θsc

2
(6.7)

with respect to the incoming trajectory. Geometrically, the fringes in the point tip approximation

may be thought of as tracing out an effective reflecting wall that the trajectories reflect off elastically.

A great benefit of this result is the fringes provide both the direction and angle of scattering

off the tip (to within a sign). If we suppose a locally flat background potential (or can average the

fringes over an area much larger than the correlation length squared of the potential background),

then the (averaged) fringe spacing ∆r provides the scattering angle,

θsc = 2 sin−1

(
λ

2∆r

)
. (6.8)

When a particle backscatters directly from the tip, then ∆r = λ/2, and this expression correctly

yields θsc = π. When the trajectory is unscattered, the scattering angle is θsc = 0, and the fringe

spacing ∆r → ∞. Another important aspect of this result is that it holds true even in the presence

of a magnetic field, as long as the field is not strong enough to effect the point tip approximation.

This simple model is true when the fringes are due primarily to trajectories beating against

a strong enough background. When the background amplitude is smaller than the signal from the

tip-scattered trajectories, then ∆r cannot be so easily related to the scattering angle; the derivation

needs to take into account more than one scattering angle. However, in smooth random potentials,

the background signal often significant, the simplification usually holds. The point tip model as

expressed also assumes that the trajectory strikes the tip only once; if multiple strikes occur, the

simple mapping fails as well, because tip position doesn’t simply relate to position in the coordinate

space in which the electron moves.
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Figure 6.2: (a) Two trajectories which scatter from the tip: (1) which backscatters back to the source
QPC, and (2) which deflects off the tip, scatters from another strong scatterer, and returns to the
source QPC. (b) Geometric layout of the scattering process at the tip, in the point tip approximation.

6.2 Backscattering Interference

In the derivations in the previous section, we assumed that the fringes were due to inter-

ference patterns between the amplitude associated with a trajectory which scatters from the tip, and

some background amplitude. We can alternatively ignore the background and consider interference

between a deflected trajectory and a trajectory backscattered directly back to the source QPC by the

tip (see Figure (6.2a)). In this case we have two phases which depend on the tip position, with two

different phase gradient directions; the total spacing is

∆r =
∣∣∣∣ n̂1

∆r1
− n̂2

∆r2

∣∣∣∣−1

. (6.9)

We will take the first trajectory to be the direct backscattered trajectory, and the second some de-

flected trajectory. The geometry of tip scattering is layed in in Figure (6.2b).

Since trajectory 1 is backscattered, we know that ∆r1 = λ/2, and that the two unit vectors

are at an angle φ = (π − θsc)/2 to each other, where θsc refers to the scattering angle of the second

trajectory. Breaking up n̂2 into components parallel and perpendicular to n̂1, we may then simplify

the expression,

∆r =
∣∣∣∣ n̂1

∆r1
− n̂2

∆r2

∣∣∣∣−1

=
λ

2

∣∣∣∣n̂1 − sin
θsc
2
n̂2

∣∣∣∣−1

=
λ

2

∣∣∣∣∣
(

1− sin2 θsc
2

)2

+
(

cos
θsc
2

sin
θsc
2

)2
∣∣∣∣∣
−1/2

(6.10)
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Figure 6.3: Various simple paths for which the fringe patterns are worked out in the text. Unless
denoted by a “+”, the paths are taken to interfere with a background amplitude. The blue dots are
the QPCs, the red the tip, and black a strong fixed scatterer.

which simplifies to

∆r =
λ

2

∣∣∣∣sec θsc2
∣∣∣∣ . (6.11)

The direction of the fringes has been rotated by π/2 as well; the gradient of the total phase ∇φ ∝
n̂1 − sin θsc

2 n̂2 so that with respect to the backscattered trajectory dφ/dy1
dφ/dx1

= tan θsc/2. Thus the

fringes lie at an angle θsc/2 with respect to the backscattered trajectory. This is π/2 from the fringe

direction in the previous section. In systems where deflection of trajectories off the tip is common,

one should expect to see a distorted checkerboard pattern in some places, when fringing due to

interference against backscattered trajectories is of the same order of magnitude as that against the

background amplitude.

While this case leads to a very convenient expression for the fringe spacing, it is clearly

less general than in the previous section. The system must have source and target QPCs which are

colocated, the tip must backscatter (η > 1), and the magnetic field must be weak. However, the case

is relevant to many experiments in SPM imaging.

6.3 Basic Fringe Patterns

Here we consider a variety of geometries and derive the fringe patterns within the point tip

model. Unless otherwise noted, we assume that a single trajectory interferences with an unperturbed

background amplitude. In the following, refer to Figure (6.3) throughout.
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(a) Direct Back-Scattering

The source and target QPCs are identical, and the electron follows the same path to and

from the tip. The background may be clean or bumpy. The scattering angle θsc = π, and the fringe

spacing ∆r = λ/2; the fringes are perpendicular to the electron trajectory at the tip position. In the

clean case, the fringes form circular arcs with the QPC at the center. Multiple iterations n over the

same path leads to a fringe spacing ∆r = λ/2n

(b) Magnetic Back-Scattering

The source and target QPCs are identical, and the electron propagates in a uniform mag-

netic field in a clean system. The tip lies at a distance y from the QPC. The fringes are circular arcs,

centered at the QPC, with spacing

∆r =
λ

2
2rc√

(2rc)2 − y2
(6.12)

Near the QPC, the spacing ∆r → λ/2, while at the edge of the classically allowed region, y → 2rc,

then ∆r →∞. In the center, when y = rc, this becomes a typical value ∆r ≈ λ/
√

3.

(c) Elliptical Fringes 1

The source and target QPCs are separate, located at a distance D from one another. The

tip is located at a position (x, y), with the origin at the midpoint between the QPCs. There is no

magnetic field present, thus the path length determines the phase accumulated along the path. The

resulting fringes can be trivially shown to be trace out ellipses, by considering what paths have the

same path length. The semimajor axis is 2a =
√

(x−D/2)2 + y2 +
√

(x+D/2)2 + y2, and the

semiminor axis b =
√
a2 − (D/2)2.

The scattering angle can be determined geometrically to be

θsc(x, y) = cos−1

(
x+D/2√

(x+D/2)2 + y2

)
+ cos−1

(
x−D/2√

(x−D/2)2 + y2

)
(6.13)

which will be positive definite. The spacing then follows,

∆r(x, y) =
λ√
2

[
1 +

x2 − (D/2)2 + y2√
((x−D/2)2 + y2) ((x+D/2)2 + y2)

]−1/2

. (6.14)

A quick check, calculating the path length L(x, y), finding the magnitude of the gradient of the

phase, finds the same result. When centered between the QPCs, x = 0 and the fringe spacing
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expression simplifies to

∆r(x = 0, y) =
λ

2

√
1 +

(
D

2y

)2

; (6.15)

This simplifies to λ/2 for y � D, and diverges for y → 0.

The fringes follow ellipses with the two QPCs as foci; the equation for the ellipse is

(x/a)2 + (y/b)2 = 1, implying that the gradient to the phase is proportional to the gradient

∇
(
(x/a)2 + (y/b)2

)
. Thus the normal to the fringes is at the angle

φ = tan−1

(
y

x

a2

b2

)
, (6.16)

where we take 0 ≤ φ ≤ π.

(d) Elliptical Fringes 2

The source and target QPCs are the same, and there is a strong scatterer located at a

distance D from the QPC, perpendicular to the QPC wall; there is no magnetic field present. The

tip is located at a position (x, y), with the origin at the QPC. This works out to be essentially the

same geometry as previously done, but with some variables changed. The results are

θsc(x, y) = cos−1

(
y√

x2 + y2

)
+ cos−1

(
y −D√

x2 + (y −D)2

)
(6.17)

∆r(x, y) =
λ√
2

[
1 +

x2 + y2 − yD√
(x2 + y2) (x2 + (y −D)2)

]−1/2

, (6.18)

∆r(x, y = D/2) =
λ

2

√
1 +

(
D

2x

)2

; (6.19)

and

φ = tan−1

(
y −D/2

x

b2

a2

)
, (6.20)

Where now −π/2 ≤ φ ≤ π/2.

(e) Hyperbolic Fringes

The setup is the same as in the previous section, but we consider the case where the phase

is beating not against the background, but instead the trajectory backscattered directly from the tip.

The is the case described in the section on backscattering interference, thus once we determine the

scattering angle θsc, we can use the results there to determine the fringing.
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The geometry for the deflected trajectory, however, is the same as for example (d), and

thus we have the scattering angle. The fringe spacing follows directly, using ∆r = λ
2 | sec θsc/2|, to

be

∆r(x, y) =
λ√
2

[
1− x2 + y2 − yD√

(x2 + y2) (x2 + (y −D)2)

]−1/2

, (6.21)

with

∆r(x, y = D/2) =
λ

2

√
1 +

(
2x
D

)2

. (6.22)

The fringe direction is perpendicular to the direction in example (d).

(f) Central Arc Fringes

The source and target QPCs are separate, located at a distance D from one another. The

tip is located at a position (x = 0, y), with the origin at the midpoint between the QPCs. There is a

magnetic field present, implying a cyclotron radius rc; we take rc > D/4. Defining the angles

α = − cos−1

√
(D/2)2 + y2

2rc
φ = cos−1 D/2√

(D/2)2 + y2
, (6.23)

where φ is the angle from the QPC to the tip, and α is the angle with which the arc crosses a line

from the QPC to the tip (see Section (...)). The scattering angle is θsc = 2(φ−α)−π and the fringe

spacing is

∆r =
λ

2
sec(φ− α)

=
λ

2

[
y

2rc

√
(2rc)2

(D/2)2 + y2
− 1− D

4rc

]−1

. (6.24)

Near the wall, the scattering angle θsc → −2α, and spacing expression simplifies to ∆r → 2λrc
D ;

this goes to the backscattering value only as D → 4rc, which is the classical limit in which such

trajectories are possible. Far from the wall, when y � D, we may expand in the small parameter

D/2y, with result

∆r ∼=
λrc√

(2rc)2 − y2

[
1 +

D√
(2rc)2 − y2

]
(6.25)

which goes to the limit of the magnetic backscattering case (b) as D becomes negligible. Implicit

in this limit, since y ≤ 2rc, is that D is small with respect to rc as well; and thus that we are in a

small magnetic field.
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(g) Central Arc With Wall Fringes

This case is nearly the same as the above case (f), but now the tip scatters the electron

to the wall and back before proceeding to the target QPC. In this case we may simplify things by

recognizing that the value of interest is the accumulated phase, and that if we ignore any offsets in

the tip position (i.e. we treat the tip as a true point tip), then we can think of the phase accumulation

as due to two separate paths, one which scatters softly off the tip, as in case (f), and one which

backscatters as in case (b). The unit vectors that describe the fringe direction are parallel or anti-

parallel in this case, so we can uniquely determine the fringe spacing to be

∆r =
∣∣∆r−1

1 ±∆r−1
2

∣∣−1

=
λ

2

∣∣∣∣∣ y2rc
(√

4r2c
y2

− 1±

√
4r2c

(D/2)2 + y2
− 1

)
∓ D

4rc

∣∣∣∣∣
−1

. (6.26)

When the QPCs are well spaced D > 2rc and the tip positions y is within rc of the wall, then the

first and third terms dominate the second, and we may simplify

∆r ∼=
λ

2

∣∣∣∣∣∣
√

1−
(
y

2rc

)2

+
D

4rc

∣∣∣∣∣∣
−1

, (6.27)

where we’ve taken the fringing directions to be antiparallel. Another limiting case is when the QPC

spacing becomes small, so that the parts of the trajectory are nearly the same; then the fringe direc-

tions are parallel, and the limit becomes that of two magnetic backscatterings, ∆r = λ
4

2rc√
(2rc)2−y2

.

(h) Free Magnetic Green Function Fringes

We add one last possible fringe pattern, which is due to the variation in amplitude at the

tip itself from the magnetic Green function. A tip is near enough to the target QPC that nearly equal

contributions from the two possible arcs are summed at the tip, while the background contribution

is ignored. The tip is near enough the target QPC that as the tip is moved parallel to the wall, the

phase due to the path from the tip to the target varies little and hence the tip acts to measure the

phase difference between the two paths, and hence measures the Green function from the source to

the tip.

The phase difference between the two paths is

∆φ = 2kfrc(α− sinα cosα) (6.28)

where α is the angle with vertical at the source QPC over the longer trajectory. Near the target QPC,
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Figure 6.4: (a) Scattering angles θsc(b) for a Guassian tip potential. (b) Geometrical derivation
of the effective tip shift r̃tip, from the scattering angle θ and the numerically determined impact
parameter b(θ). The point of closest approach rmin is determined numerically along with b.

then D = 2rc cosα, where D is the distance between the QPCs. Then we may write

∆φ = 4π
rc
λ

cos−1 D

2rc
− D

2rc

√
1−

(
D

2rc

)2
 . (6.29)

Linearizing in the standard way, one obtains the fringe spacing

∆r =
λ

2

[
1−

(
x−D

2rc

)2
]−1/2

(6.30)

as one moves the tip along the wall near the target QPC.

Because the fringes are due to the phase difference in the paths to the tip, one could

conceivably replace the tip with a movable QC if possible. This case is interesting, because the

amplitude at the tip due to the two paths is a measure of the magnetic Green function in the system.

With a sufficiently collimated input distribution, effects of the reflections from the hard wall would

be negligible and such a tip scan would probe the oscillations in the background magnetic Green

function.

6.4 Effective Tip Position Shift

The fringe spacing has been shown to be directly related to the scattering angle θsc. This

allows us to use classical scattering theory to determine the difference between the actual tip po-

sition, and the shifted “effective” point tip position, r̃tip. From Chapter (5), we can determine the

function θsc(b) numerically, where b is the impact parameter; for a backscattering tip, where η > 1,
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this is a monotonically decreasing function of impact parameter, and thus uniquely invertible. How-

ever, for a tip with η < 1, this function has a single peak, and thus its inverse will be double-valued,

as shown in Figure (6.4a).

Given one of the inverted solutions b = θ−1(θsc), we can geometrically determine the

distance from the real tip to the effective tip (see Figure (6.4b) . The result reads

r̃tip = b(θsc) sec(θsc/2) (6.31)

for each possible value b. Given the ambiguity in sign as well as the multi-valued nature of θ−1 for

η < 1, the tip shift ~̃rtip may take on two to four different possible values.

6.5 Experiment

Here we present experimentally measured elliptical fringes, obtained in an SPM imaging

setup by Brian Leroy of the Westervelt group, and which appears in his Ph.D. thesis [68]. The results

are easily reproducible in the lab, and represent the clearest examples of deflection-based fringing.

We note that in addition to these results, in Chapter (7) we will present similar experimental fringes

in the presence of a magnetic field, and more fully consider the fringing in that system there.

The layout of the device is shown in Figure (6.5a), and a micrograph of the device appears

in Figure (6.5b). In the system, the Fermi wavelength is 45 nm, implying a backscattering fringe

spacing of 23 nm. The elliptical fringes are spaced by ∆r = 38 nm, so that ∆r/(λF /2) = 1.7.

With an inter-foci spacing of D = 2000 nm, and a ∆y = 700 nm, this implies a scattering angle

θ = 35◦, and a fringe spacing ∆r = 1.74 (λF /2) = 39 nm, in good agreement with experiment.

The tip produces an effective tip height η ≡ V (0)/EF = 1.2, and has a half width σ = 67 nm,

thus the impact parameter b = 96 nm assuming a Gaussian tip profile, and b = 74 nm assuming

a Lorentzian. Since in this case sec(θ/2) ∼= 1.0, the tip shifts are nearly the impact parameters in

both cases. We note in passing that the resolution of the data in the Figure is 2.47 nm/pixel.
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Figure 6.5: (A) The experimental device. (B) Micrograph of device, with SPM scan regions shown
in red and yellow. The relevant elliptical trajectory is shown in blue. SPM tip scan in the red region
is shown in (C) with the circular trace de-energized, and energized in (D). The SPM scan in the
yellow region is shown for the circular trace de-energized (E) and energized (F).



Chapter 7

Deflection Imaging of Magnetic
Focussing

7.1 Introduction

In the last two Chapters we considered the more general deflection scattering case as

applied to SPM tip imaging system. In this Chapter we will consider more pointedly the effect of

a finite-size tip on the electron flow, and what we can glean from SPM tip imaging experiments

with arbitrary tip shapes. This we will do in the context of an experiment performed by Katherine

Aidala in the Westervelt group at Harvard, aimed at the hspatial imaging of electron focussing in a

perpendicular magnetic field.

We will begin by describing the experimental setup and results, and discuss how the ex-

periment is conceptually different from other experiments. We will then explain the theory to be

used to analyze the system. We begin by developing the classical and semiclassical billiard model

of the system, and then discuss a quantum approach to simulating the system. We then simulate the

conventional conductance scans in magnetic field, and compare the results to experiment. Contin-

uing we simulate the tip scan experiment in a clean system, and comment on the relevance to the

experiment. We conclude by simulating the system with a realistic bumpy background.

7.2 Experiment

The experimental setup is depicted schematically in Figure (7.1), and mimics the classic

textbook magnetic focussing setup, pioneered by Sharvin and Tsoi [92, 105] in metals, where it

has subsequently been used to study the shape of the Fermi surface, electron-phonon scattering,

131
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(A) (B)

2750 nm

(C)

Figure 7.1: Classic magnetic focussing setup, with two collinear QPCs in a perpendicular magnetic
field; here a SPM tip is also included. (A) shows the schematic of the experiment with the SPM
tip. (B) shows a micrograph of the device; the inset is an SPM tip scan at zero field, showing the
branched flow from the right QPC. In (C) we depict how the electron flows between the QPCs at
moderate fields near a focussing peak, and how the SPM tip can deflect electron flow into the target
QPC.

and surface scattering. In the context of 2DEGs the setup was first described almost 20 years ago

[110]. The transmission through two colateral QPCs is measured as a perpendicular magnetic field

is scanned in value up to the quantum Hall regime. Adding a new wrinkle to the system, a SPM tip

energized to a large fraction of the Fermi energy was introduced above the surface of the sample,

and scanned in the region of the electron flow between the two QPCs; the magnetic field and bias

were held fixed during each scan. As the tip was scanned, the conductance between the QPCs

was measured using a four-terminal measurement, creating a map of transconductance versus tip

position.

The temperature in these experiments was at liquid Helium temperature, 4.2 K. The den-

sity was measured to be n = 3.9× 1011cm−2, implying a Fermi energy EF = 13.5 meV and Fermi

wavelength λF = 40 nm. A schematic of the experimental apparatus is shown in Figure (7.1a). The

GaAs/AlGaAs heterostructure has a 2DEG 52nm below the surface in which the electrons conduct.

Metal gates were deposited on the surface of the heterostructure to define the two QPCs, side by

side and separated by a shared middle gate that is lithographically defined to be 2.5 µm long; a

micrograph of the device is shown in Figure (7.1b). The electrons propagate almost ballistically

through the system, but are strongly deflected by either the scanning tip or the metal gates (see Fig-
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ure 7.1c). In addition, a bumpy background potential is present, due to imperfections in the crystal

lattice, which causes small angle scattering of the electrons. Most measurements were performed

with the voltage on the gates such that the QPCs were open to two transverse modes.

In the absence of a tip, the metal gates or other imperfections, the electron will move in a

circle of radius

rc =
~kF
eB

(7.1)

where e is the electron charge, B is the perpendicular magnetic field, and kF is the Fermi wavevec-

tor. While there is an initial spread in the momenta of the electrons emerging from the QPC, the

magnetic field can focus them to a point of near convergence along the middle gate; the flux is

greatest at the point 2rc from the injection QPC. When this point of convergence intersects with the

second QPC, a peak in the transmission is expected. Taking into account the possibility of n − 1

bounces, this occurs when L = 2nrc, so at field values

Bn =
2~kFn
eL

(7.2)

where L is the spacing between the two QPCs. As one sweeps the magnetic field, periodic peaks

are predicted when the spacing between the QPCs is equal to a multiple of the cyclotron diameter.

In Figure (7.2) we show the experimental focusing peaks. In (A) the darker sweep results

from a measurement configuration in which the right QPC sources electrons and the left QPC acts

as the collector. Upon switching the leads such that the left QPC is the source and the right is

the collector, the lighter gray sweep is obtained. Note that there is reciprocity between the two, in

that the fluctuations are nearly identical, but exist for the opposite field. This is expected from the

Onsager-Casimir relations in the diffusive regime, extended to the ballistic regime of interest here

by Büttiker [14]. One thing which distinguishes this experiment from other magnetic focussing

experiments is the large size of the system, so that even a weak background bumpiness can scatter

the focussing peaks. As a result, the experimental focussing peaks do not lie close to the peaks

expected for a clean system. In Figure (7.2B), taken on a different day with the same sample, the

peaks are more visible but still broadened and shifted. We will examine this is more detail in Section

(7.5).

In Figure (7.3) we show tip scan experimental data performed near the first three focussing

peaks. The tip was held at a height 35 nm above the surface of the sample, and hence 87 nm above

the 2DEG, implying the effective tip potential was about 2σ ∼ 170 nm across. The voltage on the

tip was −0.5 V, such that the effective tip strength η ∼ 0.5 [96]. Because of the height of the tip,

the scan could be continued over the QPCs themselves without hitting the metal gates. The QPC

sources appear in the data as very bright or dark regions at the bottom of the scans. The resolution

of the scans is ∆x = 9.4 nm, which is just a quarter of the Fermi wavelength. The data in this
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Figure 7.2: Transmission from the source to the target QPC as a function of magnetic field. (A) is
for one scan, the data in grey is with both the magnetic field and the QPCs switched. The symmetry
of the traces in B indicates that the fluctuations are due to conductance fluctuations and not to
systematic noise. The red vertical lines indictes the field values that one would expect focussing
peaks in the clean case. (B) is another scan, with focussing peaks closer to the expected spacing of
74 milliTesla in magnetic field.

case is not high resolution, and due to the configuration of the tip, does not reveal high frequency

structure. Instead it serves mainly as a map of the classical structure of the flow.

As we proceed in field strength, the bouncing ball nature of the flow is readily apparent,

with the number of bounces increasing with field strength. However, there is additional structure in

the flow images. To begin, we know that there is a branching structure present in the system; for

the lower field value, such a branching structure appears to be happening, as two distinct flows to

the target QPC appear to be visible. However there are more consistent and generic patterns in the

data. In particular, the center of the flow patterns tends to be reduced in transmission as compared

to the tip-free (or distant tip) values. This region of reduced transmission is usually bordered by

regions where the transmission is enhanced beyond the tip-free value. These patterns of reduction

and enhancement, which have been seen before at low resolution by Crook and Smith [20], appear

to follow the anticipated direction of the flow, and hence indicate that the pattern is a systematic

feature of the tip imaging process. In Section (7.6) we shall consider the imaging of classical flow
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Figure 7.3: Experimental magnetic focussing tip scan data for a weak tip, at three magnetic field
values that are near the classical focussing peak values. The tip height is well above the 2DEG
surface, and thus the tip appears wider and weaker; this allows the gross structure of the flow to be
imaged.

in the clean system, and find that these patterns are due to the finite sized tip either obstructing

nascent flow by acting as a diffusive element, or enhancing the flow by deflecting flow that would

otherwise not contribute into the target QPC.

In Figure (7.4) we show tip scan experimental data performed near the first three focussing

peaks, but now with a tip that is much nearer the surface of the sample. Such a tip produces a sharper

effective potential , and hence is able to resolve the flow at a higher resolution. The tip was held

at a height 12 nm above the surface of the sample, and hence 64 nm above the 2DEG, thus the

effective tip potential was about 2σ ∼ 120 nm across. The voltage on the tip was −0.3 V, such that

the effective tip strength η ∼ 0.8 [96]. The scan does not include the region near the metal gates

because the tip would collide with them; the locations of the metal gates and QPCs are indicated

schematically in the lowest plot. The resolution of the scans is ∆x = 3.8 nm, much finer than the

high tip results.

In contrast to the results with a higher tip, there is much finer structure visible in these
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Figure 7.4: Experimental magnetic focussing tip scan data, at a resolution of 3.8 nm, with EF =
13.7 meV, and perpendicular field Bz = (A) 74, (B) 169, and (C) 245 milliTesla. The effective
potential from the tip was backscattering, with width 2σ ≈ 100 nm. The location of the QPCs and
gates is indicated schematically in the bottom scan. The fringe structure in the data is blown up in
the surface plots (D-E) to make more visible the regularity and pattern of the fringes.

scans, but the same overall bouncing ball-like flow. While the overall classical effects, seen in

the high tip results, are still visible, much more obvious is the strong fringe-like patterns that run

along the flow. However, carefully inspecting the fringes reveals that the patterns don’t run exactly

parallel to the expected flow direction, but instead run at a slight angle to the expected flow; this is

particularly clear near the source or target QPCs.

In Figure (7.5) we plot the high resolution data with a grid overlay spaced by 100 nm.

The minimum fringe spacing is d ∼ 80 nm, with typical fringe spacings in the range 80− 100 nm.

With a Fermi wavelength λF = 40 nm, this is twice the Fermi wavelength. In typical backscattering

experiments, we would instead expect a fringe spacing of half the wavelength d = 20 nm. If we

interpret the fringes as quantum in nature, but due to deflection scattering, then we can determine
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Figure 7.5: Experimental magnetic focussing tip scan data, at a resolution of 3.8 nm, with EF =
13.7 meV, and perpendicular field Bz = 245 milliTesla, plotted with a 100 nm grid overlay. The
fringes have a minimum spacing of about 80 nm.

the scattering angle from equation (6.8) in Chapter (6), θsc = 2 sin−1
(
λ
2d

)
, to be θsc ∼ 30◦. This

implies that even though the tip can almost backscatter, the measurable effect of the tip in creating

interference fringes is in the process of deflecting the electron by small to moderate angles as it

flows along its arcing, bouncing ball orbit. Such a conclusion is a novel interpretation of the effect

of tip scattering, and needs to justified via realistic simulations.

In subsequent sections we will simulate the system and compare to experiment. But

before we do that, we will develop some of the results that we need in those simulations. We begin

by treating the system as a billiard, and developing the semiclassics of the clean system.

7.3 Semiclassical Billiard Tip Scan

In this section we model the system in question as a billiard, with the QPCs modeled as

a point source and target located on a hard flat wall; the tip is also assumed to be a point which

is scanned around the system. The trajectories of the electron will hence be a series of connected

arcs, connecting the source, some number of points along the wall, the tip, and the target QPC. The

relevant classical and semiclassical quantities have been worked out in Appendix (D).

Since the tip may scatter at all angles, this simplifies the process. If we find all trajectories

from the source to the tip, and then all trajectories from the drain to the tip, the set of combinations
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of these trajectories will be the set of all trajectories from QPC to QPC. We will assume that the

system has some inherent disorder, so that there is a relevant decoherence length and mean free

path. In addition, the QPCs are taken to have a fairly collimated angular distribution [93], so that

trajectories injected along the walls may be ignored. This allows us to ignore the contributions from

longer trajectories, and focus on the most direct trajectories.

In order to simulate a tip scan, we can use the hard-wall Green function we’ve calculated

in Appendix (D) and basic scattering theory to calculate a total amplitude from the source QPC to

the target, with a scattering tip placed at (x, y). We denote the tip-free hard wall Green function as

Go,B(x, y), where we assume it starts at the source QPC along the wall. The finite size tip potential,

parameterized by its central position ~rtip, we denote as V~rtip(x, y); usually this is equivalent to

V~rtip(x, y) = V0(x− xtip, y − ytip) for central tip potentials. Then the scattering expansion for the

full Green function from the source at (0, 0) to the target at (L, 0), with the tip present in the system,

reads

GB(L;xtip, ytip) = Go,B(L, 0) +
∫
dr′2Go,B(x′, y′)V~rtip(x

′y′)Go,B(L − x′, y′) + . . . (7.3)

where L is the distance along the wall from the source to the target QPC.

For convenience we will make a few approximations. To begin we take the tip potential to

be a delta function at the tip position. However, this does not mean we assume the tip is an s-wave

scatterer, since this is a semiclassical theory. Instead we have the luxury of replacing the integrations

over the tip potential V~rtip with a reasonably chosen function of the incoming and outgoing velocity

and the tip position, f(~r,~v,~v′). This allows us to model the tip scattering process as we choose, and

to model the summing up across all multiple scatterings with the wall present by using a “dressed”

scattering amplitude. In general the presence of the wall will mean that this “dressed” scattering

amplitude will be position dependent (on y).

Thus we have a collapsed, empirical Green function

GB(L;~rtip) = Go,B(L, 0) +
∑
traj j

∑
traj j′

Gj,B(~rtip)f(~rtip, ~v,~v′)Gj′,B(L − xtip, ytip) (7.4)

where Gj,B(~rtip) is the contribution to the Green function some trajectory j.

With this approach, we can analyze how the process of scattering from the tip affects

where fringes are seen with significant amplitude, and what types of fringe patterns are seen in the

clean system. Empirical quantities such as the injection weighting, the tip scattering amplitude,or

dephasing length can be changed and modified to suit. Also the contributions from periodic orbits

that “dress” the Green function can be controlled directly by adding or suppressing them in the sum

over trajectories. In this sense the semiclassical hard wall billiard makes a convenient laboratory for

studying the tip scan system.
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The main drawback to this approach is that the finite size effects of the tip are not readily

accessible; there is no mechanism for “blocking” or obstructing trajectories semiclassically, since

the tip is of zero size. This problem is important only when there is significant amplitude at the

target QPC without the tip; away from the focussing peaks, the tip will create new paths to the

target QPC whose amplitude is large compared with the nascent flow. In addition this approach is

directly relevant only for a clean system. While one could conceive of adding determinate disorder

to the system by providing a momentum kick to the particle on the wall on on the tip, this approach

doesn’t adequately capture the effect of smooth bulk disorder in the system.

7.4 Quantum Simulation Method

In this section describe the use of quantum dynamic wavepacket approaches to simulate

the propagation of the electron through the system; results will be discussed alongside classical

simulations in the following sections. A wavepacket with a wide spread of energies around the Fermi

energy (10 - 40 K) is launched outside the system of interest towards the first QPC; as it propagates,

some amplitude passes through this source QPC, and some reflects off and is numerically attenuated,

as described in Chapter (3). The history of the wavefunction is measured at a flux surface within the

source QPC, and is used to reconstruct the flux entering the system as a function of energy, ΦI(E).

A similar flux surface and wavefunction measurement is performed at the target, “collector” QPC,

to determine the outgoing flux, ΦT (E). The ratio between the two is the transmission of the system,

T (E) =
ΦT (E)
ΦI(E)

.

From this we can determine the transconductance through the two QPCs by the L:andaur-Büttiker

relation G = 2e2

h T [21]. Using this approach, knowing the initial energy distribution of the

wavepacket or the transmission of the first QPC is unimportant, because by measuring the incoming

flux we measure the actual original energy distribution of the wavepacket while propagating through

the system.

This transmission T (E) is a sum over all the participating modes of the QPCs at energy

E; as such we can’t in general resolve the system by quantum number. To do so, we would also

have to analyze the wavefunction passing through the flux surface into modes, by taking the overlap

of the wavefunction with each transverse mode, and tracking each such mode separately. However,

as is often the case in QPC system, our simulated QPC is restricted to the first plateau, allowing

only a single mode through. In that case, the transverse quantum number is known to be n = 1,

and because we know the energy distribution and the sign of the momentum, there is a one-to-one

mapping between energy and longitudinal momentum ky =
√

2m(E − E1); since we know the
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Figure 7.6: Classical results for the transmission with a clean billiard system (thick grey line) com-
pared to a simulation of the billiard where a bumpy background potential has been included and
trajectories run (black, green,and blue lines). The vertical dotted red lines are the focussing peak
values. The sharply spiked structure in the clean case is replaced by a fluctuating background trans-
mission. The QPCs are placed 2750 nm apart, the energy is E = 13.7 meV, and the source and
target QPCs are 100 nm wide. The injection current distribution w(α) ∝ cos8(α).

energy distribution across the flux surface, we also know the distribution in quantum numbers in this

case. Thus keeping the QPCs at a single mode allows us to determine the single mode transmission

T1,1(E) unambiguously.

To simulate a scanning tip experiment, we introduce into this system at some point (x, y)

a potential bump that approximates the effective potential induced by a charged tip. While the

other parameters of the system are held fixed, the tip potential is moved about the system and the

transmission function T (E;x, y) measured. This data can then be evaluated at a specific energy

to provide an energy resolved image of the conductance G = 2e2

h T , or convoluted by a thermal

distribution in energy, f(E) = 4
kT sech2(E/2kT ) to determine the thermal conductance image.

7.5 Conductance Scans in Magnetic Field

Here we consider the measurement usually performed in these systems, where the con-

ductance is measured as the perpendicular magnetic field is swept in value; there is no tip present.

One can determine the transmission in the classical clean billiard case analytically. Such an analysis

has been performed semiclassically [110] and quantum mechanically using billiard boundary con-
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ditions [106, 107, 108]. From [110], we can calculate the classical transmission through the system

by considering the QPCs as point QPCs with infinitessimal width δw, and calculating the contribu-

tion from each trajectory that reaches the target QPC. For a given normalized injection distribution

f(α) of current Ii injected from a point on the source QPC, the current into the target QPC Ic at a

distance L is

Ic = 2Iiδw
∑

n≥L/2rc−1

f(αn)|∂L/∂α|−1

= Ii
2δw
L

∑
n≥L/2rc−1

f(α) cotα (7.5)

where
∫
f(α)dα = 1 for π/2 ≤ α ≤ π/2. F We have taken into account the classical density

D(L,α) = |∂L/∂α|−1 on both paths which reach the target QPC, and the injection angle is related

to the QPC distance as L = 2rc(n+1) cosα. We can average over the finite widths w of the source

and target QPCs; taking half-dipole injection distribution f(α) = 2
pi cosα, the average over finite

width yields

T =
2
π

∑
n≥L/2rc−1

a
√

1− a2 − b
√

1− b2 − (sin−1 a− sin−1 b) (7.6)

where a = L/2(n+1)rc, b = Lmin/2(n+1)rc, and Lmin = min[L+w,L(n+1)/n, 2(n+1)rc].

This result is a claim about the transmission from the source to the target QPC, and assumes that

each QPC is ballistic. We take each QPC to be on the first plateau, so that the conductance of

each is 2e2/h. The system will have negligible backscattering amplitude, so that we may take the

resistances of the QPCs and the open system to add in serial; thus the conductance of the aggregate

system should be G = 2e2

h
T

2T+1 ≈
2e2

h T (which is a mixed classical and quantum result).

In Figure (7.6) we plot the clean classical transmission as a function of magnetic field,

where the injection distribution has been taken to be a more collimated f(α) ∝ cos8 α. Also plotted

is a simulation of the same billiard system, but where an experimentally realistic bumpy background

potential has been added, with varying strength. On this potential landscape classical trajectories

have been run in order to determine the classical transmission. In all cases the QPC width is 20

nm, which is typically λF /2, and thus consistent with a single moded QPC. The Fermi energy

EF = 13.7 meV, and mass m = 0.067me. The sharply spiked structure in the clean case, due to

the caustics sweeping across the target QPC, is increasingly replaced by a fluctuating signal where

the spikes are due instead in large part to the branch caustics sweeping across the target QPC.

Sharp structures in the bumpy classical case are due to some caustic branch sweeping

into the target QPC. Analogous effects have been seen in quantum simulations from point scatterers

[108]. In Figure (7.7) we show how the main caustic at the focussing peak in the clean case is
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Figure 7.7: Classical simulations of the magnetic focussing process, in a clean (upper) and bumpy
(lower) system. The main caustic formed in the clean case, which impinges on the target QPC
here, is split into many caustic branches by the small angle scattering of the bumpy potential. This
reduces the transmission on the focussing peak, but creates side peaks due to the branches.

split up into many caustic branches, reducing and shifting the peak, but also creating numerous side

peaks. In both cases the focussing peaks are due to the passage of caustics across the target, but in

the clean case the peaks are isolated and analytically predictable, while in the bumpy case the peaks

are randomized by the effect of the bumpy background.

In Figure (7.8) we plot the semiclassical Green function |Go|2, which is proportional to

the transmission probability T . This is obtained using the hardwall semiclassical Green function

developed in Appendix (D). This result is for the amplitude from the center of one QPC to the

other; since T = 0 and the simulations use point QPCs, the results aren’t broadened as the classical

or quantum cases. Plotted alongside is a classical result with a small aperture, and appropriately

scaled. When thermal averaging is important, the interference oscillations see in the Figure tend to

be washed out, and the main fluctuating signal will be due to caustic branching.

In Figure (7.9) we present a quantum version of the classical conductance vs. magnetic

field simulation, along with the classical and experimental data. The bumpy background potential is
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Figure 7.8: A semiclassical simulation of the Green function from a source point to a target QPC at
a distance L. The blue line is the clean, point-source semiclassical result, while the red dotted line
is the accompanying classical result T (B) for a very small target aperture, scaled for comparison.
The injection distribution is fairly collimated, which exaggerates the focussing effects and results
in a very spiked signal. The inclusion of a bumpy background (not done) would produce a more
uniformly fluctuating signal, as in the classical and quantum simulations.

the same as in the classical case, but the QPC walls are more realistic smooth potentials. The plots

are in addition thermally averaged for a temperature of 1.7 K. Even though this is a quantum simu-

lation, we see no trace of high frequency interference structure in the clean results (shown in blue).

This can be attributed to the finite size, but single moded, QPCs and thermal averaging effects. The

focussing peaks are clearly present; towards higher fields they are shifted to the right. This effect is

due to the use of soft walls instead of a hard billiard wall. Beyond the fourth focussing peak the sim-

ulation breaks down. The green lines are the bumpy results, and reproduce in a smoother fashion the

randomization of the classical results. In all three cases wide focussing peaks are readily apparent

near many focussing peaks, but not all. For stronger disorder, the peaks would be indistinguishable

in most cases.

7.6 Tip Scan Simulations of a Clean System

Here we simulate the system and the process of scanning the SPM tip across the system,

where we ignore the bumpy background, and take the 2DEG to be perfectly clean. This will allow

us to identify the general mechanisms that lead to classical changes in the transmission, as well

as quantum fringing, as it applies to the magnetic focussing geometry. To begin, we consider the

effect of the SPM tip on the electron manifold. For a weak tip, the effective potential acts like a
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Figure 7.9: A quantum simulation of the same system as in Figure (7.6), but with a more realistic
QPC wall, accompanied by the classical results and the experimental data. The blue line is for a
clean system, the green for a bumpy system, with the same bumpy potential as in the classical sim-
ulation. The red dotted lines indicate the classical focussing peak field values Bn. While widened
and shifted focussing peaks often appear in the bumpy and experimental cases, one can’t always
claim to see focussing peaks near every Bn value.

lens, convex or concave, and in the presence of a hard wall, the focussing effect will recur, though

somewhat diffused, on the next arc (see Figure 7.10). The scattering process in the absence of a

magnetic field has been examined in Chapter (5) in the absence of a magnetic field. In the presence

of a weak to moderate magnetic such that the tip is small, σ � rc, these results hold, modified by

the cyclotron motion beyond the tip.

7.6.1 Classical Effects

To determine the classical effect of the tip on the electron flow and the transmission

through the target QPC, we can run a manifold of trajectories in the presence of a tip, and rerun
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Figure 7.10: An attractive (a) or repulsive (b) tip of strength η = 0.2 and width σ = 100 nm, placed
at the top of the first arc of a electron manifold in the magnetic focussing geometry.

the classical simulation at each tip position. This is similar to the simulation in Section (7.5), but

with a fixed magnetic field and a tip introduced for each tip position. The results of such a sim-

ulation are shown in Figure (7.11), Here the parameters of the simulation are B = 77 milliTesla,

LQPC = 2750 nm, EF = 13.7 meV, and the tip has strength η = 0.6 and width 2σ = 100 nm; the

effective electron mass is relevant for GaAs, m = 0.067me.

In Figure (7.11a) we depict the effect of the tip on the electron flow (the grey sheet)

and on individual trajectories. Here the tip is shading the target QPC from the flow, decreasing

transmission. Figure (7.11b) shows a map of the transmission as a function of tip position. The

main feature of the tip scan is the region of decreased transmission, where the tip has obstructed

the nascent flow of the electron into the target QPC. By placing the tip in this region, the flow

is scattered away from the target and strikes the wall away from the target QPC. This region of

decreased transmission is bordered in turn by a region of enhanced transmission. This is due to the

tip acting instead as a mirror, and redirecting trajectories into the target QPC instead. Such a pattern

of reduction and enhancement of the classical transmission we’ve seen before in the zero field tip

scan simulation in Chapter (5), Figure (5.7), and was also seen by Crook and Smith at low fields

[20].
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Figure 7.11: A classical tip scan of the magnetic focussing system with a tip η = 0.6 near the
first focussing peak. In (a) we show the classical manifold scattering off the tip, along with some
trajectories. In (b) we plot the transmission as a function of tip position.

Clearly there is a tradeoff between obstructing and enhancing the transmission from these

competing effects. For a smooth tip and manifold, the effects will balance along some line between

the two regions. In the figure, the enhancement region is stronger above the flow than below, and

in a few cases such a border may not exist. However, in general these enhancement regions are a

ubiquitous effect in the tip scans.

Note also that the caustics of the system are visible in the tip scan figure. The target QPC

is just at the classically allowed region, L ∼= 2rc, so nascent trajectories may both bounce against

the wall or travel directly, with injectiion angle α ∼ 0 to transmit. By placing the tip near the center

of the image, we block direct but not bouncing trajectories. By placing the tip near QPCs we may

block both sets of trajectories, and significantly lower the transmission. The lighter line between

the two regions is likely the signal of a caustic, since caustics occur between classically allowed and

disallowed regions. The tip, when placed near this caustic, can focus this caustic into the QPC over

a very narrow range of positions.

In Figure (7.12) we present a similar tip scan, but now near the second focussing peak. The

obstruction vs. redirection effects are clearly evident in this case as well, and in this case enhanced

below the obstruction more so than above. In the region near the wall bounce the caustic structure

of the flowed creates sharp patterns in the tip scan. In addition, we can see additional structure in

the slice of the transmission, shown in Figure (7.12a). This is due to the classical caustics as well;

while the tip in general obstructs the flow in this region, it may redirect the caustics into the target

QPC, for certain scattering angles, providing a temporary victory over the obstruction effect. This

is even clearer near x ∼ 900 nm, where the enhancement region follows the classical caustic.

These effects are not exclusive to the classical dynamics; the same effects are present
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Figure 7.12: In (c) we present a classical tip scan of the magnetic focussing system with a tip
η = 0.2 near the second focussing peak. The same structure is apparent as in the previous figure,
but now doubled. In (a) we plot a slice of the transmission at x = −600 nm, as indicated by the
dashed red line in (c). The tip scan reproduces surprisingly well the structures seen in the tip scan
data with a high tip at the second focussing peak, B = 174 milliTesla, from Figure (7.3) and shown
again in (b).

in quantum simulations in clean systems as well, when the conditions aren’t right for fringing. In

Figure (7.13) we show a number of quantum scan simulations with weak tips at varying fields. In all

the cases fringes are not evident in the results, instead the tip scans appear very classical in nature.

In (b) the same simulation in (a) has been done but with many open transverse modes in the QPCs,

The result in this case is to amplify the signal, but the same classical structure is evident. In (c),

which is far from the focussing peak, the only structure is an enhancement in transmission (which

is nascently zero) when the tip is placed near the region where arcs from the QPCs meet. (d) shows

the second focussing peak, which is remarkably similar to the classical simulation in Figure (7.12b).

7.6.2 Quantum Effects

Having become familiar with the classical effects of a finite size tip in the magnetic fo-

cussing system, we look into interference structures in the tip scans. Clearly such structures are not

automatic, since we have yet to see them even in quantum data.
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Figure 7.13: Quantum dynamics (wavepacket) tip scan simulation of the clean magnetic focussing
configuration in a perpendicular magnetic field. Plotted is the change in transmission ∆T (x, y) due
to the introduction of the tip. (a) is a full tip scan simulation of the system for a single open mode
in the target QPC at the Fermi energy, while (b) is the same simulation but for many (> 5) open
modes. The results have been thermally averaged. In these simulation, EF = 13.7 meV, T = 4K,
Bz = 77 milliTesla, so rc = 1327 nm. The tip is Gaussian with peak height Vo = 0.2EF , and width
2σ = 100 nm. (c) is the same simulation, but with a magnetic field far from the focussing peak,
B = 60 milliTesla, while (d) is at the second focussing peak, ∼ 150 milliTesla.

To begin we examine some semiclassical tip scan simulations, on the first focussing peak

using experimentally relevant values. The results are shown in Figure (7.14) for two different scat-

tering profiles. On the left is a scattering profile for a forward scattering tip. This profile is taken

from the results in Chapter (5), and corresponds to a tip with strength η = 0.6. The unphysical high

signal at the edge of the classically allowed region is due to the caustics, and could be removed by

standard uniformization techniques [112]. Near these caustics the fringing signal is high due to the

amplitude oscillations in the free magnetic Green function, and seen in Figure (D.4). Because of

the increase in amplitude near the caustics, the strength of this fringing is most likely unphysical,

and these Green function fringes will most likely be small in more realistic systems. However there

are fringe oscillations that follow the trajectory of the electrons across the sample, of the type seen

experimentally. The fringes have a very large spacing in the center of the scan at a distance rc from

the wall. The fringe spanig becomes smaller, as does the amplitude, as the tip is brought closer to
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Figure 7.14: Semiclassical tip scans, |GB(~rtip)|2 for two different tip scattering functions. On the
left is used a forward scattering function, equivalent to a η = 0.6 tip, while on the right is used an
s-wave tip. The magnetic field B = 77 milliTesla and EF = 13.7 meV.

the wall. These fringes are equivalent those worked out in Section (6.3f), depicted in Figure (6.3f).

In the right panel we present the same simulation, but with a uniform scattering amplitude.

Most of the same fringing structure is present, but now with more oscillations. We can identify the

high frequency horizontal oscillations as being due to trajectories that strike the tip, the wall, and

then the tip again. These were worked out in Section (6.3g), and tend to have a spacing a little

smaller than the backscattering spacing, d < λF /2. In addition we note that the amplitude beyond

the central arc region is much higher in the uniform scattering case, due the scattering by the tip in

all directions.

The scattering amplitude was taken to be “classical” in both cases, in that f(θ) was taken

to be real, hence scattering angle dependent phase shifts were not considered. Note that these

results are without thermal averaging, and with point QPCs, and so represent the finest clarity for

the interference structure. A more realistic clean system will wash out some or all of the features.

In Figure (7.15) we examine a quantum dynamics (wavepacket) simulation of the clean

system at B = 77 milliTesla, and at a energy EF = 13.7 meV, given the experimental QPC spacing

LQPC = 2750 nm; the potential used in the rest of this Section, and in the quantum simulations in

the previous Section, is shown in Figure (7.15a). The QPC walls are many multiples of the Fermi

energy in height, and the QPCs admit just one mode when EF = 13.7 meV. In Figure (7.15b-c) we

perform a tip scan simulation at Bz = 77 milliTesla; the tip potential height is η = 0.6 and the tip

potential is 2σ = 100 nm across.

In the scan with no thermal averaging we again recover the caustic structures seen in clas-

sical simulations, but at 1.7 K this is mostly washed out. Interference structure is not in any obvious

in these simulations, but closer inspection indicates that there is some signal. In Figure (7.15b),
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Figure 7.15: A quantum dynamics (wavepacket) tip scan simulation of the magnetic focussing
configuration in a perpendicular magnetic field, Bz = 77 milliTesla, without a bumpy background
potential. Plotted is the change in transmission ∆T (x, y) due to the introduction of the tip. (a) is
the potential landscape used in the simulation; the source QPC is at lower left, the target at lower
right. (b) is the tip scan results at x = 0 scanned in y. (c) depicts the full scan in (x, y) at the Fermi
energy EF = 13.7 meV, and thermally averaged at a temperature T = 1.7K. In this simulation,
rc = 1327 nm, and the tip is Gaussian with peak height Vo = 0.6EF , and width 2σ = 100 nm.

there are obvious oscillations in transmission due to classical effects, but there are oscillations that

continue close to the wall beyond the range of classical effects. Assuming that the magnitude of

the unperturbed wavefunction decreases monotonically toward the wall, there is no classical cause

for these oscillations. The inset shows such oscillations continuing down to 300 nm from the wall,

though quite attenuated. The oscillation spacing is ∼ 200 nm, which with a Fermi wavelength of

λF = 40 nm, implies a scattering angle from equation (6.8) in Chapter (6) of 2 sin−1(1/10) ∼ 11◦,

a gentle deflection.

To understand whether these are fringes, and if so why so small, we need to better explore

the parameter space of the tip strength. In the clean system for a single focussing peak, most of

the structure can be understood by just considering a tip scan down the center of the sample. This

is because, at the first focussing peak, the injection distribution mostly populates direct trajectories

which don’t bounce off the QPC wall, thus the tip scan is symmetric and reduced in complexity.

In Figure (7.16) we simulate central tip scans for a variety of tip heights, at the zero

temperature and at a temperature of 1.7 K, and at a range of magnetic fields. For all magnetic
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Figure 7.16: Tip scan simulations along the line of symmetry between the QPCs at a variety of tip
potential heights and magnetic fields. Here EF = 13.7 meV and the tip is Gaussian with width
2σ = 100 nm as in previous figures.

fields, high frequency oscillations, of size λ/2, are visible for tip potentials that backscatter η ≥ 1;

however these oscillations diminish with thermal averaging. Of interest is that once a tip is strong

enough to backscatter, then increasing the tip strength has little effect on the transmission. In the

Figure, the data for η = 1.0 and η = 2.0 almost always lie on top of each other.

Of additional interest is that the response of the transmission to tip strength is not mono-

tonic. For field values far from the focussing peaks, the highest transmission signal is at η ∼ 0.6,

while near the focussing peaks the transmission signal is largest for a very weak tip, η ∼ 0.2. In

neither case does a strong tip produce the strongest transmission signal; instead it produces in both

cases a moderate signal. We may conclude that, more important than a large scattering cross sec-

tion in the clean case, is the correct maximal scattering angle to accommodate the geometry. We

hypothesize that the same holds at higher fields as well.

In Figure (7.17) we see a set of wavepacket tip scans where the tip height has been

changed, and where the tip scan is kept at the Fermi energy or thermally at 1.7 K about the Fermi
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Figure 7.17: Tip scan simulations of the magnetic focussing configuration in a perpendicular mag-
netic field, Bz = 77 milliTesla, in a clean background. Plotted is the change in transmission
∆T (x, y) due to the introduction of the tip at T = 0K and T = 1.7K, with two different tip
potential heights, η = 0.6 and η = 1.2; black indicates no change in transmission. In the T = 0 K
plots, the dotted lines indicate classical caustics; the slow oscillations along the y-axis are interfer-
ence fringes. In the lower case, where η = 1.2, high frequency oscillations, of wavelength < λ/2,
indicate interference effects due to the presence of the QPC wall. Thermal averaging effects remove
a good deal of structure, including the caustics on either side, the higher frequency fringes, and
diminish the strength of the long wavelength fringes. In this simulation, rc = 1327 nm, the Fermi
energy EF = 13.7 meV, and the tip is Gaussian with width 2σ = 100 nm.

energy. These scans are equivalent those in Figure (7.13a), but with stronger tip strength. At zero

temperature the classical structure is clear, but is washed at higher temperature. For η = 1.2 at 0 K,

there are horizontal fringes across the entire scan, all with nearly equal spacing, d ∼ 20 nm. These

are quickly washed out at 1.7 K. In addition at η = 0.6 there are much slower vertical oscillations

that persist after thermal averaging, although they are noticeably fainter.

To understand the origin of the fringe structures, we need to examine the relevant flow

and how the tip affects it. In Figure (7.18) we show the classical manifolds for three different tip

strengths at three different points along the center line of the scans. For a tip of strength η = 0.2,

the tip serves to obscure the target, reducing the transmission classically, but also serves to create

two distinct bundles of trajectories above and below the tip position. While these two bundles

of trajectories will have different phases on average, and hence interfere, the rate of change of the
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Figure 7.18: Classical trajectories in the same system as Figure (7.17), with a tip introduced at a
variety of tip strengths and position along the central axis. This shows how the natively transmitted
trajectories are disturbed by the tip, and how the tip creates new paths to the target QPC.

phase difference will be slow as the tip moves along the y-axis. Thus the fringe spacing will be large.

Alternatively, we can consider the small angle deflection, in particular in the case at y = 1500 nm.

Such a gentle deflection will lead to fringes that are too widely spaced to discern.

For the η = 0.6 case the same holds true, except that the stronger tip can separate trajecto-

ries more effectively, or alternatively can deflect into greater angles. The resulting fringe spacing is

somewhat shorter, but not remarkable. In the η = 1.2 case, the strong tip can deflect into completely

new paths, in particular into lenticular paths that bounce off the wall. These paths are the source

of the horizontal fringes in the tip scan. In this sense the strong tip is imaging the wall instead

of the electron momentum. From Chapter (6), Section (6.3g), these fringes should have a spacing

d ≈ 0.7× λF
2 ∼ 15 nm at one cyclotron radius from the wall.
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7.6.3 Clean System Conclusions

From studying tip scans in clean systems, we have learned some counter-intuitive things

about the effect of the tip on the transmission. The classical effect of the tip on the transmission

has two main roles: one is to obstruct the nascent flow of electrons, reducing the transmission, and

the other is to redirect into the target QPC flow that would have otherwise missed, increasing the

transmission. In addition, because of the caustics that the tip generates and the caustic structures

inherent to the classical flow, a finite-sized tip potential can resolve features that are much smaller

than it is, even when deflecting and not backscattering flow. However, the precise location of the

features is not usually clear from the scans, relative to the tip center.

Fringes are not necessarily present for η < 1.0; instead the geometry of the problem plays

a role. New paths created by a weak deflection tip must intersect the target QPC for there to be a

clear fringe signal. For the most part this means that the caustics shed by the tip must intersect the

wall near the target QPC. For strong tips η > 1.0, fine scale fringes are present throughout the data,

but they are usually washed away by thermal averaging.

The response of the system to the tip as its strength η is changed is non-monotonic, and

near the first focussing peak, a very weak tip can show the largest response. This effect is again due

to the finite size of the tip, and of the anisotropic scattering pattern of the flow off the tip.

In the clean case, fringes can be fairly evanescent and in most configurations just a small

signal. However, in the bumpy case, the flow becomes much more complicated, and the distribution

of trajectories more ergodic nature. The tip is more likely to have available a path to the target QPC

to scatter into. Counter to intuition, as we increase the bumpy disorder in the system, the more likely

we are to see clean and clear interference fringes somewhere in the scan region.

7.7 Simulations of a Bumpy System

In a realistic sample, the electron flux is non-uniform; due to the presence of the donor

layer in our heterostructure, the electron moves over a smooth disordered potential landscape. The

typical magnitude of this background is Vrms = 0.05 − 0.1 EF , and typical correlation length

lcorr = 40 nm ∼ λF . The small-angle scattering of the electron due to this smooth background

potential produces caustic branches [100], where the density becomes very large classically. In the

presence of a moderate magnetic field, such that the magnetic length aH =≡
√

~/mωc � lcorr,

classical branching due to the formation of caustics continues; this is depicted in Figure (7.19) for a

case with a particularly strong branch, and in the lower panel of Figure (7.7).

One can imagine that as a magnetic field is applied, the branches bend over in the magnetic
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the target QPC at x = −1350 nm, is propagated through a random Gaussian background potential in
a magnetic field of strength B ∼ 150 milliTesla. The caustic branches develop even in the presence
of a significant magnetic field, creating in particular a strong branch that bounces on the QPC wall
at x ∼ 550 nm. This indicates that transport in a magnetic field and bumpy background will be
highly inhomogeneous, as in the B = 0 case.
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Figure 7.20: A bumpy classical tip scan simulation shown in (b), with the relevant transmitted
nascent trajectories shown in yellow in (a), over top of an image of the nascent flow. The SPM tip
resolves the nascent transmitted flow within about a half-tip width σ by diffusing the flow along the
otherwise transmitting paths.

field and are swept across the collector QPC, causing the fluctuations in the measured transmission.

In the presence of smooth disorder, the transmission in this system is mostly due to flux transported

along specific branches in the flow; instead of being evenly distributed throughout the area, the flux

“bundles” into the branches. This will create significant changes in the conductance as a function

of B, as discussed in Section (7.5).
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7.7.1 Classical Tip Effects in a Disordered System

This begs the question as to how this branched flow responds to the presence of a SPM

tip, and how the transmission changes as a result of this response. In Figure (7.20b) we plot a

classical tip scan with a just such a bumpy background potential. This is the same system as in

the previous section, but now with a bumpy background. In this case, the bumpy background is a

smooth random Gaussian distribution with correlation length lcorr = 40 nm and mean bump height√
〈V 2〉 = 0.1EF . What we see is the same type of pattern as in the clean classical case, where

the are connected regions of reduced transmission, often bordered by narrow strips of enhancement.

This is more remarkable, however, because even in the bumpy case, with a flow diffusing in mo-

mentum, the effect of the tip is once again to obstruct the nascently transmitted trajectories. Figure

(7.20a) depicts a select, but dominant set of trajectories that are transmitted by the system with the

tip absent; they are shown in yellow over top of an image of the nascent trajectory manifold. These

“bundles” of trajectories carry enough flux through the target QPC in the undisturbed system, that

by obstructing them even with a weak tip, there is a clear measurable change in the transmission.

This implies that a weak tip may be used to image nascent transmitted flow through a

system. The diffusive effect that the tip has on the trajectories depopulates the region in phase

space around the original trajectory. With a weak enough tip and a small enough system, these

deflected trajectories will tend to strike the wall near the target QPC. Centered on these trajectories,

the influence of the tip on nearby trajectories that would have missed the QPC is significantly less.

The overall effect is to lower transmission.

Often bordering these channels of reduced transmission are highlighted strips, usually arc

shaped. When the tip is placed over one of these regions, additional flux beyond the nascent flux is

transmitted. In the bumpy case, these highlights are often located near nascent branch caustics that

don’t ordinarily carry transmitted flux. Placing the tip near these branches in these high flux regions

allows some of the flux to be diverted along the nascent transmitting channel; even a small fraction

of trajectories in this high flux region measurably increases the transmission.

7.7.2 Resolving Quantum from Classical Structure

In Figure (7.21a) we show a quantum tip scan simulation with a bumpy background. In

this case a very weak tip η = 0.2 is used, and with thermal averaging at 4 K, fringe structure, if

present, is not distinguishable from classical structure. However we assume that the overall structure

is due to classical effects, since the familiar pattern of reduced transmission (in blue) bordered by

an enhancement region (in red), in this case the flow, is visible. Figure (7.21b) depicts the same

simulation but now with many open transverse modes in each QPC. One might conjecture that by
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Figure 7.21: A quantum dynamics (wavepacket) tip scan simulation of the magnetic focussing
configuration in a perpendicular magnetic field with a weak bumpy background potential. Plotted
is the change in transmission ∆T (x, y) due to the introduction of the tip. (a) is a full tip scan
simulation of the system for a single open mode in the target QPC at the Fermi energy, while (b) is
the same simulation but for many (> 5) open modes. The results have been thermally averaged. In
these simulation, EF = 13.7 meV, T = 4K, Bz = 77 milliTesla, and so rc = 1370 nm. The tip is
Gaussian with peak height η = 0.2, and width 2σ = 100 nm. The bumpy background potential has
correlation length l = 40 nm and height

√
〈V 2〉 = 0.05EF .

opening the QPCs, fringe structure would be reduced, since the flow occurs over many orthogonal

modes, but that classical structure should persists even with many open modes. This would serve

as a method to distinguish classical and quantum structure. However, the angular distribution is

significantly widened as the QPCs are opened, in turn increasing the number and variety of classical

allowed transmission paths. The upshot is that structure in the tip scan is significantly increased,

without supplying a clear signal of the source of the structure, when using a weak tip to scan.

Another approach that proved unsuccessful was changing the value of ~ in the simula-

tions. This could, in a simple enough system, have the effect of changing the spacing of the fringes

by the factor ~̃/~, where ~̃ is the new unphysical value of Planck’s constant. Purely classical struc-

ture might remain unchanged. This approach, depicted in Figure (7.22), proved unfeasible in this

system however. Changing ~ made a change in the relative phases of the wavefunction over a large

enough region that it induced large scale modifications of the amplitude, not just on the scale of a

wavelength. As such, the classical structure was not cleanly resolvable by this approach.

A potential alternative approach [49] may be to use the derivative in the signal, ∂T
∂~ , to

measure the “quantumness” of the signal. One would expect that the structures due mostly to

quantum effects to vary linearly in ~, while classical structures should vary at higher orders. Thus

using the difference between simulations at ~̃ = ~(1± ε) could provide a numerical derivative that

could be used to discern classical from quantum structures.
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Figure 7.22: Tip scan simulations with a backscattering tip η = 1.0 and varying ~ numerically, in
an attempt to distinguish fringe from classical structure. (a) is a slice through the data at x = 500
nm.

7.7.3 Effect of Tip Strength

While seemingly not possible to extract purely classical from quantum features directly,

we can recall that the minimum size of the fringe structure depends on the maximum scattering angle

from the tip, and that the scattering angle in turn depends on the tip strength. Thus by using a series

of tip scans, we can progressively increase the fringe signal in the data, and at least qualitatively

separate quantum from classical structures.

In Figure (7.23) we present such a tip strength series for the entire region of interest.

The bumpy background is the same as used in the classical simulation in Figure (7.20), and the

parameters of the system are the same as used in the clean wavepacket simulations in Section (7.6).

For the weak tip, we recover a very similar result to that of the classical tip scan simulation in Figure

(7.11): the weak tip has resolved what appears to be the nascent transmitted classical flow. We can

further ask what are the transmitted trajectories in the system, and how does this match the tip scan.

In Figures (7.24) and (7.29) we plot every classical trajectory transmitted through the target QPC

using the same potential landscape as in the quantum simulation, superimposed over the quantum tip

scan data. Clearly the weak tip scan has resolved the nascent transmitted trajectory “bundles” which

have the highest density, and hence transmit the most flux. The gentle deflection of the tip, never

more than 10◦, is able to resolve with remarkable resolution the nascent flow. In this data, the flow

is resolved to within a half-tip width, or 50 nm on average. In addition, the familiar enhancement
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Figure 7.23: A series of tip scan simulations on the bumpy background with the tip strength η
varied. The fringe structure grows more assertive in the scans with increasing tip strength, while the
large scale “classical” structure becomes less well-defined. The box on the η = 0.6 scan indicates
the region scanned in Figure (7.25), while the circle on the η = 1.2 scan indicates the tip position
used in Figure (7.26).

is often present at borders of the flux bundles. The flux mapping breaks down when the tip acts to

both obstruct and enhance flow, as is the case between the two main channels of trajectories.

With increasing tip strength η, the tip scans in Figure (7.23) also show finer features in

the system, fringe structures that tend to follow the paths of the nascent flow. We note however that

the amplitude of the change in transmission away from the QPCs does not increase with increasing

tip strength: the strongest variations in T at the top of the arc occur at η = 0.2. At η = 1.2 the tip

can backscatter, so we know that the fringes may have spacing as small as d = λF /2. At η = 0.6

the maximum fringe spacing is more like d ∼ 2λF = 80 nm, while the weak tip has spacing that is

indistinguishable from classical structures.

In Figure (7.25) we show a tip scan series in a small region of the system at a variety

of tip strengths from backscattering to strongly attractive. At both attractive and repulsive weak

potential strengths η = ±0.2, the features are clearly large scale. As the tip strength is increased,
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Figure 7.24: Classical trajectories on the bumpy background potential, with no tip present, super-
imposed on the η = 0.2 tip scan data. The weak tip scan clearly maps out the main trajectory
“bundles” from the source to the target QPC. See also Figure (7.29) for a 3D rendering.

finer interference features are induced, until at backscattering and beyond the features resolve to

about the wavelength. At backscattering, the finest possible fringes are λF /2, but this will only

occur when backscattering will significantly contribute the the flow, i.e. near the QPCs. Further out

from the walls, the relevant scattering angles are on the order of θsc ∼ π/3, such that the fringe

spacings are ∼ λF . As we’ve seen before. the relevant scattering angle depends on the geometry.

In the previous cases, that was θsc = π, but near the first focussing peak the angle is smaller.

While the weak tip scan can inform us about the nascent transmitted classical flow, the

fringes obseved tell us about the scattering process with the tip, since their spacing can be converted

into a scattering angle and a line parallel to the fringes can be thought of as following a “wall” off

of which the trajectories bounce. Furthermore, if we already know the incoming angle θo from the

weak tip scan, as well as the angle of the fringing φ, then we can conclude that the scattering angle

is θsc = 2|φ− θo|. The fringe spacing plus this information can be used to measure the wavelength

and hence momentum of the scattered electrons,

λF = 2d sin |φ− θo|. (7.7)

This can be used as an independent measure of wavelength in a sample, and also as a sanity check

on the accuracy of the fringe equation.

In Figure (7.26a,c) we show the nascent transmitted trajectories and the trajectory mani-

fold, and in (b) the effect of a strong tip η = 1.2 on the flow density, and on the trajectories in (d).

The tip position is the same as indicated on the scan in Figure (7.23c). The red trajectories indicate

newly induced transmitted paths. In this case the tip been placed in a region of high flow density, but
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Figure 7.25: Wavepacket tip scan simulation of the magnetic focussing at a variety of tip strengths
in a small region of Figure (7.23), indicated on the η = 0.6 scan by a box. The feature size changes
significantly with tip strength up to η = 1.0.

where the flow will not actually transmit through the target QPC. By placing the tip in this region

we have split the flow, and created new paths to the target. There are two main scattering processes

here, one below with scattering angle θsc ∼ π/3, and one above with scattering angle θsc ∼ π/4,

implying, with λF = 40 nm, a fringe spacing of d = 40 nm below and d = 52 nm above. Referring

back to Figure (7.23), this is the consistent with the fringe patterns seen in the scan.

We note that for the weak attractive and repulsive cases η±0.2, that the scans look almost

shifted then inverted, with the local gradients in the transmission pointing in opposite directions.

For weak scattering, the scattering angles are odd in the sign of η, such that η → −η implies that

θsc(b) → −θsc(b). Suppose a weak repulsive tip η > 0 is placed at position ~r, and deflects a single

nascent transmitted trajectory out of the QPC. Then we place an attractive tip η′ = −η and looking

for the same deflection of the trajectory, finding it at nearby position ~r′. Then since the two tips

deflect in opposite directions at the same impact parameter, we know that |~r − ~r′| = 2b. Now

suppose instead that the repulsive tip is brought to a distance b near a branch of trajectories and

repulsively deflected the trajectories maximally into the target QPC, increasing the transmission. If

the caustic branch were narrow enough, a weak repulsive tip would effect the same response in the

transmission when placed at a distance b on the other side of the branch. Locally the gradients of the

transmission would also have opposite directions as the tip was moved across the flow. This may be

what is seen in Figure (7.25) for η ± 0.2, and could potentially be used as differential measure of

the local density of the flux.



162 Chapter 7: Deflection Imaging of Magnetic Focussing

-1500 -1000 -500 0 500 1000 1500

0

400

800

1200

1600

2000

-1500 -1000 -500 0 500 1000 1500
x (nm) x (nm)

y 
(n

m
)

0

400

800

1200

1600

2000

y 
(n

m
)

(a) (b)

(c) (d)

Figure 7.26: Classical trajectories on the bumpy background potential, with the exact same system
as in Figure(7.23). In (a) we show the trajectory density with the tip absent, while in (b) the tip,
with η = 1.2, is placed at (−800, 650). In (c) we show the nascent transmitted trajectories in green,
while in (d) we add the tip, removing some transmitted trajectories but also creating some new ones,
shown in red.

Lastly we note that the strongly attractive case η = −1.2 produces fringe spacing on

the order of those seen in the η = 0.8 scans, but not smaller. Clearly an attractive potential can’t

completely backscatter, since its scattering profile θsc(b) must have a maximum at some finite value

b > 0. The fringes seen will decrease in spacing with a stronger attractive tip, but will do so at

a different rate that the repulsive tip. One could use the typical fringe spacing for a repulsive and

attractive tip with equal but opposite voltages to measure the scattering profile θsc(b) for each case.

Coupled with a generic model of the tip potential, this could be used to create an empirical model

of the tip scattering profile θsc(b) for the tip in the system. This could then be used as a calibration

for measuring the flux in the system.
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Figure 7.27: The tip scan simulation with η = 1.2 with one open transverse mode in each QPC (a),
and with two open modes in each QPC (b). In (b) the fringes are still clearly present in some small
isolated regions, but don’t span the entire system as in (a).

7.7.4 Comparison With Experiment

An issue with comparing theory and experiment is that most of the simulations were

performed with the QPCs open to at most one transverse mode, while the experiment was always

run with at least three total transmitting modes in the system, and usually with two open transverse

modes in each QPC. The effect of this will be to scramble the fringe structure, and perhaps to wash

it out completely, leaving only a noisy signal of the classical flow. Since the experimental data

does show fringing, to justify the simulations we must make sure that the results are consistent with

experiment in this sense. In Figure (7.27) we compare the single moded QPC results from before,

at η = 1.2, with the same tip scan simulations, but with the QPCs opened to two transverse modes

each. The results look much noisier than the with single moded QPCs, and the angular range is

much wider. But noticeably there are still regions in the scan where fringes are clearly apparent, but

these regions are often fairly limited in size. This is typical of the fringes seen experimentally, and

further justifies the simulation approach.

Finally we compare in Figure (7.28) the trend in fringe spacing with increasing tip strength

in both theory and experiment. The strong similarity in fringe spacing at similar tip strengths η, and

how the fringe spacing tends to go down with increasing tip strength, is striking. This is a strong

indication that the fringe theory of Chapter (6) holds in moderate magnetic fields as well.

7.8 Conclusions

In this Chapter we have examined the issues involved with multi-terminal tip scan ex-

periments in a magnetic field, and found that the mechanism that produces fringing in this case is
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Figure 7.28: Experimental data compared to simulations showing a finer fringe structure with in-
creasing tip strength. The simulation data is from Figure (7.25).

substantially different from previous tip scan experiments. The fact that the source and target QPCs

are not colocated, and the presence of a moderate magnetic field have driven the need to consider

the tip scattering process beyond backscattering. This in itself motivated the work in Chapters (5)

and (6), with a significant result being the fringe equation (6.6), which relates the fringe pattern to

the local properties of the scattering process.

We have developed classical, semiclassical, and quantum dynamics methods to simulate

the tip scan process and to examine the flow of the electron in the system. The role of branching,

seen in earlier works [101, 100, 103] continues to play a role in the determining the focussing peaks

in the transmission as the magnetic fields is varies, T (B). The classical caustics formed in the flow

of electrons in a clean system give rise to the focussing peaks. In the bumpy disordered case the

same holds true, but the branching of the electron flow splits and shifts the focussing peak into

many smaller peaks in general, while at higher disorder the peaks cease to be discrete. At finite

temperatures interference effects are negligible, and the structure of the focussing signal T (B) is
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Figure 7.29: The weak tip scan (in tan) shown above the bumpy potential background (in blue),
with the nascent transmitted trajectories. The tip scan has been clipped where its value ∆T < 0,
indicating regions where the tip obstructs the nascent transmitted flow.

determined mainly by classical processes.

The tip scan process in the system we’ve shown to be strongly dependent on the tip shape

and strength. In particular, the signal in the transmission is highly non-monotoic in the tip strength

η, for some cases the signal is highest for a very weak tip. In addition the transmission signal varies

little once the tip backscatters, η > 1.

There are consistent classical signals in the tip scan system: as the tip passes over nascently

transmitted flow, the transmission is reduced, while bordering these regions there are strips where

the tip deflects more new flow into the QPC then obstructs it. These patterns are present in classical

and quantum simulations. The scanning of a weak tip, attractive or repulsive, can use this effect

to map the nascent transmitted flow in the system. It is important to point out the the tip will map

transmitted flow only when used in this manner. This is different from the use of a backscattering

tip to map the flow in two terminal systems at zero field [101, 100, 103].

Larger tip strengths will induce fringing, but in the clean system the fringing is often

hard to discern from the classical signal and easily washed out by thermal averaging. However, the
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branching due to smooth disorder present in realistic systems tends focus the flow into “bundles” of

transmitted trajectories. By “bundle” we mean a small continuous neighborhood of trajectories in

phase space that remains nearby to a central trajectory over the course of the flow to the target QPC.

While these bundles aren’t necessarily the caustic branches seen previously, they do form discrete

regions in phase space of transmitted trajectories. This bundling enhances fringing; each trajectory

in the bundle accumulates nearly the same phase as it propagates through the system, and as such

discretizes the amplitude into “bundles” as well. If we parameterize trajectories by their initial angle

α, then the nascent semiclassical amplitude at the target QPC may be approximated

Ao = C

∫
dαA(α)eiφ(α) ≈ C

∑
traj j

Aje
iφj (7.8)

where C is some constant, and where the sum is over the typical bundle trajectories j. Weak tips

will diminish or remove one of the terms when placed over a bundle, lowering the transmission but

not creating a tip position dependent interference effect (i.e fringe).

When a strong tip deflects flow into a new bundle (or bundles), this new discrete amplitude

term is a function of tip position, A′(~rtip)eiφ(~rtip). Varying the tip position will vary the phase of

the bundle in accordance with the arguments in Chapter (6), where would we use the typical bundle

trajectory, with the amplitude sum over nascent bundles serving as the background amplitude. The

interference of the new bundle amplitude with the nascent amplitude produces the fringes we see.

When these bundles happen to coincide, or nearly coincide with caustic branches, the response may

be very large, and the fringe signal stronger than expected.

Lastly, we note that the use of varying tip strengths can also be used as a calibration for

the systems. By measuring the range of fringes seen, one can empirically derive a typical scattering

function θsc(b) and use this to understand the effective tip potential. One can use the knowledge

of the flow direction from weak tip scattering, along with the fringe direction for stronger tips, to

calculate the wavelength of the electron. Finally, it may be possible to use the differential signal

of alternating weak attractive and repulsive tips to gain further information about the electron flow

density from the tip scan data.



Appendix A

Atomic Units

Here we tabulate for convenient conversion factors for atomic units [76]. This is a table

of physical constants in atomic units:

Physical constant Dimensionless value

~ 1.0

Electron mass me 1.0

Bohr radius aB = ~2

mee2
1.0

Fine structure constant α = e2

~c 0.007297351 ≈ 1/137

speed of light c = e2

~α 137.036

Boltzmann’s constant k 3.16666× 10−6 (1/Kelvin)

Electrostatic constant k 1.0

Proton mass mp 1836.1527557

Proton or positron charge 1.0

Lepton cyclotron period (@ 5.4 T) 2.73× 105

Note that we use the unit of mass as the electron rest mass, and ignore the difference between

that and the reduced mass, µ = 0.999456me.

Here is a table of conversion factors from atomic units to SI and CGS units:
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Physical quantity Atomic to SI factor Atomic to CGS factor

time 2.41888× 10−17 secs 2.41888× 10−17 secs

length 5.29177249× 10−11 m 5.29177249× 10−9 cm

area 2.80029× 10−21 m2 2.80029× 10−17 cm2

volume 1.48185× 10−31 m3 1.48185× 10−25 cm3

speed 2.18769× 106 m/sec 2.18769× 108 cm/sec

momentum 1.99285151× 10−24 kg m/sec 1.99285151× 10−19 kg cm/sec

energy (Hartree) 4.3597438× 10−18 J 4.3597438× 10−11 ergs

electric potential 27.2113834 V 0.0907674 StatV

electric field 5.14220624× 1011 V/m 5.14220624× 109 V/cm

magnetic field (B) 2.350517349× 105 T 2.350517349× 109 Gauss

magnetic dipole 1.854801799× 10−23 J/T 1.8548018× 10−19 erg/Gauss

charge 1.6021773349× 10−19 C 4.803206814× 10−10 ESU

mass 0.9105953× 10−30 kg 0.9105953× 10−27 g

action 1.054571596× 10−34 J s 1.054571596× 10−27 erg s

In addition, energy is converted as 1 Hartree = 27.2116 eV, which is twice the ground state en-

ergy of the hydrogen atom.



Appendix B

Integrable Motion in a Uniform
Magnetic Field

Here we consider some basic cases of motion in a uniform magnetic field, and derive

various relevant quantities. We also consider the systems in guiding center action-angle coordinates,

which are usually the most appropriate coordinate systems in which to express the motion.

B.1 Charged Particle in a Uniform Magnetic Field

To begin we consider the general case of a particle moving in a potential and a uniform

magnetic field. In the symmetric gauge, ( ~A = ~B × ~r/2 or Aθ = rB/2), the Hamiltonian for a

system in a uniform ~B = Bẑ field is

H =
1

2m
(~p− q

c
~A)2 + V (~r) =

1
2m

(~p+
mηωc

2
~r × ẑ)2 + V (~r) (B.1)

where ωc ≡ |qB|
mc is positive definite, and η = qB/|qB|, the sign of the product of the charge and

magnetic field.

From Hamilton’s equations of motion,m~̇r = ~p+mηωc~r×ẑ/2 and ~̇p = mωc
2 ~̇r×ẑ+q ~E(~r),

the equation of motion for ~r is:

~̈r = ηωc~̇r × ẑ +
q

m
~E(~r, t). (B.2)

When ~E vanishes this has a transverse solution that is completely circular, and the solution is trivial.

With vx,o = −v sin δo and vy,o = v cos δo, we find

~r(t) = ~rcenter + ηrc [x̂[cos(ηωct+ δo) + ŷ sin(ηωct+ δo)]
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~v(t) = ωcrc[−x̂ sin(ηωct+ δo) + ŷ cos(ηωct+ δo)] (B.3)

where rc = |~v⊥|/ωc is the cyclotron radius, and ~rcenter is the center of the circle of motion. The

canonical momentum is

~p = m~v + q ~A/c = m~v − mηωc
2

~r × ẑ

=
m

2
~v − mηωc

2
~ro × ẑ (B.4)

when only a uniform magnetic field ~B and no other fields present. Thus the canonical momentum

depends on the initial position; in particular it depends on the initial position with respect to the

center of the gauge (which we’ve taken to be the origin here).

We can calculate the action S(q, q′;E) from the definition ([45, 12]),

S(qo, q′;E) =
∫ q′

qo

~p · d~q

= m

∫ q′

qo

~v · d~q − mηωc
2

∫ q′

qo

(~r × ẑ) · d~q. (B.5)

by considering the angle covered by the motion, and counting the number of complete cycles. The

first term depends only on the relative distance covered, |~r′ − ~ro|, while the second term depends

on the gauge, and hence on the absolute initial and final position. The first integral, being position

independent, can be shifted and rotated to simplify the calculation, and evaluates to

m

∫ q′

qo

~v · d~q =
η2E
ωc

[
ξ
√

1− ξ2 + sin−1 ξ
]

(B.6)

where ξ ≡ |~r′ − ~ro|/2rc. The second term becomes mηωc(x′yo − xoy′)/2, so that the full action is

S(qo, q′;E) =
2πncycE

ωc
+
η2E
ωc

[
ξ
√

1− ξ2 + sin−1 ξ
]

+
mηωc

2
(x′yo − xoy

′) (B.7)

where we note that ξ = ξ(|~r′ − ~ro|, E). Note that for a complete cycle, ξ = |~r′ − ~ro|/2rc = 0, and

the action becomes simply S(q, q;E) = 2πncycE
ωc

with no position dependence.

The time of travel, T = ∂S
∂E can be seen to be the total cumulative angle, divided by the

cyclotron frequency; taking the derivative, and noting that the angle subtended by an arc on radius

rc who endpoints are ~ro and (~r′ is ∆θ = 2 sin−1 |~r′ − ~ro|/2rc, then we can identify the time of

travel as T = 1
ωc

(2πncyc + ∆θ). (Note also that there is a ∆θ = π − 2 sin−1 |~r′ − ~ro|/2rc solution

as well, when π < ∆θ < 2π). Thus the total time of travel is the total angle accumulated by the

motion, divided by the angular frequency, the expected result T = (θ′ − θo)/ωc.
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Figure B.1: Classical density on the energy surface for a free particle in a magnetic field. In (a) we
plot the scaled density versus the distance traveled, while in (b) we plot the density as a function of
the angle accumulated. In both cases we see divergences, indicative of caustics, at the origin and
extremum of the motion.

It is also useful to consider the classical density, which is derived from the action S(q, q′;E)

as [45, 12]

D(q, q′;E) = −

∣∣∣∣∣∣
∂2S
∂qi∂q′j

∂2S
∂qi∂E

∂2S
∂q′i∂E

∂2S
∂E∂E

∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣∣
∂2S
∂x∂x′

∂2S
∂x∂y′

∂2S
∂x∂E

∂2S
∂y∂x′

∂2S
∂y∂y′

∂2S
∂y∂E

∂2S
∂E∂x′

∂2S
∂E∂y′

∂2S
∂E∂E

∣∣∣∣∣∣∣∣ (B.8)

in two-dimensions. Performing the appropriate derivatives, we find the result

D(q, q′;E) =
mωc
v2

| csc θ| = mωc
2v2

1

ξ
√

1− ξ2
(B.9)

where θ is the total angle accumulated, and ξ is defined as above. Note that while the action itself

was position dependent, the classical density depends only on the relative distance travelled. When

the classical density diverges, the system has a classical caustic at that point. Here, the density

diverges when ξ = 0 or ξ = 1, implying caustics at the starting point ~ro and at the furthest classical

accessible distance 2rc from the starting point. The classical density is plotted in Figure (B.1),

versus the relative distance covered, and the angle subtended.

B.2 Rotating Frame

When V = V (ρ, z) is cylindrically symmetric, we can use polar coordinates to solve the

system. The symmetric gauge in polar coordinates for axial ~B is ~A = ρB
2 θ̂, with Hamiltonian

H =
p2
z

2m
+

p2
r

2m
+

1
2mρ2

(
pθ −

mηωcρ
2

2

)2

+ V (ρ, z); (B.10)

note here that the pθ is the canonical angular momentum, conjugate to θ in the presence of a mag-

netic field, and not the kinetic angular momentum mr2θ̇.
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The generating function to change to a frame rotating at frequency ω is

F2(~p′, ~q) = p′rr + p′zz + p′θ(θ − ωt). (B.11)

For generating function F2(~p′, ~q), the transformation equations are pi = ∂F2
∂qi

and q′i = ∂F2
∂p′i

and

H ′ = H+ ∂F2
∂t . With this generating function, one finds that the canonical momenta are unchanged,

the new angular position is θ′ = θ − ωt, and the Hamiltonian in the rotating frame is HR(ω) =

H − ωpθ. This reflects the cost in energy to “spin up” the system to the new rotating frame. When

the potential is cylindrically symmetric, the total canonical angular momentum is conserved by a

rotation about the center of the potential.

Noting that pθ = Lz = mvθρ+ mηωc

2 ρ2 in the lab frame, the rotating frame Hamiltonian

reads

HR(ω) =
p2
z

2m
+

p2
r

2m
+

1
2mρ2

(
pθ −

m(2ω + ηωc)
2

ρ2

)2

+ V (ρ, z)− mω(ω + ηωc)
2

ρ2 (B.12)

From this Hamiltonian, it is clear that if we choose a frame rotating at ω = −ηωc/2, we

can remove the apparent magnetic field from the Hamiltonian. This choice is essentially choosing

a rotating frame where the Coriolis force balances the magnetic force; in this frame, m~v′ = ~p. We

are left with an extra harmonic potential, the magnetic confining term,

HR(−ηωc/2) =
~p2

2m
+ V (ρ, z) +

mω2
cρ

2

8
. (B.13)

If we can ignore the radial part of the external potential V (z), the transverse solutions are simple

motion in a 2D harmonic potential.

B.3 Trivial Action-angle coordinates ( ~E = 0)

In the case of ~E = 0, and uniform axial ~B, the cyclotron motion is completely cyclic,

implying that a change to action-angle coordinates is warranted. We will ignore the decoupled axial

motion. The cyclotron action Jc is

Jc =
1
2π

∮
~p · d~q

=
1
2
mωcr

2
c (B.14)

Note that the action is the same as the angular momentum of the motion perpendicular to the plane

of the motion, L = |~r × ~p| = Jc, that this is proportional to the energy in the cyclotron motion,

E = Jcωc, and that Jc is proportional to the square of the cyclotron radius, r2c = 2Jc
mωc

. This indicates

that the cyclotron action will provide a useful measure of the energy stored in the cyclotron motion.
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The canonical transformation to these coordinates is

x = α
√

2Jc cos θc
y = α

√
2Jc sin θc

px = − 1
2α

√
2Jc sin θc

py =
1
2α

√
2Jc cos θc (B.15)

where α ≡ 1/
√
mηωc. In these coordinates, the Hamiltonian is trivial, as are the equations of

motion:

H = ωcJc
dJc
dt

= 0
dθc
dt

= ωc. (B.16)

Note that if the rotation is clockwise, so that η = −1, then α is imaginary.

B.4 Guiding Center Action-Angle Coordinates

For general transverse coordinates where the fast motion is dominated by the cyclotron

cycle, it makes sense to separate the fast cyclotron motion from the slow, guiding center motion.

Define guiding center coordinates as [43]

X = x− α
√

2Jc cos θc
Y = y − α

√
2Jc sin θc, (B.17)

where we attempt to separate the fast cyclotron motion from the average movement of the particle.

The action angle coordinates provide two variable (Jc, θc), while in Cartesian coordinates we have

4 transverse variables, (x, y, px, py). Thus we need two more variables (P,Q) in the canonical

transform. A natural variable to choose is the X position of the guiding center, Q ≡ X; however,

this leads to an asymmetric transform. Instead we choose Q ≡ X/α, where α ≡ 1/
√
mηωc as

before. Then we require that this new position coordinate Q is independent of the action-angle

coordinates. This is tantamount to demanding that the guiding center position X is independent

of the cyclotron motion, and thus that the Poisson relations {Q, Jc} = {Q, θc} = 0 holds. This

requirement leads to the conclusion that the Y coordinate of the guiding center acts like a canonical

momentum, P = Y/α. The full canonical transform reads

x = α
(
Q+

√
2Jc cos θc

)
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Figure B.2: Action-angle coordinates useful for describing particle dynamics when the cyclotron
motion is dominant.

y = α
(
P +

√
2Jc sin θc

)
px =

1
2α

(
P −

√
2Jc sin θc

)
py =

1
2α

(
−Q+

√
2Jc cos θc

)
. (B.18)

Note the factor of one half in the canonical momenta px,y from above. The inverse transform is

Q =
1
2α

(x− 2α2py)

P =
1
2α

(y + 2α2px)

Jc =
1

8α2

[
(x+ 2α2py)2 + (y − 2α2px)2

]
θc = tan−1

(
y − 2α2px
x+ 2α2py

)
. (B.19)

The full Hamiltonian in these transformed coordinates is

H(Q, θc, z;P, Jc, pz) =
p2
z

2m
+ Jcηωc + V (Q, θc, z;P, Jc) (B.20)

and equations of motion

Q̇ =
dV

dP

θ̇c = ηωc +
dV

dJc
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ż =
pz
m

Ṗ = −dV
dQ

J̇c = −dV
dθc

ṗz = −dV
dz

(B.21)

In these new coordinates, the transverse kinetic energy is wrapped up in the cyclotron

motion, ηωcJc, and the motion of the guiding center itself does not appear as a kinetic energy term.

Also, the transformation is such that if η = −1, then both the guiding center coordinates become

imaginary, but the action and angle coordinates remain real; the action Jc takes on the sign of η.

B.5 Free Motion in Guiding Center Coordinates

We consider again the trivial case of transverse with no external potentials, hence

H(Q, θc, z;P, Jc, pz) = Jcηωc (B.22)

so that the equations of motion read J̇c = Ṗ = Q̇ = 0 and θ̇c = ηωc. While the equations of

motion are trivial, the position dependence of the canonical momenta implies that the action is not

so simple. The total transverse action S(q, q′;E) is the integral over the momenta, with respect to

the coordinates,

S(q, q′;E) ≡
∫ θ′

θ
Jc(θ)dθ +

∫ Q′

Q
P (Q)dQ. (B.23)

In the case of free motion in a uniform magnetic field, V (Q, θc, P, Jc) = 0, then from the equations

of motion there is no action accumulated in the guiding center motion, and the action is simply

S(q, q′;E) = E
ωc

(θ′ − θ) = ET , where T is the time of motion. Clearly this describes free motion

in the angle coordinate; the derivative dS
dE = T is clearly the time of travel.

The system is integrable with two ignorable coordinates. The standard expression for the

classical density is singular in this case, and of no use. However, from the equations of motion we

know that Q′ = Qo and θ′ = θo + ηωcT . Hence the time dependent density is simply

D(qo, q′; t) = δ(θ′ − θo − ηωcT )δ(Q′ −Qo). (B.24)

A Fourier transform to energy space yields a uniform distribution in energy,

D(qo, q′;E) =
1
2π
δ(Q′ −Qo). (B.25)



176 Appendix B: Integrable Motion in a Uniform Magnetic Field

B.6 Uniform Electric Field: Drift Velocity

As a next step up in complexity, we apply a constant electric field (Ex, Ey, 0) by adding a

potential V (~r) = −q ~E ·~r, and no other fields beside the uniform magnetic field. Then the tranverse

Hamiltonian in canonical guiding center coordinates is

H⊥ = Jcηωc − qαEx(Q+
√

2Jc cos θc)− qαEy(P +
√

2Jc sin θc); (B.26)

the axial motion remains decoupled. The equations of motion yield a simple solution for the guiding

center coordinates,

Q̇ = −αqEy
Ṗ = αqEx (B.27)

so that the actual guiding center coordinates move with a constant drify velocity (and recalling that

α = 1/
√
mηωc = 1/

√
qB/c),

~X⊥ =
c ~E × ~B

B2
t+ ~X⊥,o

= ~vDt+ ~X⊥,o (B.28)

which is devoid of the fast cyclotron oscillation. We’ve defined here the drift velocity

~vD ≡
c ~E × ~B

B2
. (B.29)

Meanwhile, the action and angle are oscillating rapidly about their average values. Without loss of

generality, we will consider the case where Ex = 0, so that P is a constant of the motion (in general

some combination of Q and P is constant of the motion); this is just a rotation in space to align the

y direction with the electric field direction. Then the equations of motion yield

d

dt

√
Jc =

αqEy√
2

cos θc

dθc
dt

= ηωc −
αqEy√

2Jc
sin θc (B.30)

By conservation of energy, we can solve for sin θc in terms of energy values and Jc.

B.7 Harmonic Potential

We now turn to cylindrically symmetric potentials. Starting with the simplest case, we

consider a harmonic potential. The motion in such a system is completely integrable, and may serve

as a starting point for an expansion for other transversely symmetric potentials (i.e. Coulomb).
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We denote the potential in terms of frequencies ωx =
√
kx/m,

V (~r) =
1
2
mω2

zz
2 +

1
2
mω2

r (x
2 + y2). (B.31)

Here we’ve written it for an attractive potential. If we’re in an Penning trap, where the potential is

repulsive in the transverse direction, we just replace every occurence of ω2
r by −ω2

r (i.e. make ωr
imaginary). We also note that in an ideal Penning trap, ωz =

√
2ωr, but here we consider the more

general case.

The axial motion is completely decoupled, and in this potential is just simple harmonic

motion, so we consider only the transverse coordinates. We can further simplify the system by

considering a rotating frame of reference where the resulting effective potential terms just cancel the

external harmonic potential (not the magnetic force, as we did earlier). From before, the harmonic

effective potential term, in a frame rotating at ω, is VR(ρ) = −mω(ω + ηωc)ρ2/2, so that the total

apparent harmonic potential which we want to vanish is

V (ρ) =
mρ2

2
(
ω2
r − ω(ω + ηωc)

)
(B.32)

This effective harmonic potential will vanish when we rotate at a frequency ω = −ωm
which solves this; thus this “magnetron” frequency [13] is

ωm ≡ −η
2

[√
ω2
c + 4ω2

r − ωc

]
. (B.33)

Note that for an attractive potential, the magnetron and cyclotron frequencies are of opposite sign,

while for a repulsive potential the signs are the same. Rewriting the transverse Hamiltonian in polar

coordinates rotating at the magnetron frequency, we have only a kinetic energy term left,

H⊥,m =
1

2m

(
~p− mηω̃c

2
ρθ̂

)2

(B.34)

where in the rotating frame the cyclotron frequency is ω̃c =
√
ω2
c + 4ω2

r and η̃ = η. The frequencies

are interrelated, so that ωm = η(ωc − ω̃c)/2 and ω̃c = ωc − 2ηωm.

In the magnetron frame, the change to action-angle variables is trivial, with θ̃c a cyclic

coordinate, so that

H⊥,m(θ̃c, J̃c, Q̃, P̃ ) = ηω̃cJ̃c (B.35)

with the guiding center coordinates (Q̃, P̃ ) cyclic as well (here our tilde indicates the magnetron

frame).

Now the question arises as to how this system looks in the lab frame. The generating

function

F2(Jc, θ̃c, P, Q̃) = Jc(θ̃c + ωmt)−
1
2
(Q̃2 + P 2) tan(ωmt) + PQ̃ sec(ωmt) (B.36)
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preserves the action, and hence the canonical angular momentum, but generates a rotation −ωm
back to the lab frame:

Q = Q̃ cosωmt− P̃ sinωmt

P = Q̃ sinωmt+ P̃ cosωmt

Jc = J̃c

θc = θ̃c + ωmt. (B.37)

The associated Hamiltonian in the lab frame is then

H = Hm +
∂F2

∂t
= (ηω̃c + ωm)Jc +

ωm
2

(P 2 +Q2) (B.38)

We can clearly use action-action variables for the guiding center motion as well,

Q =
√

2Jm cos θm
P =

√
2Jm sin θm (B.39)

where the magnetron action is related to the radius of the magnetron orbit by√
2Jm
mωm

= rm (B.40)

where the constant parameter ωm is the magnetron frequency. The Hamiltonian is now completely

reduced,

H = (ηω̃c + ωm)Jc + ωmJm. (B.41)

In this form, the motion is completely separable, and we note that the problem is clearly identical

to that of a two-dimensional harmonic oscillator.

The classical density is not derivable from the action S(qo, q;E) in the standard way, but

we can instead utilize the time independence of the equations of motion to write the classical density

as

D(qo, q; t) = δ [∆θc − (ηω̃c + ωm)t] δ [∆θm − ωmt] . (B.42)

We can rewrite this as a delta function related the angular displacements, and one involving time;

taking the Fourier transform, we find

D(qo, q;E) =
1
2π
δ

(
∆θc −

ηω̃c + ωm
ωm

∆θm

)
. (B.43)

The system has uniform probability to be in any state, as long as the displacement in angles obeys a

certain ratio.
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The coordinates in the lab frame transform back to be

x = α
(√

2Jm cos θm +
√

2Jc cos θc
)

y = α
(√

2Jm sin θm +
√

2Jc sin θc
)
.

px =
1
2α

(√
2Jm sin θm −

√
2Jc sin θc

)
py =

1
2α

(
−
√

2Jm cos θm +
√

2Jc cos θc
)

ρ = α

√
2(Jc + Jm) + 4

√
JcJm cos(θc − θm). (B.44)

with full inverse transformation

Jm =
1

8α2

[(
y + 2α2px

)2 +
(
x− 2α2py

)2]
tan θm =

y + 2α2px
x− 2α2py

Jc =
1

8α2

[(
y − 2α2px

)2 +
(
x+ 2α2py

)2]
tan θc =

y − 2α2px
x+ 2α2py

. (B.45)

In this case α ≡ 1/
√
mηω̃c.

Transforming back from the action-angle representation, we get Hamiltonian rotated back

from the magnetron frame by ω = −ωm,

H =
p2
r

2m
+

1
2mρ2

(
pθ −

m(ωc − 2ωm)
2

ρ2

)2

+
mωm(ωc − ωm)

2
ρ2 (B.46)

The cyclotron action, and hence the angular momentum in the cyclotron action, is con-

served by the transformation back to the lab frame, Jc = J̃c. In addition, in the trivial magnetron

frame we know that the cyclotron radius r̃c remains related to the cycltron action as r̃c =
√

2Jc
mηω̃c .

Thus the cyclotron radius in the magnetron frame r̃c remains dependent on ηω̃c, and hence on ωr,

even when the magnetic field B is held fixed. Since a rotation preserves radial length, the range

of ρ values that the orbiting particle covers will remain the same in all rotating frames; hence this

range of values is ∆ρ = 2r̃c. This implies that the cyclotron radius in the lab frame, defined as

rc ≡ |~v⊥|/ωc, is not a good indicator of the particle motion, since the effects of the radial field and

the guiding center motion are not taken into account.

If we neglect the radial potential and write rc =
√

2Jc
mηωc , we can derive the ratio between

the potential-free and magnetron cyclotron radii as

r̃c
rc

=
√
ωc
ω̃c

= [1± 4(
ωr
ωc

)
2
]− 1

4 , (B.47)

where again plus is for attractive, minus for repulsive potentials.
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An important point to note here is that by identifying the magnetron frame, we identify a

natural set of action-angle coordinates to use to describe the cyclotron motion. Using these coordi-

nates as a basis, we transform back into the lab frame, and identify the action-angle coordinates that

describe the guiding center motion directly. The resulting Hamiltonian is not one which would be

written down immediately; however, it identifies correctly the contribution to cyclotron and mag-

netron energies due to each action.

In the case of a harmonic potential, the individual actions are each conserved separately,

and hence the guiding center approximation is exact. Thus the harmonic case serves as a starting

point for approximations to other more general cylindrically symmetric potentials.
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The Guiding Center Approximation

Here we consider how to perform a guiding center approximation (GCA) in the Hamil-

tonian dynamics. Normally, the guiding center approximation is performed by separating out the

faster and slow motion of a particle in a magnetic field, and time averaging over the fast cyclotron

motion to derive an equation of motion for the guiding center of the particle [66, 82]. While this

procedure is fairly straightforward and is easy to integrate numerically, it has the drawback that the

resulting equations of motion are not derived from a Hamiltonian, and are not symplectic. It also is

fairly difficult to perform an expansion to higher order in the guiding center approximation.

The approach that follows, which is not completely novel [43] but rarely used, identifies

clearly the adiabatic invariants in the problem, and is readily amenable to classical perturbation

theory. We consider the Hamiltonian guiding center approximation mainly in the context of motion

in cylindrically symmetric potentials and uniform magnetic fields. Ultimately we examine the case

of a Coulomb well, and the “guiding center atom.”

C.1 Non-Hamiltonian Formulation of GCA

Traditionally [66, 82] the guiding center approximation is the assumption that the kinetic

energy of the cyclotron motion is an adiabatic invariant of a particle moving in a strong magnetic

field, taken to be uniform here. The fast motion of the particle about the center of the cyclotron

motion, the “‘guiding center”’, is taken to be so fast that the position of the particle may be replaced

by the the averaged, guiding center value. After subtracting out the fast cyclotron motion, an ex-

pansion in small velocity leads to equations of motion for the particle (here upper case indicates

guiding center values),

~vD ≡ ~V =
c ~E × ~B

|B|2

181
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~δv(t) = rcωc(−x̂ sinωct+ ŷ cosωct)

vz = pZ/m

ṗz = −∂V
∂z

(C.1)

where the position of the particle is taken to be ~r = ~R + δ~r. The guiding center approximation is

essentially the expansion of the guiding center position ~r − δ~r.

The fact that this formulation of the guiding center approximation doesn’t conserve energy

can be easily illustrated by an example. Consider the completely transverse potential

V (x, y) =
1
2

[(x
a

)2
+
(y
b

)2
]

in a strong magnetic field, and a particle that begins at (x, y) = (a, 0). The electric field is hence
~E = −(x/a2, y/b2). Then the initial energy, including the cyclotron kinetic energy, the drift kinetic

energy mv2
D/2, and the potential energy is clearly

Ei = Ecyc +
mc2

2a4B2
+

1
2
.

As time progresses, the particle will drift along the same equipotential, since the drift velocity is

perpendicular to the electric field (which is the gardient of the potential). After a time, it will reach

the y-axis, at point y = b. The guiding center approximation states that Ecyc is a constant of the

motion, so that the energy at this point is

Ef = Ecyc +
mc2

2b4B2
+

1
2

clearly energy is not conserved unless a = b. When the transverse potential is rotationally invariant,

or when the electric field is constant, this formulation of the guiding center approximation does

conserve energy; however these are special cases, and is not true in general.

This lack of energy conservation arises from the fact the the system is not Hamiltonian;

instead the equations of motion arise from an expansion about the true equations of motion.

C.2 Hamiltonian Formulation of GCA

Previously, the non-Hamiltonian approach has been adequate, because it was applied to

system where the guiding center approximation held very well. However in considering the atoms

in a strong magnetic field ([113] and Chapter (2)), there is a competition between the magnetic field

and the Coulomb well. Thus studying the Hamiltonian dynamics of the system, in particular how

the GCA fails, is useful.
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By changing to action-angle variables using equations (B.18) and (B.19), we can isolate

the correct actions that will be conserved, or nearly conserved, in the Hamiltonian system. Once

this transformation is effected, the guiding center approximation becomes the assumption that the

canonical momentum Jc, which is nearly equal to the angular momentum, is conserved. This makes

the cyclotron angle a trivial coordinate and reduces the dimensionality of the problem. The full

transformed Hamiltonian in guiding center action-angle coordinates reads

H(Q, θc, z;P, Jc, pz) =
p2
z

2m
+ Jcηωc + V (Q, θc, z;P, Jc).

Thus the Hamiltonian guiding center approximation amounts to replacing the real potential by some

potential V = V (Jc;Q, z;P, z) independent of θc and now parameterized by Jc. We will only

consider cylindrical potentials below.

C.3 Cylindrically Symmetric Potentials

We now consider the presence of a cylindrical potential well and a transverse harmonic

well (which may be of infinitessimal strength), with full Hamiltonian, transformed to action-angle

variables from the previous section,

H =
1

2m

(
~p− mηωcρ

2
θ̂
)2

+ V (ρ, z) +
mω2

rρ
2

2
(C.2)

where the magnetronmotion here is due to some external field, not the Coulomb well; the Coulomb

well will have an additional effect on the guiding center motion. In action-angle variables,

ρ = α

√
2J + 4

√
JmJc cos(θc − θm) (C.3)

where J = Jm + Jc, the total angular momentum. So we can write in action-angle variables

H =
p2
z

2m
+ (ηω̃c + ωm)Jc + ωmJm + V (|θc − θm|, Jm, Jc, z) (C.4)

The Hamiltonian depends on the angle variables asH = H(|θc−θm|) only, which implies

from Hamilton’s equations of motion that dJc
dt = −dJm

dt . Since each action represents an angular

momentum, this is a restatement of conservation of angular momentum in a cylindrically symmetric

potential, and is exactly true for all cases. Such a conservation law indicates that we can reduce the

dimensionality of the problem, as expected.

We tend to be most interested in the dynamics of the guiding center itself, so we want to

eliminate (θc, Jc). Defining a canonical transformation

F2 = J̃m(θm − θc) + J̃cθc (C.5)
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we get new transverse coordinates

J̃m = Jm

J̃c = Jc + J̃m = J

θ = θm − θc

θ̃c = θc, (C.6)

where the variable θ is conjugate to momentum Jm, and the total angular momentum J is conjugate

to θc, which becomes an ignorable coordinate. The transformed Hamiltonian in just two coordinates

(θ, z) is

H = (ηω̃c + ωm)J − ηω̃cJm +
p2
z

2m
+ V (ρ(θ), z) (C.7)

Here J is the total angular momentum of the system, hence the first term is a constant.

We can interpret the kinetic energy terms as follows. If we were to drop the potential

V (ρ, z), ignore the axial motion, and bring the guiding center to the origin so that Jm = 0, then the

first term is the only energy in the problem. Hence Eo ≡ (ηω̃c + ωm)J is the cyclotron energy of

the particle moving at the bottom of the harmonic well and modifed by the magnetron motion. If

we now move the particle’s guiding center to some radius ρm, then we must increase the magnetron

action Jm; the energy required to do this is the second term, Eρm ≡ −ηω̃cJm. These two terms

comprise the “bare” energy of the (harmonic) system with no axial motion or additional fields,

where the actions are decoupled and individually conserved. To this we add the transverse kinetic

energy and the potential to arrive at the full Hamiltonian.

C.4 Coulomb Well

We now consider the presence of a Coulomb well and a transverse harmonic well (which

may be of infinitessimal strength), with the Hamiltonian in guiding coordinates,

H =
1

2m

(
~p− mωcρ

2
θ̂
)2
− e2

r
+
mω2

rρ
2

2

=
p2
z

2m
+ (ηω̃c + ωm)J − ηω̃cJm

− e2

α
√

2J + (z/α)2 + 4
√
Jm(J − Jm) cos(θ)

(C.8)

where again the magnetron motion here is due to some external field, not the Coulomb well; J =

Jc+Jm; and θ = θm−θc. We’ve utilized the fact that the Coulomb well is cylindrically symmetric,

and hence that the total angular momentum is conserved, to write the Hamiltonian is a simplified

form, with only two explicit coordinates, θ and z.
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Figure C.1: Trajectory of a positron in a Coulomb well in the presense of a very strong magnetic
field, projected onto the x-y plane. Motion is strongly guiding center.

In the general case, it doesn’t make much sense to use action-angle coordinates to describe

the dynamics of a particle in a Coulomb potential, since the magnetron frame concept depends on

the local electric field which may be changing rapidly. However if the trajectory of the particle is

restricted in the range of ρ values so that the local electric field has a small variation, then it can

make sense to speak of a magnetron frame, and the representation can be a useful one.

The associated equations of motion are

θ̇ = −ηω̃c +
α2e2(J − 2Jm) cos θ√
Jm(J − Jm) (z2 + ρ2)3/2

J̇m =
2e2α2

√
Jm(J − Jm) sin θ

(z2 + ρ2)3/2

θ̇c = ηω̃c + ωm +
α2e2

(z2 + ρ2)3/2

(
1 +

√
Jm

J − Jm
cos θ

)
J̇ = 0

ż = pz/m

ṗz = mz̈ = − e2z

(z2 + ρ2)3/2
, (C.9)

where now ρ2 = 2α2J + 4α2
√
Jm(J − Jm) cos θ. Since the angle here is defined as θ = θm − θc,
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then the magnetron angle equation of motion is

θ̇m = ωm +
α2e2

(z2 + ρ2)3/2

(
1 +

√
J − Jm
Jm

)
. (C.10)

We can physically interpret this result as follows: at large radius, the second term vanishes, and

the magnetron motion is that the of external harmonic potential. For small radius cyclotron motion,

the second term becomes cEr/ρB = vD/ρ, the drift motion for the locally linear radial Coulomb

electric field.

We can now dispense with the external electric field if appropraite, and instead consider

just the magnetron motion due to the Coulomb field; we set the constant parameter ωm → 0 and the

cyclotron frequency ω̃c → ωc.

C.5 Guiding Center Atom

In the simplest approximation, we consider the case of a tight cyclotron orbit, so that

J � Jc; the cyclotron motion has little angular momentum in comparison to the total angular

momentum (this is not necesarily true of the energy, however). Thus we may drop the oscillating

part of the Coulomb term. We also disregard the external harmonic field, thus ωm → 0 and the

cyclotron frequency ω̃c → ωc., and our guiding center Hamiltonian reads

H =
p2
z

2m
+ ηωcJ − ηωcJm −

e2√
2α2J + z2

. (C.11)

With this simplest Hamiltonian, the actions Jm, Jc, and thus the cyclotron radius and

guiding center radius are constants of the motion:

θ̇ = −ηωc
θ̇c = ηωc +

α2e2

(z2 + ρ2
m + ρ2

c)
3/2

ż = pz/m

J̇ = 0

J̇m = 0

ṗz = mz̈ = − e2z

(z2 + ρ2
m + ρ2

c)
3/2

(C.12)

where we’ve identified the square of the magentron radius and cyclotron radii ρ2
m + ρ2

c = 2α2J .

A more physical approximation, of the same order, is to replace ρ2
m + ρ2

c by just ρ2
m in the de-

nominator. Under this guiding center approximation, the transverse motion is a constant rotation



Appendix C: The Guiding Center Approximation 187

of relative angle θ between the cyclotron and magnetron angles. The magnetron angle obeys the

motion equation,

θ̇m =
α2e2

(z2 + ρ2
m)3/2

, (C.13)

where again α ≡ 1/
√
mηωc = 1/

√
eB/c. Hence the motion of the guiding center is radial at a

fixed angular frequency, determined by the initial position of the particle about the Coulomb well.

Thus we have the effective magnetron frequency

ωm,Coulomb =
α2e2

(z2 + ρ2
m)3/2

. (C.14)

due to the Coulomb well.

We will take this as the definition of a “‘guiding center atom”’, that the cyclotron action Jc
and the orbital action Jm are conserved independently, which implies that the cyclotron and orbital

radii are in addition constants of the motion.

C.5.1 Corrections to the Guiding Center Approximation

If we want to consider the case where such an approximation will just break down, we can

focus on what the average change in the action Jc (and hence, for a cylindrical potential, the action

Jm as well). In such a case, we consider the approximation Jm � Jc (in reality this is for the case

Jm + Jc � 2
√
JmJc, so the expansion holds if Jc � Jm as well). We expand the Coulomb term

about the radius

rT ≡
√

2α2J + z2 (C.15)

so that, for arbitrary central force

rp ∼= rpT

[
1 +

p

2

(
4α2

√
JmJc
r2T

)
cos θ +

p(p− 2)
8

(
4α2

√
JmJc
r2T

)2

cos2 θ

]
. (C.16)

To first order, the Hamiltonian is

H =
p2
z

2m
+ (ηω̃c + ωm)J − ηω̃cJm −

e2

rT
+

2α2e2
√
J(J − Jm)
r3T

cos θ (C.17)

so that the equation of motion for the cyclotron action reads

J̇c = −J̇m = − 2α2e2
√
JJc

(2α2J + z2)3/2
sin θ. (C.18)

Rewriting the derivative as
d

dt

√
Jc = − α2e2

√
J

(ρ2
T + z2)3/2

sin θ. (C.19)
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we can change from action to radii in the equation,

dρc
dt

= −e2α2ρT
sin θ

(ρ2
T + z2)3/2

. (C.20)

Thus for purely transverse motion, the cyclotron radius depends only on the relative angle θ =

θm − θc.

As a first stab at an approximation, we can guess that the sine will contribute a factor of

1/ωc
√

2, and that for large ρT , the the axial part plays a small role, so taking ρT ≈ ρm,

〈∆ρc〉 ≈
e2α2

√
2ρ2

mωc
=

1√
2ρ2

mmω
2
c

(C.21)

So we expect the fluctuations ∆ρc to go as ρm independent of ρc for large orbits.

C.5.2 Simulations of the Breakdown of the GCA

In this section we simulate a 2D atomic potential, and analyze numerically how the GCA

breaksdown as the particle comes closer to the 1/r singularity. In Figure (C.2) we consider how the

cyclotron radius varies as a function of the the magnetron radius in a Coulomb field. The units used

are hydrogenic scaled coordinates, discussed in Chapter (2).

In (a) we plot a trajectory where ρc > ρm while in (c) we plot a typical guiding center

trajectory where ρc � ρm. In (b) we plot an interesting trajectory where ρc ∼ ρm, and opposing

magnetic and Coulombic forces create a pear-shaped orbit. In (d) we show the results of classical

simulations of particle motion, showing how the cyclotron radius changes from the initial value to a

final steady-state value. For each point, the center of the guiding center is started at a certain distance

from the Coulomb center on the x-axis, while the particle is placed an additional ρc,o cyclotron

radius perpendicular to the x-axis. The subsequent change in cyclotron radius, or magnetron radius,

is plotted at steady state. The result shows an abrupt breakdown of the GCA between ρm = 2 − 3

units; while a larger cyclotron radius implies a breakdown for larger magnetron radius, the results

for large and small lie within a reasonably small range. This is due to the quality of the GCA, and

the singular nature of the Couomb potential. The dotted line in (d) plots the analytic approximation

to the GCA breakdown, equation (C.21).

Plotted in Figure (C.3) is a series of 2D wavepacket simulations in a Coulomb field and a

perpendicular magnetic field. Each simulation start with the same wavepacket at a certain magnetron

radius, and then plots the wavepacket after one magnetron cycle. The breakdown of the GCA is

apparent quantum mechanically here as well.

In Chapter (2), we consider more carefully the breakdown of the GCA in the hydrogen

atom.
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Figure C.2: Transverse simulations, using the action-angle representation and z = 0, pz = 0, of the
evolution of ρc(t) for various initial cyclotron radii over a range of magnetron radii. The transverse
approximation, equation (C.21), is compared without a fitting parameter to the simulation values,
and agree well up to ρm ≈ 3.5, which corresponds to 0.25µm at 5.4 Tesla. In addition, the data is
nearly independent of ρc down to this value.
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Figure C.3: Wavepackets introduced into a Coulomb potential and a perpendicular magnetic
field. Clear is the breakdown of the GCA with decreasing magnetron radius. In each frame, the
wavepacket was prepared in the same initial state |ψo〉. Each frame is taken after the completion of
one cyclotron period.
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Hard Wall Billiard System

In this section we examine a billiard model of the magnetic focussing system considered

in Chapter (7), where a source is located along an infinitely hard billiard wall in a magnetic field,

and we want to know the various semiclassical values of propagation to a scatterer at point ~r located

somewhere in space off of the wall, as well as a point on the wall a distance L away. The trajectories

of the electron will be a series of connected arcs, connecting the source, some number of points

along the wall, the scatterer, and the target point. Thus we engage in an exercise in geometry.

Usually such a semiclassical billiard model of motion is considered in terms of motion on

the wall [110, 51]. However, in our case we will be interested in the semiclassical Green function

from a source on the wall to a point off the wall. This generalization of the approach is a novel

one, motivated by new experimental imaging techniques. Because these are new results, we will

derive them here, and reference the previous results as we go. As an added feature of the model, we

will take into account a collimated, non-uniform injection weighting w(α), and similarly a target

amplitude w′(α) along the wall; such an amplitude is needed in general in order to fulfill boundaries

conditions on the hardwall of the billiard.

D.1 Basic Geometry

The geometry and definitions of angles and distances are depicted in Figure (D.1) for a

trajectory connecting a source to a point. Note that the α here has opposite sign to that in reference

[110]. To determine the triplet of values (n, α, θ) that uniquely describe a QPC to tip trajectory, one

must solve a set of equations,

x/rc = (2n+ 1) cos(α) + cos(α− θ)

y/rc = sin(α− θ)− sin(α) (D.1)

191
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Figure D.1: Geometry for the magnetic focussing billiard system, depicting a trajectory between a
point source (a QPC) and a point off the wall (for example an SPM tip). Every trajectory can be
uniquely parameterized by the triplet (n, α, θ), however the free parameters are the position (x, y).
Note that α is defined in the standard manner as a counterclockwise angle, but θ is a clockwise
angle.

where it is assumed that the QPC is at the origin. The minimum possible number of bounces has a

lower limit,

n ≥
x−

√
r2c − y2

2rc
− 1

2
. (D.2)

There are usually two solutions for each n value.

Note that if we want to consider only trajectories from the source on the wall to another

point on the wall a distance L away, we can use the above by setting y = 0 and setting the x = L ,

in which case we get simply

αwall = ± cos−1

(
L

2(n+ 1)rc

)
nwall ≥ L/2rc − 1. (D.3)

Given a trajectory triplet (n, α, θ), one can calculate the properties of the trajectory di-

rectly. The distance from the source on the wall to a point in space ~r is clear from equation (D.1).

The distance between bounces, L1, and the position of the center of the arcs with respect to the

preceding bounce point (xc, yc) are

L1 = 2rc cos(α)

xc = L1/2 = rc cos(α)

yc = rc sin(α) (D.4)

The sign of α is important, since it determines if the arcs are centered above or below the wall.
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The length of a trajectory C is

C = nrc(π + 2α) + rcθ (D.5)

while the area, defined as the area below the trajectory but above the wall (the usual area in the sense

of integration) is

A =
r2c
2

[
n(π + 2α+ sin(2α)) + θ − sin θ +

1
2

sin(2α)− sin(2α− θ) + sin(2α− 2θ)

]
(D.6)

Again, if we would rather consider only wall to wall orbits, then we may take θ = π+2α,

and these expressions simplify to:

Cwall = (n+ 1)rc(π + 2α)

Awall =
r2c
2

(n+ 1)(π + 2α+ sin(2α)). (D.7)

D.2 Classical Action

In anticipation of modelling the system using semiclassical methods, we consider the

classical action and amplitude for propagation from the source on the wall to a position off the wall

~r. The classical action is defined as [45]

S(~ro, ~r) =
∫ ~r

~ro

~p · d~r =
∫ ~r

~ro

m~v · d~l − e

c
~A · d~l (D.8)

The action S(~ro, ~r) is gauge dependent, but when dealing with phase differences this is irrelevant,

since the gauge choice adds a constant action. As such we can choose the most convenient gauge to

work in, in this case the Landau gauge ~A = −Byx̂, with the origin chosen so that the hard wall lies

on y = 0. With this choice, the magnetic part of the action amounts as usual to being proportional

to the flux through the area between the curve and the hard wall. The action from the source at the

origin to some point (x, y) is

S(x, y) = ~kC − eBA/c

=
n~krc

2
(π + 2α− sin 2α) +

~krc
2

θ+

~krc
2

[
sin θ − 1

2
sin 2α+ sin(2α− θ)− sin(2α− 2θ)

]
. (D.9)

where n, α and θ depend on the independent variables (x, y). In the case of a trajectory which

returns to the wall after n bounces, the action is simply

S(L) =
(n+ 1)~krc

2
(π + 2α− sin 2α) (D.10)

where α(L) = ± cos−1(L/(2rc)).
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D.3 Classical Density and Amplitude

Free motion in a uniform magnetic field can be described as a trivial motion in action-

angle coordinates (Section (B)), and as such the classical density from any point ~θo to ~θ is simply

unity, when expressed in action-angle variables. In Cartesian coordinates, the same is not true; from

equation (B.9) the classical density in free space depends on the distance traveled R = |~r′ − ~ro|
according to

Dfree(E;R) =
m

ωcr2c
| csc θ| = 2m

ωc

1
R
√

4r2c −R2
(D.11)

where θ is the angle traveled around the orbit. As noted before there are two angles θ and 2π − θ

that produce the required distance R. The classical amplitude is
√
D. This amplitude is valid even

in the hard wall case, as long as the number of bounces n = 0.

If we consider the just wall to wall trajectories, so that the final position in y is at the wall

and R = L, then the classical density may be found by considering the variation in L (see [110]).

Considering a local coordinate system that follows the trajectory, the classical may be expressed as

D = 1
v
∂2S
∂x̃2 , where the rotated coordinate x̃ runs perpendicular to the velocity. In our case, x̃ lies at

an angle α to the wall, so that dx̃ = dL/ cosα. Thus we may rewrite D = 1
v cos2 α

∂2S
∂L2 . from the

expression for the wall to wall action, equation (D.10). This evaluates to

Dwall(E,L) =
m

(n+ 1)ωcr2c
| csc 2α|. (D.12)

If we consider the n = 0 free propagation case, and recognize that the angle subtended θ = π+2α,

then since csc θ = − csc 2α the expressions agree.

This result implies that the density due to n bounces can be thought of a reciprocal sum

of the density contributions from each bounce, i.e. that D−1
n =

∑
nD

−1
o . This suggests a general-

ization to the classical density for a trajectory from an arbitary point ~ro, to a point ~r. Assuming that

the angles from ~ro to the wall, −θo, and from the wall to ~r, θ, as well as the angle α and number of

bounces n have been previously determined, the density could be written as

D =
m

ωcr2c
|n sin 2α− sin(θ − θo)|−1 (D.13)

and in particular for a source on the wall to an arbitrary (classical allowable) point off the wall

D =
m

ωcr2c
|n sin 2α− sin θ|−1 . (D.14)

These expressions show the correct behavior as the point are moved to the walls (at which time

θ − θo → π + 2α), and in the case of α = 0 correctly recover the free propagation case. While not
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Figure D.2: Classical classics for the magnetic billiard system. The source is at the origin on the left
of the figure. The caustics are labeled by the number of reflections from the hard wall that happen
before the trajectories cross. The first caustic in the upper series (in green) is a circular arc of radius
2rc centered at the source, and is the only caustic that results from free propagation.

a proof of the correctness of the expression, this should motivate this ansatz for the classical density

in later sections. Our ansatz for the classical amplitude is hence

A =
√

m

ωcr2c

1√
|n sin 2α− sin(θ)|

. (D.15)

D.4 Caustics

As outlined in [110] the caustics may be found by varying an initial condition, and deter-

mining where in the sample the two nearby trajectories cross. The position of the particle can be

determined by parameters (n, α, θ) from equation D.1. By varying the initial angle parameter α,

and demanding that the position remain the same, we determine the equation for the caustics

x = rc

[
sinα+ (1− u2)−1/2

]
y = rc

[
(2n+ 1) cosα+ u(1− u2)−1/2

]
(D.16)

where u ≡ 1
(2n+1) tanα . The caustic is at a final accumulated angle

θc(n, α) =
π

2
+ α− tan−1

(
cotα

2n+ 1

)
(D.17)

with respect to the start of the last arc.

These caustics are plotted in Figure (D.2), and come in two families, lower and upper

caustics, and are ordered by the number of relfections from the wall. All the lower caustics are due

to reflections off the hard wall, while the upper are due to n − 1 reflections, plus the “turnaround”

caustic present in the free case.
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For a trajectory which starts and ends on the wall, as in the tip-free case, the number of

caustics crossed is nc = n+1 for a longer trajectory, α > 0, and nc = n for a shorter trajectory with

α < 0; generally nc(n, α) = n + Θ(α), where Θ(x) in the Heaviside step function. The number

of reflections is clearly nr = n. Tolopogically each caustic crossing retards the semiclassical phase

by −π/2 and each reflection advances or retards the phase by π. Thus for a wall-to-wall trajectory,

the phase index is

µw−to−w(n, α) = −n+ Θ(α) (D.18)

and the total phase is −πµ/2. For a trajecory which starts at the wall and ends at some point above

the wall, the index will depend on whether the particle has crossed the last caustic. Thus for point

off the wall,

µ(n, α) = −n+ Θ(α) + 1−Θ(θ − θc). (D.19)

D.5 Free Semiclassical Green Function

In section we approach the system from a semiclassical point of view. When the magnetic

fields involved are moderate, and the geometry open, the length scale of the system is much larger

than that of the wavelength of the electron, and such an approach is justified.

We begin by determining the semiclassical Green functions in the clean system. Then,

making an assumption for the angular amplitude of the source, we calculate the amplitude for prop-

agating through the system as a function of magnetic field, in the tip-free case, and as a function of

the probe point ~r. To begin we consider the free semiclassical Green function in a magnetic field.

In the free B-field case, trajectories emanating from a point source with energy E will

return back to the point source, following a circle of radius rc. As we have seen, there are only

two arcs from a point ~xo to a second point ~x at a distance L < 2rc; at L = 2rc there is one orbit,

and none for L > 2rc. Note: in this section we use L and α to indicate the correspondence with

the no-bounce magnetic focussing case. For a well-collimated injection distribution, most of the

transmitted amplitude will be due to direct orbits when at low magnetic fields, and one can argue

that such a magnetic focussing experiment is actually measuring the free magnetic Green function

with disorder.

In the absence of a magnetic field, the semiclassical free Green function is straightfor-

ward [87], and in one and three dimensions is the same as the quantum Green function. However in

magnetic field the Green function is more complicated, and the existence of caustics implies that it

will diverge significantly from the quantum expression [24, 51] near these caustics. The semiclas-

sical Green functions is the sum of phases accumulated along classical trajectories, weighted by the



Appendix D: Hard Wall Billiard System 197

0.5 1 1.5 2

0.2
0.4
0.6
0.8
1.0

R/r
c

0.2
0.4
0.6
0.8
1.0

x 10-4

|G
o
|2

|G
o
|2

(a)

(b)

Figure D.3: Plot of the magnitude of the free Green function without (a) and with (b) decoherence.
The parameters are relevant to the experiment in Chapter (7): EF = 13.7 meV, B = 77 milliTesla,
so that rc = 1327 nm and λF = 40 nm. In (b) the dephasing length is taken to be 5000 nm, which
is 3.8 rc.

classical amplitude of each trajectory [45, 12],

Gsc =
∑
trajs j

2π
(2πi~)(d+1)/2

Aj e
φj+πµj/2 (D.20)

where µ is the phase index, and d is the dimension. The prefactor evaluates to e−i3π/4~−3/2(2π)−1/2.

Following the preceding sections, the two primary orbits are arcs of phase

φ(L) =
krc
2

(π ± 2α∓ sin 2α)

where L = 2rc cosα; for a complete circle the injection angle α = π/2, and we get φC = πkfrc.

If the trajectory traveled a distance L, we know that α = ± cos−1(L/2rc), so that the difference in

phase between the shorter and longer trajectories is

∆φ(x, y) = 2kfrc(α− sinα cosα).

The shorter primary orbit, for which α < 0, will not cross a caustic, while the longer primary orbit

will cross a caustic when L = 2rc, thus for n iterations of the orbit, the Maslov phase will be

πµ/2 = nπ +

0 if α < 0

π/2 if α > 0.

The classical amplitude for every orbit is the same,

A =

√
m| csc 2α|
ωcr2c

=

√
m2| csc 2α|

~kF rc
.
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Hence the free semiclassical Green function in a magnetic field is

GB(E;L) =
2π

(2πi~)3/2

√
m2| csc 2α|

~kF rc

∑
traj j

ei(φj+πµj/2).

We have seen that there are only two primary trajectories to any classically allowed point ~r, and

each can have n repetitions of the cyclotron orbit. Thus we can sum across repetitions n of the

primary orbit instead, with result

GB(E;L) =
4πeiπ/4

(2πi~)3/2

√
m2| csc 2α|

~kF rc
cos(∆φ/2 + π/4)ei(φo+∆φ/2)

∑
n

einπ,

where φo is the phase of the shorter orbit. We can thus write the Green function as a product of

position depdenent and independent parts,

GB(E;L) =
4πeiπ/4

(2πi~)3/2
A(E;L)D(E), (D.21)

where the position dependent part is explicitly in terms of α

A(E;L) =

√
m2| csc 2α|

~kF rc
cos[kfrc(α− sinα cosα) + π/4]eikF rc(π/2+sin(2α)/2). (D.22)

The D(E) terms can be evaluated by carefully summing over al the poles; refer to [51] for a more

careful general derivation. We plot the free Green function in Figure (D.3).

The position dependence of the amplitude of the Green function will depend on the phase

difference between the two paths, i.e.

|GB(L)|2 ∝
cos2

[
kfrc

(
cos−1 λ− λ

√
1− λ2

)]
λ
√

1− λ2
(D.23)

where λ ≡ L/2rc.
If a probe of the local density of states were placed at a distance r from the source, we

could measure the spatial variation in the Green function |G(~r)|2, and see “fringes.” The fringe

spacing is derived in Section (6.3) of Chapter (6), with the relevant case, depicted in Figure (6.3h),

and written down in equation (6.30). The fringe pattern can be seen in the striped region of Figure

(D.4); without the hard wall, the stripes appear in a circular pattern centered on the point source.

Near the classical turning point the oscillation spacing becomes large, but for distances well under

2rc, the spacing becomes independent of the magnetic field in general, and is just λ/2, the same

fringe spacing seen in the backscattering experiments.
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Figure D.4: The semiclassical Green function |G(~r)|2 from a point on a straight billiard wall, but
with no bounces; this study is intended to explain how the free Green function in a B field is
modified by the hard wall limiting the initial distribution of angles. In (a) the effect of the hard wall
is only to truncate the range of initial angles to −π/2 < α < π/2, while in (b) we also impose a
collimated initial amplitude w(α) ∝ cos4(α). Here EF = 13.7 meV, and B = 77 miliTesla.

D.6 Hard-Wall Semiclassical Green Function

In this section we calculate the semiclassical Green function for an infinite hard wall,

assuming the ansatz in equation (D.15). For simplicity we consider the source to be on the wall,

and the endpoint anywhere in classically allowable space 0 ≤ y ≤ 2rc; the more general case is a

straightforward generalization.

To calculate the hardwall semiclassical Green function, one must solve the transcendental

equations (D.1) for the parameters (n, α, θ) for each trajectory. In general there will be at most 2

trajectories for each n value. Once obtained, the semiclassical Green function can be calculated

directly, using the expressions for the classical amplitude (D.15), the action (D.9), and the phase

index (D.19).

In order to manage the number of trajectories, we can use the fact that the length of
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Figure D.5: The semiclassical Green function |G(~r)| from a point on a straight billiard wall. The
classical cuastics are plotted in red. As is relevant for the experiment in Chapter (7), we set param-
eters EF = 13.7 meV, and B = 77 miliTesla, and the injection amplitude w(α) ∝ cos4(α).

the trajectories will scale linearly with n for large n, and that the system will have some inherent

dephasing, to truncate the sum over trajectories. For consistency we can include a factor e−Lj/lφ ,

where lφ is the dephasing length, to formalize the truncation. In addition, any trajectory with large

number of bounces will have an initial angle α close to ±π/2. Including a weighting factor w(α)

that models a collimated injection distribution will further enhance convergence, since for any such

physical distribution, lim|α|→π/2w(α) → 0. Both considerations imply that the most relevant

trajectories will be those for which n is small.

To begin, we consider the intermediate case where the free magnetic Green function GB
is used, but where the half-plane nature of the injection QPC plays a role in limiting and weighting

the amplitudes of the trajectories. In Figure (D.4a) we plot the free magnetic Green function, but

only included trajectories where the y-velocity vy,o > 0; This is equivalent to including a weighting

function w(α) = 1√
2π

Θ(π/2 − α)Θ(α + π/2) in each term in the semiclassical Green function.

There is a circular region of radius rc that is free of oscillations; in this region only one trajectory is

available. To the right of this region two trajectories are available, and hence oscillations, out to a

distance of 2rc.

If we use a more realistic, collimated weighting function of the form w(α) ∝ cosn(α),

we can see the combined effect of the trajectory interference and injection weighting. The region

of maximum fringing due to the Green function is about 2rc to the right of the injection QPC and

between a cyclotron radius from the wall to the wall.

In Figure (D.5) we include multiple bounces with the weighted injection distribution. The
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clear fringing continues periodically at a distance of ∼ 2nrc from the source on the wall. The

Green function is still limited to being non-zero only within 2rc of the wall, while the amplitude

is strongest near the wall. In this sense, the magnetic focussing experiment may be thought of as

a direct measure of the Green function of the system |GB|2. The caustic structures are still visible

in the hard-wall Green function, as indicated by the red lines. In addition, the injection weighting

creates extra structures that extend the cusp caustics near the wall further away from the wall,

following semicircular paths of radius rc. Such structures should be visible in a tip scan such as

considered in Chapters (6) and (7).



Appendix E

Numerical Codes

In support of the work done to produce the numerical results in this dissertation, we submit

the following numerical codes as additional material on CD-ROM and on the web:

• matlab-wavepackets: MATLAB code that sets up and propagates wavepackets on customiz-

able potential landscapes, and can measure fluxes and LDOS. Used to prototype and setup

simulations. Creates a netCDF [109] binary data file use with the C++ simluation code. De-

scribed in Chapter (3) and used in Chapters (4) and (7);

• meso-wavepackets-src: C++ code that propagates wavepackets and measures flux and re-

lated values. Highly optimized to be fast, but a serial code. Intended to be used paramet-

rically (many runs with parameters of the problem changed with each run, such as in a tip

scan). Described in Chapter (3) and used in Chapters (4) and (7);

• matlab-2d-classical: Classical mechanics, and semiclassics, MATLAB code that runs trajec-

tories in 2D mesoscopic-like systems. Can also do search for periodic orbits in a 2D potential.

Used in Chapters (4), (5) and (7);

• SemiclassicalBands.nb: Mathematica code for computing the semiclassics of the magnetic

billiard, used in Chapter (4); and

• SemiclassicalFocussing.nb: Mathematica code for computing the semiclassical hard-wall

billiard model of tip scan imaging of the magnetic focussing experiment. The approach in

layed out in Appendix (D) and used in Chapter (7).
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